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4. Nonlinear Dynamical Systems (III)

• topological limitations
• transitions & bifurcations
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Figure 3.3. Flow and trajectories in the state space (u1, u2) of the glycolysis
model (3.15) with parameters – = 0.2 and — = 0.5. The flow u̇ is illustrated by
arrows that start at the nodes of a regular grid (left). The trajectories start from
equidistant points on the boundary (right). The solid lines repesent the nullclines
u̇i = fi(u) = 0. The intersection of the two nullclines is a fixpoint, here an attractive
one, given by (3.17).

e�cient. It is only used for simple well-behaved systems. The workhorse
for more serious work is the Runge-Kutta scheme of order 4 or still better
the Runge-Kutta Cash-Karp scheme with integrated time step control (see
Section A.1.1 in the Appendix). The latter belongs to the rk45-family, which
is readily available.

3.2.2
Fixpoints and Nullclines
In one-dimensional systems, the states u0 with f(u0) = 0 have a special
significance as they correspond to fixpoints of the dynamics. Moving to
multidimensional systems, the situation becomes more diverse. Specifically,
for a two-dimensional system nullclines occur in addition to fixpoints. The
nullcline of component i is defined as

u : u̇i = fi(u) = 0 , (3.14)

hence as the set of states for which fi(u) = 0, for which the i-component of
the flow thus vanishes. Similar to fixpoints, nullclines are very useful for the
geometric analysis of ordinary di�erential equations. In the typical case, for
zeros of order 1, the i-components of the flow vectors on di�erent sides of
the i-nullcline point in opposite directions. Nullclines thus separate the state
space into regions that often exhibit distinctly di�erent phenomenologies.
Finally, intersections of nullclines in two-dimensional systems are fixpoints

with u̇ = f(u) = 0.

↵ = 0.2 , � = 0.5
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ref glyco-linstab; file fig/2-nds/glyco-linstab

Figure 2.5. Stability classification for the glycolysis model (2.25) with
separation curves given by (2.41)–(2.42). The fixpoint is stable in the regions
IIm and IIo (blue), where the subscripts indicate monotonic (m) and oscillating (o)
trajectories, the latter spiraling into the fixpoint. In regions Im and Io (red), the
fixpoint is unstable, in Io with trajectories that spiral out. The frame on the left
enlarges part of the frame on the right such that Im becomes better visible.
Notice that this graph represents a mapping of the graph from Figure 2.4 into the
parameter space of the glycolysis model.

and evaluate it at the fixpoint (2.27) to obtain

nds.35 a|u=u0 =

A
≠1 + 2 —2

–+—2 – + —2

≠2 —2

–+—2 ≠– ≠ —2

B
. (2.39)

From this calculate

nds.36 det a = – + —2 > 0 and tr a = 1 ≠ – ≠ —2 ≠ 2–
– + —2 (2.40)

to arrive with (2.37) at the somewhat unwieldy expressions for the eigenvalues
‡±, which are not explicitly spell out here.

Next, we explore the stability regions and first notice that there is no saddle
point because det a > 0. Hence, tr a = 0 separates stable and unstable regions,
with the dividing line given by (Figure 2.5) think: are these explicit eqs required, or does the graph su�ce?

— fig glyco-linstab

nds.37 – = ≠1
2 ≠ —2 ± 1

2


1 + 8—2 . (2.41)

The next separation concerns the general behavior of the trajectory near the
fixpoint, monotonic or spiraling. As shown by (2.37), the respective regions are
separated by the curve [tr a]2 = 4 det a, which translates into

nds.38 –±± = 1
2

Ë
1 ≠ 2—[

Ô
2 + —] ±

Ò
1 ± 4

Ô
2—

È
. (2.42)

Relevant solutions, with – > 0 and — > 0, are only –+≠, –≠≠, and –++, where
–±≠ in addition demands — Æ 1/[4

Ô
2].
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Figure 3.6. Flow and trajectories of the glycolysis model (3.16) with – = 0.1
and — = 0.5, in the unstable region of the parameter space. The behavior at a
point in the stable region is shown in Figure 3.3. Trajectories again start at the
boundary of the imaged domain and spiral into the orbital attractor (red). One
trajectory starts near the fix point and spirals out, also into the attractor.

can be readily extended to n dimensions and is then based on the local
Lipschitz-continuity of f(u) or, in the weaker form, on the local boundedness
of the Jacobian ˆuf(u).

The theorem may also be formulated at the macroscopic scale: If f(u) is
Lipschitz-continuous in contiguous region �, then there exists a single and
unique trajectory for every point in �.
Topological Limitations The uniqueness of solutions has strong conse-
quences for a system’s phenomenology in that trajectories cannot intersect.
Obviously, if such an intersection existed, there would be multiple solutions
for trajectories starting from that point. To formulate this in a weaker form,
which is always true but not mandatory: Trajectories do not intersect in
regions where the Jacobian ˆuf(u) is bounded.

From the fact that trajectories cannot intersect, topological limitations
result for the possibilities of a given dynamic system. These are particularly
strong for low-dimensional systems.
One-Dimensional Systems For the solutions of a one-dimensional system to
be unique, its inherent evolution must be monotonic, where “inherent” means
without external forcing. Hence, a one-dimensional system cannot oscillate.
If it could, there would be at least one state that would be traversed from
two di�erent directions, in contradiction to the assumption that solutions are
unique.

With a physical background and recalling the potential (3.7), we of course
expect this monotonic evolution. Then, what about the pendulum studied in
Section 2.2 that clearly does oscillate in a one-dimensional motion? While this
may at first appear as a contradiction, we recognize that (2.8) is a second

↵ = 0.1 , � = 0.5

unstable oscillatory 
fixpoint

where does the limit cycle 

come into our analysis?

(see exercise 1-2)

stable 
limit cycle
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can we get something even more interesting by changing the parameters: chaotic motion? any guess?

NO, 
not in such systems
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f(u) Lipschitz continuous in ⌦
) trajectories u(t) exist and are unique
) u(t) must not intersect in ⌦

f(u) continuous and @uf(u) bounded
) Lipschitz continuous

topological limitations (for continuous systems)

4

• existence & uniqueness theorem:

•dim = 1: trajectory must be monotonic (cannot oscillate)
pendulum?

‣closed trajectories are limit cycles that 
separate the state space into inside and outside 
‣existence of closed trajectories: 
Poincaré-Bendixon theorem

•dim = 2:
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Poincaré-Bendixon Theorem
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Figure 3.7.
Application of Poincaré-Bendixon
theorem to the glycolysis model as
shown in Figure 3.6. Notice that the
region � has an outer boundary ˆ�,
across which the flow u̇ either vanishes,
the trajectory is parallel to it, or points
into �. Furthermore, there is a hole
in �, an Á-environment that excludes
the fixpoint. It is greatly enlarged here
for better visibility. Formally, it is
chosen so small that the linear stability
analysis of the fixpoint is valid, which
ascertains that all trajectories from the
small environment will be expelled. ref glyco-orb-PB; file fig/3-chf/glyco-orb-PB-rk

that “ either is a closed trajectory itself, or that it spirals towards one. In
any case, � then contains a close trajectory.

While the proof of this theorem is beyond our current scope, we may readily
understand the situation intuitively. Since � does not contain a fixpoint, the
flow u̇ vanishes nowhere, the trajectories hence continue to evolve indefinitely.
With � bounded and “ required to remain in � for all times and without self-
intersecting, it must be spiraling, eventually asymptotically, towards some
finite-sized closed orbit. Notice that trajectories of a Peano-type are excluded
by the Lipschitz-continuity of the flow.

The application of this theorem to the glycolysis model is illustrated in
Figure 3.7. Conditions (i) and (iii) are apparently satisfied by the choice — fig glyco-orb-PB

of � and condition (ii) is ascertained by inspection of (3.16). The hard
issue is condition (iv), that there is at least one trajectory that remains
in � for all times. This may be ascertained formally by recognizing that
for such a situation to exist, there needs to be a fixpoint that is locally
repelling but for some longer distances attracting. Apparently, if the fixpoint
was attracting throughout, the conditions for the Poincaré-Bendixon theorem
could not be established, because the fixpoint could not be excluded from �.
Similarly, if it were all-repelling, there would be not trajectories remaining
in its environment for all times. Given the locally repelling, large-scale
attracting fixpoint, condition (iv) can be ascertained by choosing � within
the basin of attraction, from where all trajectories head towards the fixpoint,
and by excluding an Á-environment of the fixpoint that is small enough small
for linear stability analysis to hold. By inspection of (3.16), or by geometric
considerations, one can actually show that the basis of attraction for this
model is global, i.e., {(u1, u2) | u1 > 0 and u2 > 0}.

idx: chaos!not in less than 3 dimensions

No Chaos in Two Dimensions A corollary of the Poincaré-Bendixon the-
orem is that bounded, two-dimensional, and flat dynamical systems with
su�ciently regular (Lipschitz continuous) flow exhibit a very limited range

� is either closed or spirals towards a closed trajectory

Corollary Two-dimensional, flat, bounded, differentiable, and autonomous 
dynamical systems have trajectories that asymptotically approach 
‣ a fixpoint → stationary 
‣ a stable limit cycle → periodic 

There is literally no room for more complicated behavior!

pendulum really 

not interesting?

1. M: 2d, plane
⌦ ⇢ M: closed, bounded, contiguous
(need not be singly-connected)

2. f(u) continuously di↵erentiable in
open region that contains ⌦

3. there are no fixpoints in ⌦

4. trajectory � that starts in ⌦ remains
in ⌦ for all times

then
<latexit sha1_base64="9o/iLoc3iHRWuuZRrhfFPf5CBxk=">AAAEeXicbZNta9NQFMfTruqMT5u+9M3VVejElXaCDvHFQF8IQ5zgHmAp4yQ5SW93H8K9N6Ml5HP4mfwIfhZBPEnT0nVeCDn8zv885JybMBPcusHgd6u90blz997mff/Bw0ePn2xtPz21OjcRnkRaaHMegkXBFZ447gSeZwZBhgLPwqtPlf/sGo3lWv1wswxHElLFEx6BI3S53foZZGBCPS3eHUhZFoGBNMXY8HTs/CDElKsCVS </latexit><latexit sha1_base64="9o/iLoc3iHRWuuZRrhfFPf5CBxk=">AAAEeXicbZNta9NQFMfTruqMT5u+9M3VVejElXaCDvHFQF8IQ5zgHmAp4yQ5SW93H8K9N6Ml5HP4mfwIfhZBPEnT0nVeCDn8zv885JybMBPcusHgd6u90blz997mff/Bw0ePn2xtPz21OjcRnkRaaHMegkXBFZ447gSeZwZBhgLPwqtPlf/sGo3lWv1wswxHElLFEx6BI3S53foZZGBCPS3eHUhZFoGBNMXY8HTs/CDElKsCVS </latexit><latexit sha1_base64="9o/iLoc3iHRWuuZRrhfFPf5CBxk=">AAAEeXicbZNta9NQFMfTruqMT5u+9M3VVejElXaCDvHFQF8IQ5zgHmAp4yQ5SW93H8K9N6Ml5HP4mfwIfhZBPEnT0nVeCDn8zv885JybMBPcusHgd6u90blz997mff/Bw0ePn2xtPz21OjcRnkRaaHMegkXBFZ447gSeZwZBhgLPwqtPlf/sGo3lWv1wswxHElLFEx6BI3S53foZZGBCPS3eHUhZFoGBNMXY8HTs/CDElKsCVS </latexit><latexit sha1_base64="9o/iLoc3iHRWuuZRrhfFPf5CBxk=">AAAEeXicbZNta9NQFMfTruqMT5u+9M3VVejElXaCDvHFQF8IQ5zgHmAp4yQ5SW93H8K9N6Ml5HP4mfwIfhZBPEnT0nVeCDn8zv885JybMBPcusHgd6u90blz997mff/Bw0ePn2xtPz21OjcRnkRaaHMegkXBFZ447gSeZwZBhgLPwqtPlf/sGo3lWv1wswxHElLFEx6BI3S53foZZGBCPS3eHUhZFoGBNMXY8HTs/CDElKsCVS </latexit>

then what? what can we say about the trajectory? [take a sheet of paper and start drawing]

notice hole 
in domain
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f(u) Lipschitz continuous in ⌦
) trajectories u(t) exist and are unique
) u(t) must not intersect in ⌦

f(u) continuous and @uf(u) bounded
) Lipschitz continuous

topological limitations (for continuous systems)

