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 9 Continuous Chaotic Systems
• driven & viscously damped pendulum

- attractors & nature of strange attractor
- temporal analysis
- transitions in parameter space



consider dt⌦, i.e., development of all u 2 ⌦ ⇢ M
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• conservative: dtk⌦k = 0, i.e., development conserves volume of state space

• dissipative: dtk⌦k < 0, i.e., volume vanishes
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⌦
r · u̇ dV

mean value
= hr · u̇ik⌦k
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theorem

u̇
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lim
k⌦k!0

dtk⌦k
k⌦k = r · u̇| {z }
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local, with u̇ = f(u) smooth,
<latexit sha1_base64="/3FDqwBrM7WKpGolMrm2XZrfCFI="></latexit>

divergence of velocity 
in state space

• conservative , r · f(u) = 0

• dissipative: , r · f(u) < 0
<latexit sha1_base64="WNYPWRujt8vsTCADsbRb4c+4AmY="></latexit>
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notice
• dissipative systems converge to a true subspace of M with measure 0

• BUT: this need not be a point, can be a limit cycle or a strange attractor
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Figure 5.2.
Stroboscope applied to
the regular regimes
of the sinusoidally
perturbed pendulum
shown in Figure 5.1.
The large symbols
represent the attractors,
a period-1 and a
period-3 limit cycle,
respectively. The
tiny dots stem from
transients. ref fp-period-strob-reg; file fig/5-cch/fp-period-strob-reg

Pendulum For su�ciently weak forcing, the pendulum approaches a peri-
odic limit cycle, which may still be complicated, though (Figure 5.1). What-
ever the complications of this attractor may be, applying the stroboscope
with Ês equal to the forcing frequency Ê yields its periodicity, and eventually
also its more detailed structure (Figure 5.2). — fig fp-period-strob-reg

For µ = 0.84, the pendulum performs a regular oscillation. With the
stroboscope, this leads to one major point that is revisited indefinitely and
in a number of minor points that originate from the initial transients. The
latter are typically visited just once. The single major point represents the
system’s period-1 limit cycle. Its exact location on this cycle depends on
the phase of the stroboscope relative to that of the system’s perturbation.
Sweeping this phase would allow to explore the cycle’s structure in detail,
which is not very interesting in this case but will be used later.

At µ = 0.91, three major points occur and represent the period-3 limit
cycle, i.e., one period of the system state takes 3 forcing cycles. Applying a
stroboscope with the appropriate frequency to an arbitrary trajectory of a
system that possesses a period-p limit cycle as attractor indeed produces p

major points that are revisited indefinitely. In addition, there typically occur
a number of minor points from transients. Their number actually may be
large but they are mostly visited just once.

idx: strange attractor|(

strange attractors are the motivation to keep regular trajectories
also as invariant manifolds: a strange attractor may be seen as
a smooth transition between a regular trajectory and a periodic
attractor

Strange Attractors As a preliminary we recall the di�erence between a
phase diagram, which is the projection of the entire state space to some chosen

idx: phase diagramsubspace, and the stroboscope view, which is the projection of a section of
the state space. Images of trajectories thus may intersect in a phase diagram,
and they typically do, but they must not do so in an appropriate stroboscope
view of a cyclic state space, lest the system’s development equation has no
unique solution at the intersection. This becomes particularly significant if
the sectioning is through a cyclic coordinate of the state space.
Cyclic Dimension of State Space The state variable u3, which we intro-
duced as time, indeed is a cyclic variable. We needed it in order to incorporate
the time-dependent perturbation into the autonomous formulation (3.63) and

attractors

Poincaré section: fixpoints
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Figure 4.6. Phase diagrams corresponding to Figure 4.5. The coordinate u1 corresponds to
the angle Ï, hence is cyclic, while u2 corresponds to Ï̇ and is unbounded. Notice that these are
projections of the three-dimensional trajectories, (u1, u2, u3) ‘æ (u1, u2), hence may intersect even
if the trajectories do not. The thick red lines represents periodic attractors, i.e., limit cycles. For
µ = 1.15, no such attractor exists. Time is color-coded into the trajectories, from blue through
the spectrum to red. This is only manifest in the chaotic motion as the other two approach their
attractor too rapidly.