6

• existence & uniqueness theorem:

•dim = 1: trajectory must be monotonic (cannot oscillate)

‣closed trajectories are limit cycles that 
separate the state space into inside and outside 
‣existence of closed trajectories: 
Poincaré-Bendixon theorem

•dim = 2:

•dim > 2: attractor/repellor/… may be 
‣a fixpoint or set of fixpoints 
‣a manifold with dimension up to dim – 1 
‣a set of fractal dimension < dim (strange attractor/…)
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Figure 2.1.
Graphical representation of (2.9)
for f(u) = µ ≠ u2 exp(≠|u|) with
0 < µ < 4/e2 (upper black)
its potential V (u) (gray) as
introduced in (2.13), and exemplary
developments u(t) (lower). The
fixpoints, with u̇ = 0, are indicated
by circles, filled for stable ones, the
attractors, empty for unstable ones,
the repellors. Thick arrows with
length proportional to u̇ at their
center represent the flow.
The lower frame illustrates the
development of equally spaced
initial states. They are collected
within the basins of attraction,
which are indicated by the di�erent
shades of yellow. Notice that the
minimum of V (u) is narrower at
A2 than at A1, hence the states are
collected more rapidly.

system has to pass. We notice that if the chosen state is the starting point,
then this constitutes an initial value problem. If it is the end point, we look
at a simple form of a control problem for which we ask at what time and in
what state the system has to start in order for it to be in the prescribed state
at the prescribed later time. We will mostly be concerned with initial value
problems.

For most functions f(u), analytical solutions of (2.9) are not available.
However, we readily gain qualitative insight from geometric interpretation as
is demonstrated in Figure 2.1.

2.3.1
Fixpoints and their Stability

Fixpoints u0 are states that remain invariant under the development, hence
solutions of f(u) = 0. Of prime interest is their stability, i.e., the development
of trajectories that start at u0 + Á, where Á is a small number. Looking at
Figure 2.1, we notice that fixpoints either attract or repel trajectories and
that they thereby separate the state space. They are thus key elements for
the qualitative understanding of dynamical systems.

Attractors These are stable fixpoints u0 – A1 and A2 in Figure 2.1 – for
which a small perturbation |Á| > 0 leads to a value of f(u0 + Á) whose sign is
opposite to that of Á. With this, u̇ pushes the state back to u0.

Heidelberg University
Institute of Environmental Physics8

System Transitions
Bifurcations
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µ = 4/e2 Figure 3.8.
Function f(u) = µ ≠ u2 exp(≠|u|)
and corresponding fixpoints of
dynamical system (3.3) for di�erent
values of control parameter µ.
The black dots indicate stable
fixpoints, the white dots unstable
ones. The crossed symbols represent
fixpoints that are one-sided stable
and unstable and lead to a critical
slowdown of the trajectories. ref bif-0; file fig/3-chf/bif-0-2

3.3
Non-Autonomous Systems

idx: non-autonomous system

In the strict definition introduced in Section 3.1.2, a non-autonomous system
has an evolution equation that explicitly depends on time, hence u̇ = f(u, t).
Such an explicit time-dependence may enter through the “aging” of the
system or through time-dependent external forcing that acts on the system’s
state or on its parameters. We realized above that formally, such e�ects can
be represented in an autonomous system by augmenting its n-dimensional
state space u = {u1, . . . , un} with the additional state variable un+1 whose
evolution is given by u̇n+1 = 1, hence un+1 = t.

We will in the following use the term “autonomous” in its wider meaning of
“determined by self-given laws”, from Greek autonomos, and thus use “non-
autonomous” to focus on external forcing, whether we choose to represent it
in a formally autonomous system or not. some old text hidden here; has been mostly included in Section

3.1.2, howeverAs a preliminary, we study and classify the possible transitions of low-
dimensional systems as their control parameters vary. Using the example
of the forced pendulum introduced in Section 2.2, we then look into their
specific phenomenology and ways to describe it.

3.3.1
Bifurcations in One Dimension

label: chf-ss-b1d

idx: bifurcation|(We recall that attractors and repellors decompose the one-dimensional state
space into independent domains. Hence, a one-dimensional dynamical system
is described qualitatively by number, stability, and ordering of its fixpoints.
In most situations, smoothly varying a system parameter in a certain interval
will just move the fixpoints around, without a�ecting their stability or order-
ing. As an example, consider the function f(u) = µ ≠ u2 exp(≠|u|), already
used for Figure 3.1, for di�erent values of µ (Figure 3.8). A short calculation

there is a section in pgm/3-chf/phase-dia-1d.nb on an example
using Legendre polynomials, which yield su�ciently simple
analytical expressions for the bifurcation diagram; also, a partial
plot for fig.1 replacement: phase-dia-1d-l.cp & .pdf

— fig bif-0

shows that for µ œ ]0, 4
e2 [, there are always four fix points with stability as

shown. This changes at the boundaries of the interval. For µ æ 0, A2 and

the appearance, motion, and disappearance 
of invariant sets (fixpoints,…) 
with changing control parameter

change focus
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bifurcations – one-dimensional
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saddle-node bifurcation
u̇ = µ� u2prototype system:

46 5:56, May 19, 2014 3 Fundamentals of Dynamical Systems

Figure 3.9.
Phase diagram for
evolution function
(3.32) with control
parameter µ that
leads to a saddle point
bifurcation.

u̇

µ < 0

u̇

µ = 0

u̇

µ > 0

u

ref bif-1; file fig/3-chf/bif-1

its mirror point B1 merge at u = 0 while B2 and its mirror point A1 diverge
to +Œ and ≠Œ, respectively. At the other end, for µ æ

4
e2 , A2 merges with

B2 at u = 2 and correspondingly their mirror points A2 and B2 at u = ≠2.
Finally, for µ ”œ [0, 4

e2 ] there are no fixpoints. Then, all trajectories diverge
to +Œ, for µ > 4

e2 , and to ≠Œ for µ < 0.
Mergers of fixpoints, which become bifurcations when viewed from the

other direction, change the structure of a system qualitatively. They are
thus of prime interest. Indeed, assessing the e�ect of control parameters
on a system’s structure is through studying the appearance, motion, and
disappearance of fixpoints. In the phase diagram, this is associated with the
curve u̇(u) touching, crossing, and leaving the line u̇ = 0, respectively. We
consider the simple situation of an evolution function that is analytic in the
surroundings of the fixpoints, which permits the use of Taylor expansions,
and of a smooth variation of the control parameter. We follow Strogatz
[1994], also adopting his naming convention, and for one-dimensional systems
distinguish four types of bifurcations.

Saddle Node Bifurcation The dynamical system with evolution equa-
tion

chf.31 u̇ = µ ≠ u2 , (3.32)

with control parameter µ, has two symmetric fixpoints u0 = ±
Ô

µ for µ > 0,
a stable and an unstable one (Figure 3.9). They degenerate into a single one — fig bif-1

at u0 = 0 for µ = 0, and there are no fixpoints for µ < 0.

Trajectories We first consider the trajectories near the fixpoints for the
case µ > 0 and introduce ÷ := u ≠ u0. Inserting into (3.32) then yields
÷̇ = µ ≠ [÷ + u0]2 and further, using u0 from above, ÷̇ = µ ≠ [÷ ±

Ô
µ]2, which

expands into
chf.32 ÷̇ = û2Ô

µ ÷ ≠ ÷2 . (3.33)

For µ > 0 and ÷ su�ciently small a linear approximation leads to the
trajectories ÷(t) ¥ ÷0 exp(û2Ô

µ t), where ÷0 is the initial small deviation
from the corresponding fixpoint. The distance to the stable fixpoint thus
decreases exponentially with time, while it increases exponentially for the
unstable fixpoint. In both cases 1/[2Ô

µ] is the corresponding characteristic
time.

With µ æ 0 the linear approximation breaks down and (3.33) approaches
÷̇ = ≠÷2 with solution ÷(t) = ÷0/[1 + ÷0t], where ÷0 is again the initial small

graph of development equation:
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u0

µ Figure 3.10.
Bifurcation diagram for evolution function (3.32).
The solid line corresponds to stable fixpoints u0, the
dashed line to unstable ones. There are no fixpoints
for µ < 0. ref bif-1-dia; file fig/3-chf/bif-1-dia

deviation. For ÷0 > 0 and t ∫ ÷≠1
0 we thus have ÷(t) ¥ 1/t, hence a very

slow approach to the fixpoint at u = 0. This is referred to as the critical
slowdown associated with a critical fixpoint. In analogy for the departure idx: critical!slowdown

idx: critical!fixpointfrom the fixpoint, for ÷0 < 0 we have ÷(t) ¥ ÷0 ≠ ÷2
0t for t π ÷≠1

0 , hence
the initial departure velocity decreases the nearer to the critical fixpoint the
starting point is, although it will diverge by t = ÷≠1

0 .

Bifurcation Diagram In the next step, we focus on the evolution of the
system’s structure, with the imagination that the control parameter µ repre-
sents an external, possibly temporally varying forcing of the system. Hence,
for this imagination, µ(t) would be a continuous function. Recalling the
example on continuous growth described by (3.10), µ could for instance be
the temperature or the precipitation that fluctuates on many time scales and
in particular shifts according to some global changes.

The perspective on the system structure and on its evolution is given
by the so-called bifurcation diagram that represents the fixpoints and their idx: bifurcation!diagram

stability as a function of the control parameter, hence u0(µ), which is the
solution of u̇ = 0. The diagram for the evolution equation (3.32) is shown
in Figure 3.10. Understanding µ as a smooth variable, this diagram would — fig bif-1-dia

describe the motion of the fixpoints. For instance, starting out at µ > 0 with
the single stable fixpoint u0 > 0 decreasing µ leads to a concomitant decrease
of u0 until, at µ = 0, the stable fixpoint meets the unstable one and the two
annihilate each other.

Finally, we recall that the trajectories u(t) are either attracted or repelled
by the fixpoints. With µ(t), the bifurcation curve u0(µ) thus describes the
“moving targets” for the trajectories and the ratio between the respective
time scales becomes a key factor for a qualitative understanding of such a
non-autonomous dynamical system.

Transcritical Bifurcation Another class of bifurcations results from the
evolution equation

chf.33 u̇ = u[µ ≠ u] . (3.34)

It is associated with the logistic curve that provides a simple representation
of the growth of some population in an environment with a limited carrying
capacity. The corresponding phase diagram is shown in Figure 3.11 and the — fig bif-2

bifurcation diagram u0(µ):

recognize: slow-down near u=0 
even for µ<0, before fixpoint occurs

STOP draw trajectories u(t) 
as learned in 2-nds

trajectories are at lower structural level:
they adjust to the fixpoints

bifurcation diagram
development of fixpoints
with changing system parameters
i.e., their motion, (dis)appearance, changing character
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its mirror point B1 merge at u = 0 while B2 and its mirror point A1 diverge
to +Œ and ≠Œ, respectively. At the other end, for µ æ

4
e2 , A2 merges with

B2 at u = 2 and correspondingly their mirror points A2 and B2 at u = ≠2.
Finally, for µ ”œ [0, 4

e2 ] there are no fixpoints. Then, all trajectories diverge
to +Œ, for µ > 4

e2 , and to ≠Œ for µ < 0.
Mergers of fixpoints, which become bifurcations when viewed from the

other direction, change the structure of a system qualitatively. They are
thus of prime interest. Indeed, assessing the e�ect of control parameters
on a system’s structure is through studying the appearance, motion, and
disappearance of fixpoints. In the phase diagram, this is associated with the
curve u̇(u) touching, crossing, and leaving the line u̇ = 0, respectively. We
consider the simple situation of an evolution function that is analytic in the
surroundings of the fixpoints, which permits the use of Taylor expansions,
and of a smooth variation of the control parameter. We follow Strogatz
[1994], also adopting his naming convention, and for one-dimensional systems
distinguish four types of bifurcations.

Saddle Node Bifurcation The dynamical system with evolution equa-
tion

chf.31 u̇ = µ ≠ u2 , (3.32)

with control parameter µ, has two symmetric fixpoints u0 = ±
Ô

µ for µ > 0,
a stable and an unstable one (Figure 3.9). They degenerate into a single one — fig bif-1

at u0 = 0 for µ = 0, and there are no fixpoints for µ < 0.

Trajectories We first consider the trajectories near the fixpoints for the
case µ > 0 and introduce ÷ := u ≠ u0. Inserting into (3.32) then yields
÷̇ = µ ≠ [÷ + u0]2 and further, using u0 from above, ÷̇ = µ ≠ [÷ ±

Ô
µ]2, which

expands into
chf.32 ÷̇ = û2Ô

µ ÷ ≠ ÷2 . (3.33)

For µ > 0 and ÷ su�ciently small a linear approximation leads to the
trajectories ÷(t) ¥ ÷0 exp(û2Ô

µ t), where ÷0 is the initial small deviation
from the corresponding fixpoint. The distance to the stable fixpoint thus
decreases exponentially with time, while it increases exponentially for the
unstable fixpoint. In both cases 1/[2Ô

µ] is the corresponding characteristic
time.

With µ æ 0 the linear approximation breaks down and (3.33) approaches
÷̇ = ≠÷2 with solution ÷(t) = ÷0/[1 + ÷0t], where ÷0 is again the initial small

graph of development equation:
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u0

µ Figure 3.10.
Bifurcation diagram for evolution function (3.32).
The solid line corresponds to stable fixpoints u0, the
dashed line to unstable ones. There are no fixpoints
for µ < 0. ref bif-1-dia; file fig/3-chf/bif-1-dia

deviation. For ÷0 > 0 and t ∫ ÷≠1
0 we thus have ÷(t) ¥ 1/t, hence a very

slow approach to the fixpoint at u = 0. This is referred to as the critical
slowdown associated with a critical fixpoint. In analogy for the departure idx: critical!slowdown

idx: critical!fixpointfrom the fixpoint, for ÷0 < 0 we have ÷(t) ¥ ÷0 ≠ ÷2
0t for t π ÷≠1

0 , hence
the initial departure velocity decreases the nearer to the critical fixpoint the
starting point is, although it will diverge by t = ÷≠1

0 .

Bifurcation Diagram In the next step, we focus on the evolution of the
system’s structure, with the imagination that the control parameter µ repre-
sents an external, possibly temporally varying forcing of the system. Hence,
for this imagination, µ(t) would be a continuous function. Recalling the
example on continuous growth described by (3.10), µ could for instance be
the temperature or the precipitation that fluctuates on many time scales and
in particular shifts according to some global changes.

The perspective on the system structure and on its evolution is given
by the so-called bifurcation diagram that represents the fixpoints and their idx: bifurcation!diagram

stability as a function of the control parameter, hence u0(µ), which is the
solution of u̇ = 0. The diagram for the evolution equation (3.32) is shown
in Figure 3.10. Understanding µ as a smooth variable, this diagram would — fig bif-1-dia

describe the motion of the fixpoints. For instance, starting out at µ > 0 with
the single stable fixpoint u0 > 0 decreasing µ leads to a concomitant decrease
of u0 until, at µ = 0, the stable fixpoint meets the unstable one and the two
annihilate each other.

Finally, we recall that the trajectories u(t) are either attracted or repelled
by the fixpoints. With µ(t), the bifurcation curve u0(µ) thus describes the
“moving targets” for the trajectories and the ratio between the respective
time scales becomes a key factor for a qualitative understanding of such a
non-autonomous dynamical system.

Transcritical Bifurcation Another class of bifurcations results from the
evolution equation

chf.33 u̇ = u[µ ≠ u] . (3.34)

It is associated with the logistic curve that provides a simple representation
of the growth of some population in an environment with a limited carrying
capacity. The corresponding phase diagram is shown in Figure 3.11 and the — fig bif-2

bifurcation diagram:
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u̇

µ < 0

u̇

µ = 0

u̇

µ > 0

u

Figure 2.14.
Development function
(2.52) for transcritical
bifurcation. ref bif-2; file fig/2-nds/bif-2

u0

µ

Figure 2.15.
Bifurcation diagram for development function (2.52)
with a transcritical bifurcation. ref bif-2-dia; file fig/2-nds/bif-2-dia

in Figure 2.15. In contrast to the saddle node system, where two fixpoints — fig bif-2-dia

annihilate each other and leave the system without an equilibrium state, the
number of fixpoints in transcritical systems remains constant, provided that
multiplicities are accounted for. With this, the system always possesses an
equilibrium state, albeit a critical one for µ = 0.

idx: bifurcation!pitchfork

Pitchfork Bifurcation The systems considered so far had at most one
stable fixpoint. The prototype of a system that may contain two stable
equilibrium states is

nds.51 u̇ = u[µ ≠ u
2] . (2.53)

We notice the symmetry of this system. It always has a fixpoint at u = 0 and,
for µ > 0, two symmetric ones at u = ±

Ô
µ. This is a typical formulation for

physical systems with an inherent symmetry.
Pitchfork bifurcations come in two flavors, supercritical as in (2.53) and

subcritical,
nds.52 u̇ = u[µ + u

2] . (2.54)

We notice that the nonlinear term in the supercritical formulation (2.53) is
stabilizing, hence limits the maximum growth of u. Indeed, for u

2
∫ |µ|, the

development equation becomes u̇ ¥ ≠u
3, hence the system is attractive for

states that are far away from the origin. In contrast, the nonlinear term in the
subcritical formulation (2.54) is destabilizing as u̇ ¥ u

3, hence the system is
repulsive for far-away states. The development equation for the two pitchfork
bifurcations are illustrated in Figure 2.16 and the corresponding bifurcation — fig bif-3

diagrams in Figure 2.17. — fig bif-3-dia

Example: A Thin Sheet Physical representations of pitchfork bifurcations
may for instance be created with thin sheets of su�ciently sti� materials like
paper or metals. The supercritical type arises when both ends of the sheet
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Figure 3.11.
Phase diagram for
evolution function
(3.34) that leads to a
transcritical bifurcation.
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u̇

µ = 0
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ref bif-2; file fig/3-chf/bif-2

Figure 3.12.
Bifurcation diagram for evolution function (3.34)
with a transcritical bifurcation.

u0

µ

ref bif-2-dia; file fig/3-chf/bif-2-dia

bifurcation diagram in Figure 3.12. In contrast to the saddle node system, — fig bif-2-dia

where two fixpoints annihilate each other and leave the system without an
equilibrium state, the number of fixpoints in transcritical systems remains
constant, if multiplicities are accounted for. With this, the system always
possesses an equilibrium state, albeit a critical one for µ = 0.
Pitchfork Bifurcation The systems considered so far had at most one
stable fixpoint. The prototype of a system that may contain two stable
equilibrium states is given by the evolution equation

chf.34 u̇ = u[µ ≠ u2] . (3.35)

We notice the symmetry of this system. It always has a fixpoint at u = 0 and,
for µ > 0, two symmetric ones at u = ±

Ô
µ. This is a typical formulation for

physical systems with an inherent symmetry. Two prototype examples are
illustrated in Figure 3.13. — fig bif-pitch

Pitchfork bifurcations come in two flavors, supercritical as in (3.35) and
subcritical,

chf.35 u̇ = u[µ + u2] . (3.36)

We notice that the u2-term in the supercritical formulation (3.35) is stabiliz-
ing, hence limits the maximum growth of u. This is because, for u2

∫ |µ|,
the evolution equation becomes u̇ ¥ ≠u3, hence the system is attractive for
states that are far away from the origin. In contrast, the u2-term in the
subcritical formulation (3.36) is destabilizing as u̇ ¥ u3, hence the system is
repulsive for far-away states.

The phase diagrams for the two pitchfork bifurcations are illustrated in
Figure 3.14 and the corresponding bifurcation diagrams in Figure 3.15. Notice — fig bif-3

— fig bif-3-diathat a subcritical bifurcation for physical systems means that beyond some

transcritical bifurcation
u̇ = u[µ� u]
example: population dynamics 
            (logistic curve)
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Figure 3.13.
Sheet of thick paper as a physical system with pitchfork bi-
furcation. For the supercritical type, let the sheet be short
enough that it stands straight on a table when held in position by
lightly resting a finger on its upper edge. Choose the horizontal
dislocation at half height as state parameter u and define the
control parameter µ = F ≠ F0, where F is the force on the
upper edge of the sheet and F0 is the value at which the sheet
starts to bulge. For µ > 0, the sheet will bulge either left or
right, which leads to the two stable branches in the bifurcation
diagram. For the subcritical type, slip the sheet upwards, across
the table’s edge. Let the maximum horizontal dislocation be the
state parameter, u, and define the control parameter µ = h ≠
h0, where h0 is the height at which the sheet abruptly bends.
For µ > 0, the state u = 0 becomes unstable because any
deviation to one side increases the bending force from gravity.
The resulting runaway is eventually captured by deformation
forces that balance gravity. Once a runaway has started, µ
must be reduced to rather large negative values before the sheet
returns to the vertical stable position. This system is thus
strongly hysteretic, which is typical for a physical system with
a subcritical pitchfork bifurcation. ref bif-pitch; file fig/3-chf/bif-pitch
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Figure 3.14.
Phase diagrams for
evolution function
(3.35) that leads to
a supercritical pitchfork
bifurcation (upper) and
for (3.36) that leads
to the corresponding
subcritical bifurcation
(lower). ref bif-3; file fig/3-chf/bif-3

finite range of attraction, the system invariably runs away and disintegrates,
which is what |u| æ Œ means. This does happen in various systems.
However, in more regular cases, the runaway process is captured by some
other processes at a larger scale. In formal terms, this then again leads to an
overall attractive system. The sheet of paper sketched in Figure 3.13 is an
instance of a system with a subcritical bifurcation, which clearly continues to
exist also for µ > 0. Recall that µ = h ≠ h0, where h0 is the length at which
the paper bends abruptly. Apparently, the horizontal dislocation u cannot
exceed the length h and indeed will always be much smaller.