Next, look at the perturbation µ sin(Êt), which acts in two ways: (i) it forces the
pendulum directly and (ii) it changes the coupling to gravity, the other external force.
Again, dissipation removes momentum proportional to the angular velocity Ï̇. The interplay
between perturbation and gravity gives rise to complicated motions because the time-scales
of the two are independent of each other. With this, the actual momentum input depends on
the system state relative to the phase of the perturbation. The two driving forces gravity and
perturbation may thus either compensate or amplify each other and this changes during the
course of the system’s development. The internal time-scale of the pendulum is �≠1

0 =

¸/g,

given by (4.2), while the external time-scale is that of the perturbation, �≠1. For the
simulations, we chose Ê := �/�0 = 0.8.

For the pendulum to settle in some periodic motion, which we might call a dynamic
equilibrium, the net force integrated over the motion’s period T must vanish. Hence,s T
0 Ï̈(t) dt != 0 or, expressed in terms of state variables,

cch.2

⁄ T

0
u̇2(t) dt = 0 . (4.17)

For the basic oscillation considered here, T = 2fi
Ê . It will be much longer for more complicated

periodic orbits but will remain a multiple of 2fi
Ê .

Higher Order Periodic Orbits A stronger forcing demands a higher momentum dissi-
pation rate, hence a higher mean velocity Ï̇ = 1

T

s T
0 Ï̇(t) dt. Beyond some threshold, this

cannot be accomplished by basic oscillations anymore and the system transits into full orbital
motions, possibly through rather violent phases. Such a transition is typically rather delicate
with a stable orbit taking a long time before it is established. We encountered this already
in Figure 4.3 and will find extended intervals with such chaotic transients in Figure 4.15
below. There appear to be exceptions to this, however, for instance, in an interval around
µ = 0.91 where the trajectory rapidly approaches a period-3 limit cycle (Figure 4.6, middle
frame). This cycle indeed is reached in a very short time, in about one orbit, which is much
faster than what is required to establish the periodic oscillation with µ = 0.84.

old slide new titles & focus

exemplary manifestations 
of a regular attractor 
(here for a pendulum) 
• attracting orbit in state 

space (u1,u2,u3) 
• attracting limit cycle 

on torus, with u3 as 
cyclic variable 

• stable limit cycle 
in phase diagram, 
which is a projection 

• (periodic) fixpoint 
in Poincaré section, 
which is a section
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odic limit cycle, which may still be complicated, though (Figure 5.1). What-
ever the complications of this attractor may be, applying the stroboscope
with Ês equal to the forcing frequency Ê yields its periodicity, and eventually
also its more detailed structure (Figure 5.2). — fig fp-period-strob-reg

For µ = 0.84, the pendulum performs a regular oscillation. With the
stroboscope, this leads to one major point that is revisited indefinitely and
in a number of minor points that originate from the initial transients. The
latter are typically visited just once. The single major point represents the
system’s period-1 limit cycle. Its exact location on this cycle depends on
the phase of the stroboscope relative to that of the system’s perturbation.
Sweeping this phase would allow to explore the cycle’s structure in detail,
which is not very interesting in this case but will be used later.

At µ = 0.91, three major points occur and represent the period-3 limit
cycle, i.e., one period of the system state takes 3 forcing cycles. Applying a
stroboscope with the appropriate frequency to an arbitrary trajectory of a
system that possesses a period-p limit cycle as attractor indeed produces p

major points that are revisited indefinitely. In addition, there typically occur
a number of minor points from transients. Their number actually may be
large but they are mostly visited just once.

idx: strange attractor|(

strange attractors are the motivation to keep regular trajectories
also as invariant manifolds: a strange attractor may be seen as
a smooth transition between a regular trajectory and a periodic
attractor