pitchfork bifurcation – supercritical
graph of development equation:
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Sheet of thick paper as a physical system with pitchfork bi-
furcation. For the supercritical type, let the sheet be short
enough that it stands straight on a table when held in position by
lightly resting a finger on its upper edge. Choose the horizontal
dislocation at half height as state parameter u and define the
control parameter µ = F ≠ F0, where F is the force on the
upper edge of the sheet and F0 is the value at which the sheet
starts to bulge. For µ > 0, the sheet will bulge either left or
right, which leads to the two stable branches in the bifurcation
diagram. For the subcritical type, slip the sheet upwards, across
the table’s edge. Let the maximum horizontal dislocation be the
state parameter, u, and define the control parameter µ = h ≠
h0, where h0 is the height at which the sheet abruptly bends.
For µ > 0, the state u = 0 becomes unstable because any
deviation to one side increases the bending force from gravity.
The resulting runaway is eventually captured by deformation
forces that balance gravity. Once a runaway has started, µ
must be reduced to rather large negative values before the sheet
returns to the vertical stable position. This system is thus
strongly hysteretic, which is typical for a physical system with
a subcritical pitchfork bifurcation. ref bif-pitch; file fig/3-chf/bif-pitch
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Phase diagrams for
evolution function
(3.35) that leads to
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bifurcation (upper) and
for (3.36) that leads
to the corresponding
subcritical bifurcation
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finite range of attraction, the system invariably runs away and disintegrates,
which is what |u| æ Œ means. This does happen in various systems.
However, in more regular cases, the runaway process is captured by some
other processes at a larger scale. In formal terms, this then again leads to an
overall attractive system. The sheet of paper sketched in Figure 3.13 is an
instance of a system with a subcritical bifurcation, which clearly continues to
exist also for µ > 0. Recall that µ = h ≠ h0, where h0 is the length at which
the paper bends abruptly. Apparently, the horizontal dislocation u cannot
exceed the length h and indeed will always be much smaller.

u̇ = u[µ+ u2]
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Sheet of thick paper as a physical system with pitchfork bi-
furcation. For the supercritical type, let the sheet be short
enough that it stands straight on a table when held in position by
lightly resting a finger on its upper edge. Choose the horizontal
dislocation at half height as state parameter u and define the
control parameter µ = F ≠ F0, where F is the force on the
upper edge of the sheet and F0 is the value at which the sheet
starts to bulge. For µ > 0, the sheet will bulge either left or
right, which leads to the two stable branches in the bifurcation
diagram. For the subcritical type, slip the sheet upwards, across
the table’s edge. Let the maximum horizontal dislocation be the
state parameter, u, and define the control parameter µ = h ≠
h0, where h0 is the height at which the sheet abruptly bends.
For µ > 0, the state u = 0 becomes unstable because any
deviation to one side increases the bending force from gravity.
The resulting runaway is eventually captured by deformation
forces that balance gravity. Once a runaway has started, µ
must be reduced to rather large negative values before the sheet
returns to the vertical stable position. This system is thus
strongly hysteretic, which is typical for a physical system with
a subcritical pitchfork bifurcation. ref bif-pitch; file fig/3-chf/bif-pitch
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finite range of attraction, the system invariably runs away and disintegrates,
which is what |u| æ Œ means. This does happen in various systems.
However, in more regular cases, the runaway process is captured by some
other processes at a larger scale. In formal terms, this then again leads to an
overall attractive system. The sheet of paper sketched in Figure 3.13 is an
instance of a system with a subcritical bifurcation, which clearly continues to
exist also for µ > 0. Recall that µ = h ≠ h0, where h0 is the length at which
the paper bends abruptly. Apparently, the horizontal dislocation u cannot
exceed the length h and indeed will always be much smaller.

pitchfork bifurcation – subcritical
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Figure 3.13.
Sheet of thick paper as a physical system with pitchfork bi-
furcation. For the supercritical type, let the sheet be short
enough that it stands straight on a table when held in position by
lightly resting a finger on its upper edge. Choose the horizontal
dislocation at half height as state parameter u and define the
control parameter µ = F ≠ F0, where F is the force on the
upper edge of the sheet and F0 is the value at which the sheet
starts to bulge. For µ > 0, the sheet will bulge either left or
right, which leads to the two stable branches in the bifurcation
diagram. For the subcritical type, slip the sheet upwards, across
the table’s edge. Let the maximum horizontal dislocation be the
state parameter, u, and define the control parameter µ = h ≠
h0, where h0 is the height at which the sheet abruptly bends.
For µ > 0, the state u = 0 becomes unstable because any
deviation to one side increases the bending force from gravity.
The resulting runaway is eventually captured by deformation
forces that balance gravity. Once a runaway has started, µ
must be reduced to rather large negative values before the sheet
returns to the vertical stable position. This system is thus
strongly hysteretic, which is typical for a physical system with
a subcritical pitchfork bifurcation. ref bif-pitch; file fig/3-chf/bif-pitch
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finite range of attraction, the system invariably runs away and disintegrates,
which is what |u| æ Œ means. This does happen in various systems.
However, in more regular cases, the runaway process is captured by some
other processes at a larger scale. In formal terms, this then again leads to an
overall attractive system. The sheet of paper sketched in Figure 3.13 is an
instance of a system with a subcritical bifurcation, which clearly continues to
exist also for µ > 0. Recall that µ = h ≠ h0, where h0 is the length at which
the paper bends abruptly. Apparently, the horizontal dislocation u cannot
exceed the length h and indeed will always be much smaller.
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Figure 2.16.
Development function
(2.53) that leads
to a supercritical
pitchfork bifurcation
(upper) and (2.54)
for the corresponding
subcritical type (lower).
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Figure 2.17.
Pitchfork bifurcation
diagram showing stable
(solid) and unstable
(dashed) fixpoints u0.
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Figure 2.18.
Thin sheets of some sti� material as
physical representations of pitchfork
bifurcations.
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are fixed, the subcritical one if the sheet is parallel to some force field, usually
gravity, with one end free to move (Figure 2.18). — fig bif-pitch

Supercritical Consider a sheet that stands straight on the table and that is
su�ciently sti� to not cave in when held in position by lightly resting a finger
on its upper edge. Choose the horizontal dislocation at half height as state
parameter u and define the control parameter µ = F ≠ F0, where F is the force
on the upper edge of the sheet and F0 is the value at which the sheet starts to
bulge. For µ > 0, the sheet will bulge either left or right, which leads to the two
stable branches in the bifurcation diagram.

Subcritical Consider a long sheet that is slipped across the table’s edge and
whose upper end is free to move. Let the maximum horizontal dislocation be
the state parameter, u, and define the control parameter µ = h ≠ h0, where h0

catastrophe

bifurcation diagram:
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Figure 2.17.
Pitchfork bifurcation
diagram showing stable
(solid) and unstable
(dashed) fixpoints u0.
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Figure 2.18.
Thin sheets of some sti� material as
physical representations of pitchfork
bifurcations.
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are fixed, the subcritical one if the sheet is parallel to some force field, usually
gravity, with one end free to move (Figure 2.18). — fig bif-pitch

Supercritical Consider a sheet that stands straight on the table and that is
su�ciently sti� to not cave in when held in position by lightly resting a finger
on its upper edge. Choose the horizontal dislocation at half height as state
parameter u and define the control parameter µ = F ≠ F0, where F is the force
on the upper edge of the sheet and F0 is the value at which the sheet starts to
bulge. For µ > 0, the sheet will bulge either left or right, which leads to the two
stable branches in the bifurcation diagram.

Subcritical Consider a long sheet that is slipped across the table’s edge and
whose upper end is free to move. Let the maximum horizontal dislocation be
the state parameter, u, and define the control parameter µ = h ≠ h0, where h0
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Figure 3.13.
Sheet of thick paper as a physical system with pitchfork bi-
furcation. For the supercritical type, let the sheet be short
enough that it stands straight on a table when held in position by
lightly resting a finger on its upper edge. Choose the horizontal
dislocation at half height as state parameter u and define the
control parameter µ = F ≠ F0, where F is the force on the
upper edge of the sheet and F0 is the value at which the sheet
starts to bulge. For µ > 0, the sheet will bulge either left or
right, which leads to the two stable branches in the bifurcation
diagram. For the subcritical type, slip the sheet upwards, across
the table’s edge. Let the maximum horizontal dislocation be the
state parameter, u, and define the control parameter µ = h ≠
h0, where h0 is the height at which the sheet abruptly bends.
For µ > 0, the state u = 0 becomes unstable because any
deviation to one side increases the bending force from gravity.
The resulting runaway is eventually captured by deformation
forces that balance gravity. Once a runaway has started, µ
must be reduced to rather large negative values before the sheet
returns to the vertical stable position. This system is thus
strongly hysteretic, which is typical for a physical system with
a subcritical pitchfork bifurcation. ref bif-pitch; file fig/3-chf/bif-pitch
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Figure 3.14.
Phase diagrams for
evolution function
(3.35) that leads to
a supercritical pitchfork
bifurcation (upper) and
for (3.36) that leads
to the corresponding
subcritical bifurcation
(lower). ref bif-3; file fig/3-chf/bif-3

finite range of attraction, the system invariably runs away and disintegrates,
which is what |u| æ Œ means. This does happen in various systems.
However, in more regular cases, the runaway process is captured by some
other processes at a larger scale. In formal terms, this then again leads to an
overall attractive system. The sheet of paper sketched in Figure 3.13 is an
instance of a system with a subcritical bifurcation, which clearly continues to
exist also for µ > 0. Recall that µ = h ≠ h0, where h0 is the length at which
the paper bends abruptly. Apparently, the horizontal dislocation u cannot
exceed the length h and indeed will always be much smaller.

pitchfork bifurcation – supercritical
graph of development equation:
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Figure 3.13.
Sheet of thick paper as a physical system with pitchfork bi-
furcation. For the supercritical type, let the sheet be short
enough that it stands straight on a table when held in position by
lightly resting a finger on its upper edge. Choose the horizontal
dislocation at half height as state parameter u and define the
control parameter µ = F ≠ F0, where F is the force on the
upper edge of the sheet and F0 is the value at which the sheet
starts to bulge. For µ > 0, the sheet will bulge either left or
right, which leads to the two stable branches in the bifurcation
diagram. For the subcritical type, slip the sheet upwards, across
the table’s edge. Let the maximum horizontal dislocation be the
state parameter, u, and define the control parameter µ = h ≠
h0, where h0 is the height at which the sheet abruptly bends.
For µ > 0, the state u = 0 becomes unstable because any
deviation to one side increases the bending force from gravity.
The resulting runaway is eventually captured by deformation
forces that balance gravity. Once a runaway has started, µ
must be reduced to rather large negative values before the sheet
returns to the vertical stable position. This system is thus
strongly hysteretic, which is typical for a physical system with
a subcritical pitchfork bifurcation. ref bif-pitch; file fig/3-chf/bif-pitch
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finite range of attraction, the system invariably runs away and disintegrates,
which is what |u| æ Œ means. This does happen in various systems.
However, in more regular cases, the runaway process is captured by some
other processes at a larger scale. In formal terms, this then again leads to an
overall attractive system. The sheet of paper sketched in Figure 3.13 is an
instance of a system with a subcritical bifurcation, which clearly continues to
exist also for µ > 0. Recall that µ = h ≠ h0, where h0 is the length at which
the paper bends abruptly. Apparently, the horizontal dislocation u cannot
exceed the length h and indeed will always be much smaller.
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Figure 3.13.
Sheet of thick paper as a physical system with pitchfork bi-
furcation. For the supercritical type, let the sheet be short
enough that it stands straight on a table when held in position by
lightly resting a finger on its upper edge. Choose the horizontal
dislocation at half height as state parameter u and define the
control parameter µ = F ≠ F0, where F is the force on the
upper edge of the sheet and F0 is the value at which the sheet
starts to bulge. For µ > 0, the sheet will bulge either left or
right, which leads to the two stable branches in the bifurcation
diagram. For the subcritical type, slip the sheet upwards, across
the table’s edge. Let the maximum horizontal dislocation be the
state parameter, u, and define the control parameter µ = h ≠
h0, where h0 is the height at which the sheet abruptly bends.
For µ > 0, the state u = 0 becomes unstable because any
deviation to one side increases the bending force from gravity.
The resulting runaway is eventually captured by deformation
forces that balance gravity. Once a runaway has started, µ
must be reduced to rather large negative values before the sheet
returns to the vertical stable position. This system is thus
strongly hysteretic, which is typical for a physical system with
a subcritical pitchfork bifurcation. ref bif-pitch; file fig/3-chf/bif-pitch
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finite range of attraction, the system invariably runs away and disintegrates,
which is what |u| æ Œ means. This does happen in various systems.
However, in more regular cases, the runaway process is captured by some
other processes at a larger scale. In formal terms, this then again leads to an
overall attractive system. The sheet of paper sketched in Figure 3.13 is an
instance of a system with a subcritical bifurcation, which clearly continues to
exist also for µ > 0. Recall that µ = h ≠ h0, where h0 is the length at which
the paper bends abruptly. Apparently, the horizontal dislocation u cannot
exceed the length h and indeed will always be much smaller.

pitchfork bifurcation – subcritical (more realistic)
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Figure 3.15.
Bifurcation diagram
for evolution function
(3.32). The solid
line corresponds to
stable fixpoints u0,
the dashed line to
unstable ones. There
are no fixpoints for
µ < 0.
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Figure 3.16. Phase diagram (left) and bifurcation diagram (right) for evolution
function (3.37) with a subcritical pitchfork bifurcation of the fixpoint u0 = 0 for µ =
0. The solid lines correspond to stable fixpoints, the dashed line to unstable ones.
The thin dashed lines indicate discontinuous and hysteretic transitions between
stable states.

An example of a system with a subcritical pitchfork bifurcation that re-
mains globally attractive results from the evolution equation

chf.37 u̇ = ≠u
#
[u2

≠ 1]2 ≠ µ ≠ 1
$

, (3.37)

where the outer square parameterizes the large-scale stabilizing process. This
system is illustrated in Figure 3.16. It also demonstrates the hysteresis that — fig bif-3a-dia

is often associated with this type of bifurcation.

Imperfect Bifurcation — to do —

3.3.2
Bifurcations in Higher Dimensions

— to do —
check if this needed for pendulum, which is 2d

idx: bifurcation|)

u̇ = �u
⇥
[u2 � 1]2 � µ� 1

⇤
2.5 Transitions 9:41, May 2, 2017 73
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Figure 2.19. Development function (left) and bifurcation diagram (right) for
development function (2.55) with a subcritical pitchfork bifurcation of the fixpoint
u0 = 0 for µ = 0. The solid lines correspond to stable fixpoints, the dashed
line to unstable ones. The thin dashed lines indicate discontinuous and hysteretic
transitions between stable states.

is the height at which the sheet abruptly bends. For µ > 0, the state u = 0
becomes unstable because any deviation to one side increases the bending force
from gravity. The resulting runaway is eventually captured by deformation forces
that balance gravity. Once a runaway has started, µ must be reduced to rather
large negative values before the sheet returns to the vertical stable position.
Specifically, for u = umax stabilized by some other processes, µ must be reduced
such that |umax| < |u0|, where u0 is the unstable fixpoint (see lower left frame
of Figure 2.16). This system is thus strongly hysteretic, which is typical for a
physical system with a subcritical pitchfork bifurcation.

Notice that a subcritical bifurcation for physical systems means that beyond
some finite range of attraction, the system invariably runs away and disin-
tegrates, which is what |u| æ Œ means. While this does happen in various
systems, the more common cases is that the runaway process is captured by
some other processes. In the above example, these are the increasing forces
required to deform the sheet. They eventually balance the gravitational force,
lest the sheet breaks. In formal terms, this then again leads to an overall
attractive system. The sheet of paper sketched in Figure 2.18 is an instance
of a system with a subcritical bifurcation, which clearly continues to exist
also for µ > 0. Recall that µ = h ≠ h0, where h0 is the length at which
the paper bends abruptly. Apparently, the horizontal dislocation u cannot
exceed the length h and indeed will always be much smaller.

An example of a system with a subcritical pitchfork bifurcation that re-
mains globally attractive results from the development equation

nds.53 u̇ = ≠u
#
[u2

≠ 1]2 ≠ µ ≠ 1
$

, (2.55)

where the outer square parameterizes the large-scale stabilizing process. This
system is illustrated in Figure 2.19. It also demonstrates the hysteresis that — fig bif-3a-dia

is often associated with this type of bifurcation.
|subsubsectionImperfect Bifurcation — to do —



Heidelberg University
Institute of Environmental Physics

bifurcations – two-dimensional

13

stability transition
64 21:08, May 10, 2015 3 Nonlinear Dynamical Systems

Figure 3.19.
Transitions of eigenvalues ‡i of the
Jacobian at some fixpoint of a two-
dimensional system as it develops
between stable and unstable states.
The characteristic polynomial is of
order two, thus either has two real-
values solutions (blue) or two conjugate
complex ones (red).
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Figure 3.20. Phase diagram for a stability transition with real eigenvalues,
corresponding to the blue dots in Figure 3.19. The blue line represents the nullcline
u̇2 = 0 and the red one u̇1 = 0. For clarity, the starting points of the trajectories
for µ = 0 are shifted relative to each other.

to a new topology of the flow. As an illustration, we construct a minimal
system that shows the stability transition for the case of real eigenvalues. To
this end we choose for the Jacobian matrix a at the fixpoint the eigenvalues
‡1 = µ, where µ is the control parameter, and ‡2 = ≠1. Hence, in the
corresponding eigenbasis,

chf.38 a =
3

µ 0
0 ≠1

4
, with det a = ≠µ , tr a = µ ≠ 1 . (3.48)

Choosing the fixpoint (u1, u2) = (0, 0) finally leads to

chf.39 u̇1 = µu1

u̇2 = ≠u2 , (3.49)

which we readily recognize as the skeleton of a two-species population model.
To be more realistic, it would have to be decorated with some source term
for at least one of the species and with some interaction term, leading for
instance to the glycolysis model (3.17). Here, we stick with the skeleton and
focus on the stability transition of the fixpoint (Figure 3.20). Recalling the — fig bifur2d-shift

conditions for linear stability – which are det a > 0 and tr a < 0 –, the fixpoint

construct minimal system with real eigenvalues

choose

vs =

✓
0
1

◆
, vµ =

✓
1
0

◆
, �s,µ = {�1, µ}

<latexit sha1_base64="h1kbtBAQxOwa0pFppMRcIQF207E="></latexit>

a =

✓
µ 0
0 �1

◆
, with det a = �µ , tr a = µ� 1

hence
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Figure 3.4.
Stability classification of the linearized
development equation (3.11). As given by
(3.29), the state u0 is stable, i.e., Re(‡) <
0, if tr a < 0 and det a > 0 (blue) and it is
unstable if det a > 0 (red). The solid curve,
det a = 1

4 [tr a]2, separates states with a
monotonic development, Im(‡) = 0, from
those that oscillate, Im(‡) ”= 0, i.e., spiral
in or out. For systems in the dark red
region, the fix point is a saddle point.

det a

tr astable unstable

saddle point

spiral in spiral out

ref lin-stab-2d; file fig/3-chf/lin-stab-2d

are trace and determinant of the square matric a. The eigenvalues thus
become

chf.24 ‡± = 1
2tr a ±

1
2


[tr a]2 ≠ 4 det a (3.29)

With this, we classify the solutions of (3.20) and thus the stability of the
fixpoint (Figure 3.4): — fig lin-stab-2d

1. tr a < 0 and det a > 0: Re(‡) < 0 hence the fixpoint is stable. For
4 det a < [tr a]2, there are two real solutions, hence any perturbation
decays monotonically. For 4 det a > [tr a]2, Im(‡) ”= 0 and (3.23)
shows that the development has an oscillating part. Since Re(‡) is
still negative, the perturbed state will spiral into the fix point.

2. tr a > 0 and det a > 0: Re(‡) > 0 hence the fixpoint is unstable.
Any finite perturbation will thus grow exponentially, depending on
the relative size of 4 det a and [tr a]2 either in a monotonic manner
or spiraling out.

3. det a < 0: ‡+ > 0 and ‡≠ < 0, hence the fixpoint is a saddle point,
monotonically growing along Á+, the eigenvector with ‡+, and mono-
tonically decaying along Á≠.

For any given system, this classification must be translated into its parame-
ter space to be operationally useful. This is a three-step process: (i) calculate
the fixpoint u0 from the development equation, e.g., (3.10), by setting u̇ = 0,
(ii) calculate the Jacobian matrix ˆfi/ˆuj and evaluate it at u0 to obtain a,
(iii) calculate det a and tr a, which are now expressed in terms of the system
parameters, and identify in parameter space the regions where det a ? 0 and
tr a ? 0. This is illustrated in the following, building on the glycolysis model
introduced on page 36.

label: glycoexII

Example: The Glycolysis Model (II) We study the linear stability of the idx: glycolysis model

fixpoint (3.19) as a function of its parameters – and —, both of which are positive.
First, calculate the Jacobian matrix

chf.25 a =
3

≠1 + 2u1u2 – + u2
1

≠2u1u2 ≠– ≠ u2
1

4
(3.30)

µ

0

1

u̇1 = µu1

u̇2 = �u2

STOP

draw trajectories 
(u1(t),u2(t))
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Figure 3.19.
Transitions of eigenvalues ‡i of the
Jacobian at some fixpoint of a two-
dimensional system as it develops
between stable and unstable states.
The characteristic polynomial is of
order two, thus either has two real-
values solutions (blue) or two conjugate
complex ones (red).
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Figure 3.20. Phase diagram for a stability transition with real eigenvalues,
corresponding to the blue dots in Figure 3.19. The blue line represents the nullcline
u̇2 = 0 and the red one u̇1 = 0. For clarity, the starting points of the trajectories
for µ = 0 are shifted relative to each other.

to a new topology of the flow. As an illustration, we construct a minimal
system that shows the stability transition for the case of real eigenvalues. To
this end we choose for the Jacobian matrix a at the fixpoint the eigenvalues
‡1 = µ, where µ is the control parameter, and ‡2 = ≠1. Hence, in the
corresponding eigenbasis,

chf.38 a =
3

µ 0
0 ≠1

4
, with det a = ≠µ , tr a = µ ≠ 1 . (3.48)