Strange Attractors As a preliminary we recall the di�erence between a
phase diagram, which is the projection of the entire state space to some chosen

idx: phase diagramsubspace, and the stroboscope view, which is the projection of a section of
the state space. Images of trajectories thus may intersect in a phase diagram,
and they typically do, but they must not do so in an appropriate stroboscope
view of a cyclic state space, lest the system’s development equation has no
unique solution at the intersection. This becomes particularly significant if
the sectioning is through a cyclic coordinate of the state space.
Cyclic Dimension of State Space The state variable u3, which we intro-
duced as time, indeed is a cyclic variable. We needed it in order to incorporate
the time-dependent perturbation into the autonomous formulation (3.63) and
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Figure 5.3. Stroboscope applied to the chaotic trajectory of the forced
pendulum with µ = 1.15 shown in Figure 5.1. (left) The stroboscope frequency Ês

is chosen equal to that of the external forcing. Each of the tiny dots corresponds
to a state of the system at one of the discrete times ·n and each of them is visited
indefinitely. In contrast to Figure 5.2 transients have been excluded by a spinup
of 400 forcing cycles before starting to record states. Six successive states at
·n, ·n+1,. . . , ·n+5 are identified by symbols with successively increasing radius
to illustrate that nearby points in (u1, u2) are generally not nearby in time. (right)
Cross-sectional planes are located more closely by choosing Ês = 6Ê. Successive
slices are drawn in ever lighter color.

chose it as a linear variable, mainly in order to retain physical intuition.
Another choice, u3 := sin(Êt), which essentially replaces time by the phase
of the sinusoidal perturbation, would transform (3.63)2 into u̇2 = ≠2“u2 ≠

sin(u1) + µu3. This would have worked equally well, at the cost of further
introducing u̇3 = Êu4 and u̇4 = ≠Êu3, however. While admittedly clumsy,
this formulation demonstrates that the nature of the u3-direction is indeed
cyclic and that a stroboscope with Ês = Ê produces a single section, which
coincides with the corresponding Poincaré section.

Chaotic Trajectory The power of such sections mainly comes to bear on
chaotic trajectories (Figure 5.1). While the phase diagram may hint at some
underlying structure, it is not clearly discernible beyond the fact that it has no
perceptible periodicity. In contrast, the stroboscope reveals that the motion
indeed is not random but highly structured. It apparently proceeds on an
intricately structured manifold that is embedded in the system’s state space
(Figure 5.3). It is manifest in the folded bundles of thin filaments that come — fig fp-chaos-strob

very close to each other without ever touching (left frame), a structure that
apparently is contorted as it winds along the u3-direction (right frame). This
filamentous structure might easily be mistaken as a flow on its own, which
is not the case, however. It consists entirely of isolated dots, although the
limited graphical resolution hides this, which indicate the intersection of the
trajectory with the corresponding Poincaré plane. Indeed, the larger dots in
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projections of the three-dimensional trajectories, (u1, u2, u3) ‘æ (u1, u2), hence may intersect even
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Next, look at the perturbation µ sin(Êt), which acts in two ways: (i) it forces the
pendulum directly and (ii) it changes the coupling to gravity, the other external force.
Again, dissipation removes momentum proportional to the angular velocity Ï̇. The interplay
between perturbation and gravity gives rise to complicated motions because the time-scales
of the two are independent of each other. With this, the actual momentum input depends on
the system state relative to the phase of the perturbation. The two driving forces gravity and
perturbation may thus either compensate or amplify each other and this changes during the
course of the system’s development. The internal time-scale of the pendulum is �≠1

0 =

¸/g,

given by (4.2), while the external time-scale is that of the perturbation, �≠1. For the
simulations, we chose Ê := �/�0 = 0.8.

For the pendulum to settle in some periodic motion, which we might call a dynamic
equilibrium, the net force integrated over the motion’s period T must vanish. Hence,s T
0 Ï̈(t) dt != 0 or, expressed in terms of state variables,

cch.2

⁄ T

0
u̇2(t) dt = 0 . (4.17)

For the basic oscillation considered here, T = 2fi
Ê . It will be much longer for more complicated

periodic orbits but will remain a multiple of 2fi
Ê .

Higher Order Periodic Orbits A stronger forcing demands a higher momentum dissi-
pation rate, hence a higher mean velocity Ï̇ = 1

T

s T
0 Ï̇(t) dt. Beyond some threshold, this

cannot be accomplished by basic oscillations anymore and the system transits into full orbital
motions, possibly through rather violent phases. Such a transition is typically rather delicate
with a stable orbit taking a long time before it is established. We encountered this already
in Figure 4.3 and will find extended intervals with such chaotic transients in Figure 4.15
below. There appear to be exceptions to this, however, for instance, in an interval around
µ = 0.91 where the trajectory rapidly approaches a period-3 limit cycle (Figure 4.6, middle
frame). This cycle indeed is reached in a very short time, in about one orbit, which is much
faster than what is required to establish the periodic oscillation with µ = 0.84.
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Figure 5.3. Stroboscope applied to the chaotic trajectory of the forced
pendulum with µ = 1.15 shown in Figure 5.1. (left) The stroboscope frequency Ês

is chosen equal to that of the external forcing. Each of the tiny dots corresponds
to a state of the system at one of the discrete times ·n and each of them is visited
indefinitely. In contrast to Figure 5.2 transients have been excluded by a spinup
of 400 forcing cycles before starting to record states. Six successive states at
·n, ·n+1,. . . , ·n+5 are identified by symbols with successively increasing radius
to illustrate that nearby points in (u1, u2) are generally not nearby in time. (right)
Cross-sectional planes are located more closely by choosing Ês = 6Ê. Successive
slices are drawn in ever lighter color.

chose it as a linear variable, mainly in order to retain physical intuition.
Another choice, u3 := sin(Êt), which essentially replaces time by the phase
of the sinusoidal perturbation, would transform (3.63)2 into u̇2 = ≠2“u2 ≠

sin(u1) + µu3. This would have worked equally well, at the cost of further
introducing u̇3 = Êu4 and u̇4 = ≠Êu3, however. While admittedly clumsy,
this formulation demonstrates that the nature of the u3-direction is indeed
cyclic and that a stroboscope with Ês = Ê produces a single section, which
coincides with the corresponding Poincaré section.

Chaotic Trajectory The power of such sections mainly comes to bear on
chaotic trajectories (Figure 5.1). While the phase diagram may hint at some
underlying structure, it is not clearly discernible beyond the fact that it has no
perceptible periodicity. In contrast, the stroboscope reveals that the motion
indeed is not random but highly structured. It apparently proceeds on an
intricately structured manifold that is embedded in the system’s state space
(Figure 5.3). It is manifest in the folded bundles of thin filaments that come — fig fp-chaos-strob

very close to each other without ever touching (left frame), a structure that
apparently is contorted as it winds along the u3-direction (right frame). This
filamentous structure might easily be mistaken as a flow on its own, which
is not the case, however. It consists entirely of isolated dots, although the
limited graphical resolution hides this, which indicate the intersection of the
trajectory with the corresponding Poincaré plane. Indeed, the larger dots in

nature of strange attractor
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Figure 5.3.
Poincaré section (set of red dots) of trajectory
u(·) obtained as directed intersection of u(·)
and plane MÕ with normal vector ‚n. The se-
quence {ui} defines the corresponding Poincaré
map. The blue dots are not considered because
there the plane is transversed in the opposite
direction.
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ref poincare-section-map; file fig/5-cch/poincare-section-map.pdf

label: chf-para-poinsec

idx: tools!Poincaré section and map|(

Tool: Poincaré Section and Map Let u(·) be a trajectory obtained
from some three-dimensional dynamical system and let some plane with
normal vector ‚n intersect it. Mark those points on the plane where the
trajectory intersects and leaves in the direction of ‚n (Figure 5.3). This is — fig poincare-section-map

the most simple instance of a Poincaré section.
More formally, a Poincaré section is the set of points {ui} that are

at the intersection between the trajectory and the plane, and for which
(u̇(ui(·i)), ‚n) > 0, where (., .) is the scalar product and ·i is the time the
intersection occurs. For a state space where time is cyclic, the stroboscope
is a special Poincaré section, provided the frequency Ês is chosen appropri-
ately, where the fact that time is directed guarantees that the trajectories
always traverse in the same direction.