Choosing the fixpoint (u1, u2) = (0, 0) finally leads to

chf.39 u̇1 = µu1

u̇2 = ≠u2 , (3.49)

which we readily recognize as the skeleton of a two-species population model.
To be more realistic, it would have to be decorated with some source term
for at least one of the species and with some interaction term, leading for
instance to the glycolysis model (3.17). Here, we stick with the skeleton and
focus on the stability transition of the fixpoint (Figure 3.20). Recalling the — fig bifur2d-shift

conditions for linear stability – which are det a > 0 and tr a < 0 –, the fixpoint
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Figure 3.20. Phase diagram for a stability transition with real eigenvalues,
corresponding to the blue dots in Figure 3.19. The blue line represents the nullcline
u̇2 = 0 and the red one u̇1 = 0. For clarity, the starting points of the trajectories
for µ = 0 are shifted relative to each other.

to a new topology of the flow. As an illustration, we construct a minimal
system that shows the stability transition for the case of real eigenvalues. To
this end we choose for the Jacobian matrix a at the fixpoint the eigenvalues
‡1 = µ, where µ is the control parameter, and ‡2 = ≠1. Hence, in the
corresponding eigenbasis,

chf.38 a =
3

µ 0
0 ≠1

4
, with det a = ≠µ , tr a = µ ≠ 1 . (3.48)

Choosing the fixpoint (u1, u2) = (0, 0) finally leads to

chf.39 u̇1 = µu1

u̇2 = ≠u2 , (3.49)

which we readily recognize as the skeleton of a two-species population model.
To be more realistic, it would have to be decorated with some source term
for at least one of the species and with some interaction term, leading for
instance to the glycolysis model (3.17). Here, we stick with the skeleton and
focus on the stability transition of the fixpoint (Figure 3.20). Recalling the — fig bifur2d-shift

conditions for linear stability – which are det a > 0 and tr a < 0 –, the fixpoint

u̇1 = µu1

u̇2 = �u2

construct minimal system with real eigenvalues

choose

vs =

✓
0
1

◆
, vµ =

✓
1
0

◆
, �s,µ = {�1, µ}

<latexit sha1_base64="h1kbtBAQxOwa0pFppMRcIQF207E="></latexit>

a =

✓
µ 0
0 �1

◆
, with det a = �µ , tr a = µ� 1

hence
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construction:

• choose 2-direction as always attractive, i.e., u̇2 = �u2

• 1-direction: any of the previous one-dimensional bifurcations
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Figure 3.21. Phase diagram for a saddle-node bifurcation, i.e., the formation
of a saddle-node at µ = 0 and its subsequent bifurcation for µ > 0. Compare this
with Figure 3.11, which shows the corresponding one-dimensional situation.
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Figure 3.22. Phase diagram for supercritical pitchfork bifurcation. Compare
this with the upper row of Figure 3.16, which shows the corresponding one-
dimensional situation.

that the u1-axis is approached before the fixpoint is reached. Why is this
so?

Finally, with µ > 0, there are two separate fixpoints, a stable one and
an unstable one. Their related nullclines separate the state space further,
now into six domains. Notice how the approach of the trajectories to the
attracting fixpoint di�ers from the critical case for µ = 0.

idx: bifurcation!pitchfork

Supercritical Pitchfork Bifurcation Combining (3.45) for u1 with the at-
tractor for u2 yields the system (Figure 3.22) — fig bifur2d-pitch-super

chf.41 u̇1 = u1[µ ≠ u
2
1]

u̇2 = ≠u2 , (3.51)

which has a fixpoint at (0, 0) that is stable for µ < 0, critical for µ = 0, and
unstable for µ > 0. The di�erent qualities of stability are again manifest in
the approach of the trajectories to the attracting fixpoint in that the angle
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Figure 3.9.
Phase diagram for
evolution function
(3.32) with control
parameter µ that
leads to a saddle point
bifurcation.
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its mirror point B1 merge at u = 0 while B2 and its mirror point A1 diverge
to +Œ and ≠Œ, respectively. At the other end, for µ æ

4
e2 , A2 merges with

B2 at u = 2 and correspondingly their mirror points A2 and B2 at u = ≠2.
Finally, for µ ”œ [0, 4

e2 ] there are no fixpoints. Then, all trajectories diverge
to +Œ, for µ > 4

e2 , and to ≠Œ for µ < 0.
Mergers of fixpoints, which become bifurcations when viewed from the

other direction, change the structure of a system qualitatively. They are
thus of prime interest. Indeed, assessing the e�ect of control parameters
on a system’s structure is through studying the appearance, motion, and
disappearance of fixpoints. In the phase diagram, this is associated with the
curve u̇(u) touching, crossing, and leaving the line u̇ = 0, respectively. We
consider the simple situation of an evolution function that is analytic in the
surroundings of the fixpoints, which permits the use of Taylor expansions,
and of a smooth variation of the control parameter. We follow Strogatz
[1994], also adopting his naming convention, and for one-dimensional systems
distinguish four types of bifurcations.

Saddle Node Bifurcation The dynamical system with evolution equa-
tion

chf.31 u̇ = µ ≠ u2 , (3.32)

with control parameter µ, has two symmetric fixpoints u0 = ±
Ô

µ for µ > 0,
a stable and an unstable one (Figure 3.9). They degenerate into a single one — fig bif-1

at u0 = 0 for µ = 0, and there are no fixpoints for µ < 0.

Trajectories We first consider the trajectories near the fixpoints for the
case µ > 0 and introduce ÷ := u ≠ u0. Inserting into (3.32) then yields
÷̇ = µ ≠ [÷ + u0]2 and further, using u0 from above, ÷̇ = µ ≠ [÷ ±

Ô
µ]2, which

expands into
chf.32 ÷̇ = û2Ô

µ ÷ ≠ ÷2 . (3.33)

For µ > 0 and ÷ su�ciently small a linear approximation leads to the
trajectories ÷(t) ¥ ÷0 exp(û2Ô

µ t), where ÷0 is the initial small deviation
from the corresponding fixpoint. The distance to the stable fixpoint thus
decreases exponentially with time, while it increases exponentially for the
unstable fixpoint. In both cases 1/[2Ô

µ] is the corresponding characteristic
time.

With µ æ 0 the linear approximation breaks down and (3.33) approaches
÷̇ = ≠÷2 with solution ÷(t) = ÷0/[1 + ÷0t], where ÷0 is again the initial small

saddle-node 
bifurcation

u̇1 = µ� u2
1

trajectories 

(u1(t),u2(t))?
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Figure 2.22. Phase diagram for a saddle node bifurcation, i.e., the formation of a saddle node
at µ = 0 and its subsequent bifurcation for µ > 0. Compare this with Figure 2.12, which shows the
corresponding one-dimensional situation.
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Figure 2.23. Phase diagram for supercritical pitchfork bifurcation. Compare this with the
upper row of Figure 2.16, which shows the corresponding one-dimensional situation.

Finally, with µ > 0, there are two separate fixpoints, a stable one and an unstable one.
Their related nullclines separate the state space further, now into six domains. Notice how
the approach of the trajectories to the attracting fixpoint di�ers from the critical case for
µ = 0.

idx: bifurcation!pitchfork

Supercritical Pitchfork Bifurcation Combining (2.51) for u1 with the attractor for u2 yields
the system

nds.57 u̇1 = u1[µ ≠ u2
1]

u̇2 = ≠u2 , (2.57)

which has a fixpoint at (0, 0) that is stable for µ < 0, critical for µ = 0, and unstable for
µ > 0 (Figure 2.23). The di�erent qualities of stability are again manifest in the approach — fig bifur2d-pitch-super

of the trajectories to the attracting fixpoint in that the angle with the horizontal is zero for
the critical fixpoint and di�erent from zero otherwise. For µ > 0, the fixpoint at (0, 0) turns
unstable and gets flanked by two new stable ones. Notice that while the central fixpoint is
repelling in u1-direction it is still attractive in u2-direction.
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Figure 3.21. Phase diagram for a saddle-node bifurcation, i.e., the formation
of a saddle-node at µ = 0 and its subsequent bifurcation for µ > 0. Compare this
with Figure 3.11, which shows the corresponding one-dimensional situation.
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Figure 3.22. Phase diagram for supercritical pitchfork bifurcation. Compare
this with the upper row of Figure 3.16, which shows the corresponding one-
dimensional situation.

that the u1-axis is approached before the fixpoint is reached. Why is this
so?

Finally, with µ > 0, there are two separate fixpoints, a stable one and
an unstable one. Their related nullclines separate the state space further,
now into six domains. Notice how the approach of the trajectories to the
attracting fixpoint di�ers from the critical case for µ = 0.

idx: bifurcation!pitchfork

Supercritical Pitchfork Bifurcation Combining (3.45) for u1 with the at-
tractor for u2 yields the system (Figure 3.22) — fig bifur2d-pitch-super

chf.41 u̇1 = u1[µ ≠ u
2
1]

u̇2 = ≠u2 , (3.51)

which has a fixpoint at (0, 0) that is stable for µ < 0, critical for µ = 0, and
unstable for µ > 0. The di�erent qualities of stability are again manifest in
the approach of the trajectories to the attracting fixpoint in that the angle
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Figure 3.9.
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parameter µ that
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its mirror point B1 merge at u = 0 while B2 and its mirror point A1 diverge
to +Œ and ≠Œ, respectively. At the other end, for µ æ

4
e2 , A2 merges with

B2 at u = 2 and correspondingly their mirror points A2 and B2 at u = ≠2.
Finally, for µ ”œ [0, 4

e2 ] there are no fixpoints. Then, all trajectories diverge
to +Œ, for µ > 4

e2 , and to ≠Œ for µ < 0.
Mergers of fixpoints, which become bifurcations when viewed from the

other direction, change the structure of a system qualitatively. They are
thus of prime interest. Indeed, assessing the e�ect of control parameters
on a system’s structure is through studying the appearance, motion, and
disappearance of fixpoints. In the phase diagram, this is associated with the
curve u̇(u) touching, crossing, and leaving the line u̇ = 0, respectively. We
consider the simple situation of an evolution function that is analytic in the
surroundings of the fixpoints, which permits the use of Taylor expansions,
and of a smooth variation of the control parameter. We follow Strogatz
[1994], also adopting his naming convention, and for one-dimensional systems
distinguish four types of bifurcations.

Saddle Node Bifurcation The dynamical system with evolution equa-
tion

chf.31 u̇ = µ ≠ u2 , (3.32)

with control parameter µ, has two symmetric fixpoints u0 = ±
Ô

µ for µ > 0,
a stable and an unstable one (Figure 3.9). They degenerate into a single one — fig bif-1

at u0 = 0 for µ = 0, and there are no fixpoints for µ < 0.

Trajectories We first consider the trajectories near the fixpoints for the
case µ > 0 and introduce ÷ := u ≠ u0. Inserting into (3.32) then yields
÷̇ = µ ≠ [÷ + u0]2 and further, using u0 from above, ÷̇ = µ ≠ [÷ ±

Ô
µ]2, which

expands into
chf.32 ÷̇ = û2Ô

µ ÷ ≠ ÷2 . (3.33)

For µ > 0 and ÷ su�ciently small a linear approximation leads to the
trajectories ÷(t) ¥ ÷0 exp(û2Ô

µ t), where ÷0 is the initial small deviation
from the corresponding fixpoint. The distance to the stable fixpoint thus
decreases exponentially with time, while it increases exponentially for the
unstable fixpoint. In both cases 1/[2Ô

µ] is the corresponding characteristic
time.

With µ æ 0 the linear approximation breaks down and (3.33) approaches
÷̇ = ≠÷2 with solution ÷(t) = ÷0/[1 + ÷0t], where ÷0 is again the initial small

supercritical 
pitchfork 
bifurcation
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Figure 3.13.
Sheet of thick paper as a physical system with pitchfork bi-
furcation. For the supercritical type, let the sheet be short
enough that it stands straight on a table when held in position by
lightly resting a finger on its upper edge. Choose the horizontal
dislocation at half height as state parameter u and define the
control parameter µ = F ≠ F0, where F is the force on the
upper edge of the sheet and F0 is the value at which the sheet
starts to bulge. For µ > 0, the sheet will bulge either left or
right, which leads to the two stable branches in the bifurcation
diagram. For the subcritical type, slip the sheet upwards, across
the table’s edge. Let the maximum horizontal dislocation be the
state parameter, u, and define the control parameter µ = h ≠
h0, where h0 is the height at which the sheet abruptly bends.
For µ > 0, the state u = 0 becomes unstable because any
deviation to one side increases the bending force from gravity.
The resulting runaway is eventually captured by deformation
forces that balance gravity. Once a runaway has started, µ
must be reduced to rather large negative values before the sheet
returns to the vertical stable position. This system is thus
strongly hysteretic, which is typical for a physical system with
a subcritical pitchfork bifurcation. ref bif-pitch; file fig/3-chf/bif-pitch

u̇
µ < 0

u̇
µ = 0

u̇
µ > 0

u

u

Figure 3.14.
Phase diagrams for
evolution function
(3.35) that leads to
a supercritical pitchfork
bifurcation (upper) and
for (3.36) that leads
to the corresponding
subcritical bifurcation
(lower). ref bif-3; file fig/3-chf/bif-3

finite range of attraction, the system invariably runs away and disintegrates,
which is what |u| æ Œ means. This does happen in various systems.
However, in more regular cases, the runaway process is captured by some
other processes at a larger scale. In formal terms, this then again leads to an
overall attractive system. The sheet of paper sketched in Figure 3.13 is an
instance of a system with a subcritical bifurcation, which clearly continues to
exist also for µ > 0. Recall that µ = h ≠ h0, where h0 is the length at which
the paper bends abruptly. Apparently, the horizontal dislocation u cannot
exceed the length h and indeed will always be much smaller.

saddle-node 
bifurcation

u̇1 = µ� u2
1

u̇1 = u1[µ� u2
1]
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concept for construction:

• radial-direction:
any of the one-dimensional bifurcations

• angular-direction:
some non-vanishing function of r
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Figure 3.19.
Transitions of eigenvalues ‡i of the
Jacobian at some fixpoint of a two-
dimensional system as it develops
between stable and unstable states.
The characteristic polynomial is of
order two, thus either has two real-
values solutions (blue) or two conjugate
complex ones (red).

2’

1’

1’

2

1
12 2’

Re(�)

Im(�)

ref stab-transition; file fig/3-chf/stab-transition

≠2 0 2

≠2

0

2

u2 µ = ≠1

≠2 0 2

u2 µ = 0

≠2 0 2
u1

u2 µ = 1

ref bifur2d-shift; file fig/3-chf/bifur2d-shift

Figure 3.20. Phase diagram for a stability transition with real eigenvalues,
corresponding to the blue dots in Figure 3.19. The blue line represents the nullcline
u̇2 = 0 and the red one u̇1 = 0. For clarity, the starting points of the trajectories
for µ = 0 are shifted relative to each other.

to a new topology of the flow. As an illustration, we construct a minimal
system that shows the stability transition for the case of real eigenvalues. To
this end we choose for the Jacobian matrix a at the fixpoint the eigenvalues
‡1 = µ, where µ is the control parameter, and ‡2 = ≠1. Hence, in the
corresponding eigenbasis,

chf.38 a =
3

µ 0
0 ≠1

4
, with det a = ≠µ , tr a = µ ≠ 1 . (3.48)

Choosing the fixpoint (u1, u2) = (0, 0) finally leads to

chf.39 u̇1 = µu1

u̇2 = ≠u2 , (3.49)

which we readily recognize as the skeleton of a two-species population model.
To be more realistic, it would have to be decorated with some source term
for at least one of the species and with some interaction term, leading for
instance to the glycolysis model (3.17). Here, we stick with the skeleton and
focus on the stability transition of the fixpoint (Figure 3.20). Recalling the — fig bifur2d-shift

conditions for linear stability – which are det a > 0 and tr a < 0 –, the fixpoint

stable oscillatory fixpoint looses stability

u̇1 = ṙ cos(')� r sin(')'̇ = r cos(')| {z }
u1

[µ� r2]� r sin(')| {z }
u2

![1 + �r2]

u1 = r cos(') , u2 = r sin(')

u̇1 = µu1 � !u2

u̇2 = !u1 + µu2

linear approx
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Figure 3.13.
Sheet of thick paper as a physical system with pitchfork bi-
furcation. For the supercritical type, let the sheet be short
enough that it stands straight on a table when held in position by
lightly resting a finger on its upper edge. Choose the horizontal
dislocation at half height as state parameter u and define the
control parameter µ = F ≠ F0, where F is the force on the
upper edge of the sheet and F0 is the value at which the sheet
starts to bulge. For µ > 0, the sheet will bulge either left or
right, which leads to the two stable branches in the bifurcation
diagram. For the subcritical type, slip the sheet upwards, across
the table’s edge. Let the maximum horizontal dislocation be the
state parameter, u, and define the control parameter µ = h ≠
h0, where h0 is the height at which the sheet abruptly bends.
For µ > 0, the state u = 0 becomes unstable because any
deviation to one side increases the bending force from gravity.
The resulting runaway is eventually captured by deformation
forces that balance gravity. Once a runaway has started, µ
must be reduced to rather large negative values before the sheet
returns to the vertical stable position. This system is thus
strongly hysteretic, which is typical for a physical system with
a subcritical pitchfork bifurcation. ref bif-pitch; file fig/3-chf/bif-pitch

u̇
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u̇
µ = 0

u̇
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Figure 3.14.
Phase diagrams for
evolution function
(3.35) that leads to
a supercritical pitchfork
bifurcation (upper) and
for (3.36) that leads
to the corresponding
subcritical bifurcation
(lower). ref bif-3; file fig/3-chf/bif-3

finite range of attraction, the system invariably runs away and disintegrates,
which is what |u| æ Œ means. This does happen in various systems.
However, in more regular cases, the runaway process is captured by some
other processes at a larger scale. In formal terms, this then again leads to an
overall attractive system. The sheet of paper sketched in Figure 3.13 is an
instance of a system with a subcritical bifurcation, which clearly continues to
exist also for µ > 0. Recall that µ = h ≠ h0, where h0 is the length at which
the paper bends abruptly. Apparently, the horizontal dislocation u cannot
exceed the length h and indeed will always be much smaller.

u̇1 =
⇥
µ� r2

⇤
u1 � ![1 + �r2]u2

u̇2 = �![1 + �r2]u1+
⇥
µ� r2

⇤
u2

ṙ = r[µ� r2]

'̇ = ![1 + �r2]

radial supercritical pitchfork
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ṙ = r[µ� r2]

'̇ = ![1 + �r2]

a =

✓
µ �!
! µ

◆
, with �± = µ± i!

!: sign determines spiral direction
! > 0: counterclockwise
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Figure 3.13.
Sheet of thick paper as a physical system with pitchfork bi-
furcation. For the supercritical type, let the sheet be short
enough that it stands straight on a table when held in position by
lightly resting a finger on its upper edge. Choose the horizontal
dislocation at half height as state parameter u and define the
control parameter µ = F ≠ F0, where F is the force on the
upper edge of the sheet and F0 is the value at which the sheet
starts to bulge. For µ > 0, the sheet will bulge either left or
right, which leads to the two stable branches in the bifurcation
diagram. For the subcritical type, slip the sheet upwards, across
the table’s edge. Let the maximum horizontal dislocation be the
state parameter, u, and define the control parameter µ = h ≠
h0, where h0 is the height at which the sheet abruptly bends.
For µ > 0, the state u = 0 becomes unstable because any
deviation to one side increases the bending force from gravity.
The resulting runaway is eventually captured by deformation
forces that balance gravity. Once a runaway has started, µ
must be reduced to rather large negative values before the sheet
returns to the vertical stable position. This system is thus
strongly hysteretic, which is typical for a physical system with
a subcritical pitchfork bifurcation. ref bif-pitch; file fig/3-chf/bif-pitch
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Figure 3.14.
Phase diagrams for
evolution function
(3.35) that leads to
a supercritical pitchfork
bifurcation (upper) and
for (3.36) that leads
to the corresponding
subcritical bifurcation
(lower). ref bif-3; file fig/3-chf/bif-3

finite range of attraction, the system invariably runs away and disintegrates,
which is what |u| æ Œ means. This does happen in various systems.
However, in more regular cases, the runaway process is captured by some
other processes at a larger scale. In formal terms, this then again leads to an
overall attractive system. The sheet of paper sketched in Figure 3.13 is an
instance of a system with a subcritical bifurcation, which clearly continues to
exist also for µ > 0. Recall that µ = h ≠ h0, where h0 is the length at which
the paper bends abruptly. Apparently, the horizontal dislocation u cannot
exceed the length h and indeed will always be much smaller.

u̇1 =
⇥
µ� r2

⇤
u1 � ![1 + �r2]u2

u̇2 = �![1 + �r2]u1+
⇥
µ� r2

⇤
u2

u̇1 = µu1 � !u2

u̇2 = !u1 + µu2

linear approximation
fixpoints: r = 0 and r =

p
µ

µ < 0: stable
µ = 0: critical
µ > 0: unstable

fixpoint: (0,0)
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Figure 3.13.
Sheet of thick paper as a physical system with pitchfork bi-
furcation. For the supercritical type, let the sheet be short
enough that it stands straight on a table when held in position by
lightly resting a finger on its upper edge. Choose the horizontal
dislocation at half height as state parameter u and define the
control parameter µ = F ≠ F0, where F is the force on the
upper edge of the sheet and F0 is the value at which the sheet
starts to bulge. For µ > 0, the sheet will bulge either left or
right, which leads to the two stable branches in the bifurcation
diagram. For the subcritical type, slip the sheet upwards, across
the table’s edge. Let the maximum horizontal dislocation be the
state parameter, u, and define the control parameter µ = h ≠
h0, where h0 is the height at which the sheet abruptly bends.
For µ > 0, the state u = 0 becomes unstable because any
deviation to one side increases the bending force from gravity.
The resulting runaway is eventually captured by deformation
forces that balance gravity. Once a runaway has started, µ
must be reduced to rather large negative values before the sheet
returns to the vertical stable position. This system is thus
strongly hysteretic, which is typical for a physical system with
a subcritical pitchfork bifurcation. ref bif-pitch; file fig/3-chf/bif-pitch
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Figure 3.14.
Phase diagrams for
evolution function
(3.35) that leads to
a supercritical pitchfork
bifurcation (upper) and
for (3.36) that leads
to the corresponding
subcritical bifurcation
(lower). ref bif-3; file fig/3-chf/bif-3

finite range of attraction, the system invariably runs away and disintegrates,
which is what |u| æ Œ means. This does happen in various systems.
However, in more regular cases, the runaway process is captured by some
other processes at a larger scale. In formal terms, this then again leads to an
overall attractive system. The sheet of paper sketched in Figure 3.13 is an
instance of a system with a subcritical bifurcation, which clearly continues to
exist also for µ > 0. Recall that µ = h ≠ h0, where h0 is the length at which
the paper bends abruptly. Apparently, the horizontal dislocation u cannot
exceed the length h and indeed will always be much smaller.

u̇1 =
⇥
µ� r2

⇤
u1 � ![1 + �r2]u2

u̇2 = �![1 + �r2]u1+
⇥
µ� r2

⇤
u2

fixpoints: r = 0 and r =
p
µ

68 21:08, May 10, 2015 3 Nonlinear Dynamical Systems
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2

u2 µ = ≠1
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u2 µ = 0

≠2 0 2
u1

u2 µ = 2

ref bifur2d-hopf-super; file fig/3-chf/bifur2d-hopf-super

Figure 3.23. Phase diagram for supercritical Hopf bifurcation with Ê = 1. The
state (0, 0) is a fixpoint, stable for µ Æ 0. For µ > 0, a closed orbit with radius Ô

µ
appears – red circle in rightmost frame – whereupon (0, 0) becomes unstable and
the orbit acts as attractor.

and eigenvalues µ ± iÊ, the latter in correspondence with (3.27). With this,
the fixpoint (0, 0) is stable for µ < 0, critically stable for µ = 0, and unstable
for µ > 0. For Ê > 0, the trajectories are spiraling into the fixpoint or out
of it since then the eigenvalues are complex (see Figure 3.4 on page 39). The
direction of the spiral is equal to the sign of Ê.

The above linear analysis illuminates the flow in a neighborhood of the
fixpoint. Beyond it, the solutions are modified by the system’s nonlinearity
and indeed become qualitatively di�erent for µ Ø 0 (see Exercise 3.6). Some
solutions of (3.54) for selected values of µ are shown in Figure 3.23. The — fig bifur2d-hopf-super

key to their understanding is the radial development equation (3.52)1 and its
fixpoints

chf.47 r = 0 and r = Ô
µ , (3.57)

where the second solution accounts for r Ø 0. For µ < 0, with a single attrac-
tive fixpoint, the phenomenology is qualitatively identical to that of the linear
approximation: trajectories that spiral into the fixpoint in counter-clockwise
direction, for positive Ê. For µ = 0, the fixpoint becomes critical and the
linear approximation predicts a constant rotation with angular velocity Ê, as
is readily seen with (3.52). However, in the nonlinear regime the trajectories
spiral in according to ṙ = ≠r

3. The nonlinearity vanishes towards the origin,
hence the transition to the practically constant rotation. This is yet another
manifestation of a critical slowdown. idx: critical slowdown

As µ grows beyond 0, the critical fixpoint at r = 0 decays into an unstable
one, which remains at r = 0, and a stable one, whose location moves with µ to
r = Ô

µ. The latter corresponds to an attractive circular orbit. Trajectories
from the outside continue to spiral in the same direction, now towards the
closed orbit instead of the fixpoint. Trajectories that start within the closed
orbit spiral outwards, repelled by the central fixpoint, and also approach the
attractive orbit.

critical slowdown 
signature of 
critical point

stable (radial!) 
fixpoint

stable 
fixpoint

unstable 
fixpoint
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ref bifur2d-hopf-sub; file fig/2-nds/bifur2d-hopf-sub-full

Figure 2.25. Phase diagram for subcritical Hopf bifurcation with parameters
Ê = 1 and – = 1

4 . The center is a fixpoint, stable for µ < 0 and unstable for µ >
0. The red circles represent attractive, critical, or repelling limit cycles. The radial
equation (2.67)1 for the di�erent values of µ is shown in the lower right frame.
Notice the critical slowdown associated with a critical fixpoint or limit cycle.

2.5.4
Homoclinic Bifurcations

idx: homoclinic bifurcation
idx: bifurcation!homoclinic
This is one of the instances of global bifurcations. Expand
this in a next version. From Wikipedia: “Global bifurcations
occur when ’larger’ invariant sets, such as periodic orbits, collide
with equilibria. This causes changes in the topology of the
trajectories in the phase space which cannot be confined to a
small neighbourhood, as is the case with local bifurcations. In
fact, the changes in topology extend out to an arbitrarily large
distance (hence ’global’).
Examples of global bifurcations include:

• Homoclinic bifurcation in which a limit cycle collides
with a saddle point.

• Heteroclinic bifurcation in which a limit cycle collides
with two or more saddle points.

• Infinite-period bifurcation in which a stable node and
saddle point simultaneously occur on a limit cycle.

• Blue sky catastrophe in which a limit cycle collides with
a nonhyperbolic cycle.

Global bifurcations can also involve more complicated sets such
as chaotic attractors (e.g. crises).”

So far we studied the appearance, collision, and disappearance of fixpoints as
well as the appearance of limit cycles out of fixpoints with the supercritical
Hopf bifurcation, or out of the blue with the subcritical one, and the corre-
sponding disappearance of such orbits. Now we look at a limit cycle as it
grows, thereby encounters a fixpoint, and eventually passes beyond it.

Following Strogatz [1994], we consider the system

nds.66 u̇1 = µu1 + u2 ≠ u2
2 + u1u2

u̇2 = u1 (2.69)

with the single control parameter µ (Figure 2.26). Fixpoints are u0 = (0, 0)

more carefully introduce the concepts of hyperbolic points with
their stable/unstable manifolds, possible homoclinic orbits and
then homoclinic points (if one exists, then there exist infinitely
many [intuitive explanation?],. . . ; see ghys13-annot and mate-
rial/chaos/scholarpedia/UPO for some application.

— fig bifur2d-homo

and u1 = (0, 1), and the Jacobian matrix is

nds.67 a =
3

µ + u2 1 ≠ 2u2 + u1
1 0

4
. (2.70)

u̇ = �u
⇥
[u2 � 1]2 � µ� 1

⇤
recall
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ref bifur2d-homo; file fig/2-nds/bifur2d-homo

Figure 2.26. Phase diagram for system (2.68), which shows a homoclinic
bifurcation for µ ¥ ≠0.8645. The red curves represent the attracting limit cycle.
The blue curves are referred to fixpoint u0 = (0, 0) and represent its stable (solid)
and unstable manifold (dashed), respectively.

fixpoint u1 becomes critical and decays by a supercritical Hopf bifurcation
as µ is increased, leaving behind an unstable fixpoint. The radius of the
attractor at first grows proportional to µ + 1. The original circular orbit gets
deformed as it nears the saddle node at u0. At µ ¥ ≠0.8645, the attractor
touches u0, which leads to a so-called homoclinic orbit. This is a limit cycle idx: homoclinic orbit

that starts out from a saddle node and connects back to it. Finally, with µ

just growing marginally larger, and with it also the radius, the limit cycle
vanishes.

exercise: critical slowdown,. . . Sche�er et al. [2009, 2012, 2015]; do
examples for all types of bifurcations and perturb system such
that u̇ = f(u) + – sin(Êt). see Exercises 2.7–2.8

check notes for “global bifurcations”

Exercises
2.1 Oscillation in One-Dimensional First-Order System
The autonomous dynamical system u̇ = f(u) with u œ � µ R cannot show [nds-1dosc]

oscillations. Explain.

2.2 Pedestrian’s Solution of ODE System

manifolds of 
fixpoint (0,0) 
solid: stable 
dashed: unstable

fixpoint (0,1) 
stable
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Figure 2.26. Phase diagram for system (2.68), which shows a homoclinic
bifurcation for µ ¥ ≠0.8645. The red curves represent the attracting limit cycle.
The blue curves are referred to fixpoint u0 = (0, 0) and represent its stable (solid)
and unstable manifold (dashed), respectively.

fixpoint u1 becomes critical and decays by a supercritical Hopf bifurcation
as µ is increased, leaving behind an unstable fixpoint. The radius of the
attractor at first grows proportional to µ + 1. The original circular orbit gets
deformed as it nears the saddle node at u0. At µ ¥ ≠0.8645, the attractor
touches u0, which leads to a so-called homoclinic orbit. This is a limit cycle idx: homoclinic orbit

that starts out from a saddle node and connects back to it. Finally, with µ

just growing marginally larger, and with it also the radius, the limit cycle
vanishes.

exercise: critical slowdown,. . . Sche�er et al. [2009, 2012, 2015]; do
examples for all types of bifurcations and perturb system such
that u̇ = f(u) + – sin(Êt). see Exercises 2.7–2.8

check notes for “global bifurcations”

Exercises
2.1 Oscillation in One-Dimensional First-Order System
The autonomous dynamical system u̇ = f(u) with u œ � µ R cannot show [nds-1dosc]

oscillations. Explain.
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Figure 2.26. Phase diagram for system (2.68), which shows a homoclinic
bifurcation for µ ¥ ≠0.8645. The red curves represent the attracting limit cycle.
The blue curves are referred to fixpoint u0 = (0, 0) and represent its stable (solid)
and unstable manifold (dashed), respectively.

fixpoint u1 becomes critical and decays by a supercritical Hopf bifurcation
as µ is increased, leaving behind an unstable fixpoint. The radius of the
attractor at first grows proportional to µ + 1. The original circular orbit gets
deformed as it nears the saddle node at u0. At µ ¥ ≠0.8645, the attractor
touches u0, which leads to a so-called homoclinic orbit. This is a limit cycle idx: homoclinic orbit

that starts out from a saddle node and connects back to it. Finally, with µ

just growing marginally larger, and with it also the radius, the limit cycle
vanishes.

exercise: critical slowdown,. . . Sche�er et al. [2009, 2012, 2015]; do
examples for all types of bifurcations and perturb system such
that u̇ = f(u) + – sin(Êt). see Exercises 2.7–2.8

check notes for “global bifurcations”

Exercises
2.1 Oscillation in One-Dimensional First-Order System
The autonomous dynamical system u̇ = f(u) with u œ � µ R cannot show [nds-1dosc]

oscillations. Explain.

2.2 Pedestrian’s Solution of ODE System

attractive limit cycle 
here a homoclinic trajectory: 
leaves fixpoint along unstable manifold and 
approaches the same fixpoint along stable manifold

unstable manifold 
of (0,0)

stable manifold 
of (0,0)

circular orbit colliding with 
hyperbolic saddle point 
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Figure 2.26. Phase diagram for system (2.68), which shows a homoclinic
bifurcation for µ ¥ ≠0.8645. The red curves represent the attracting limit cycle.
The blue curves are referred to fixpoint u0 = (0, 0) and represent its stable (solid)
and unstable manifold (dashed), respectively.

fixpoint u1 becomes critical and decays by a supercritical Hopf bifurcation
as µ is increased, leaving behind an unstable fixpoint. The radius of the
attractor at first grows proportional to µ + 1. The original circular orbit gets
deformed as it nears the saddle node at u0. At µ ¥ ≠0.8645, the attractor
touches u0, which leads to a so-called homoclinic orbit. This is a limit cycle idx: homoclinic orbit

that starts out from a saddle node and connects back to it. Finally, with µ

just growing marginally larger, and with it also the radius, the limit cycle
vanishes.

exercise: critical slowdown,. . . Sche�er et al. [2009, 2012, 2015]; do
examples for all types of bifurcations and perturb system such
that u̇ = f(u) + – sin(Êt). see Exercises 2.7–2.8

check notes for “global bifurcations”

Exercises
2.1 Oscillation in One-Dimensional First-Order System
The autonomous dynamical system u̇ = f(u) with u œ � µ R cannot show [nds-1dosc]

oscillations. Explain.

2.2 Pedestrian’s Solution of ODE System

attractive limit cycle 
here a homoclinic trajectory: 
leaves fixpoint along unstable manifold and 
approaches the same fixpoint along stable manifold

unstable manifold 
of (0,0)

stable manifold 
of (0,0)

circular orbit colliding with 
hyperbolic saddle point 