In a more general definition, a Poincaré section is a directed intersection idx: Poincaré!section and map|textbf

between the flow u̇ of a dynamical system in d-dimensional state space M
and a lower-dimensional manifold MÕ µ M.

Given a Poincaré section, a discrete dynamical system may be defined
with (i) manifold MÕ, (ii) time T = {. . . , ·i, ·i+1, . . . }, and (iii) develop-
ment equation D : ui ‘æ ui+1, where ui œ MÕ is the starting point of
a trajectory and ui+1 its next intersection with MÕ, with the trajectory
passing in the same direction as it left. Such a discrete dynamical system is
called a Poincaré map. It is often studied instead of the original continuous
system because it inherits many of the original statistical properties and
it is simpler due to its lower dimension. Apparently, a Poincaré map is a
discrete dynamical system.

Recall that successive states ui and ui+1 of discrete dynamical systems
in general are not neighboring. This is illustrated by the left frame of
Figure 5.5 below, where the large dots represent successive states of the
Poincaré map. However, for Lipschitz-continuous development equations,
nearby states u and u + Á remain nearby for some time. idx: tools!Poincaré section and map|)

Regular Periodic Attractors A periodic orbit of some autonomous flow idx: periodic orbit

u̇ = f(u) is defined by
cch.21 u(·) = u(· + ·p) , (5.4)

Heidelberg University
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Figure 5.3. Stroboscope applied to the chaotic trajectory of the forced
pendulum with µ = 1.15 shown in Figure 5.1. (left) The stroboscope frequency Ês

is chosen equal to that of the external forcing. Each of the tiny dots corresponds
to a state of the system at one of the discrete times ·n and each of them is visited
indefinitely. In contrast to Figure 5.2 transients have been excluded by a spinup
of 400 forcing cycles before starting to record states. Six successive states at
·n, ·n+1,. . . , ·n+5 are identified by symbols with successively increasing radius
to illustrate that nearby points in (u1, u2) are generally not nearby in time. (right)
Cross-sectional planes are located more closely by choosing Ês = 6Ê. Successive
slices are drawn in ever lighter color.

chose it as a linear variable, mainly in order to retain physical intuition.
Another choice, u3 := sin(Êt), which essentially replaces time by the phase
of the sinusoidal perturbation, would transform (3.63)2 into u̇2 = ≠2“u2 ≠

sin(u1) + µu3. This would have worked equally well, at the cost of further
introducing u̇3 = Êu4 and u̇4 = ≠Êu3, however. While admittedly clumsy,
this formulation demonstrates that the nature of the u3-direction is indeed
cyclic and that a stroboscope with Ês = Ê produces a single section, which
coincides with the corresponding Poincaré section.

Chaotic Trajectory The power of such sections mainly comes to bear on
chaotic trajectories (Figure 5.1). While the phase diagram may hint at some
underlying structure, it is not clearly discernible beyond the fact that it has no
perceptible periodicity. In contrast, the stroboscope reveals that the motion
indeed is not random but highly structured. It apparently proceeds on an
intricately structured manifold that is embedded in the system’s state space
(Figure 5.3). It is manifest in the folded bundles of thin filaments that come — fig fp-chaos-strob

very close to each other without ever touching (left frame), a structure that
apparently is contorted as it winds along the u3-direction (right frame). This
filamentous structure might easily be mistaken as a flow on its own, which
is not the case, however. It consists entirely of isolated dots, although the
limited graphical resolution hides this, which indicate the intersection of the
trajectory with the corresponding Poincaré plane. Indeed, the larger dots in

nature of strange attractor
recall def of strange attractor
• closure of infinite set of UPOs  

(unstable periodic orbit) →“bundle of spaghetti”
• Poincaré recurrence theorem
• long escape time from  

weakly unstable UPO
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(u̇(ui(·i)), ‚n) > 0, where (., .) is the scalar product and ·i is the time the
intersection occurs. For a state space where time is cyclic, the stroboscope
is a special Poincaré section, provided the frequency Ês is chosen appropri-
ately, where the fact that time is directed guarantees that the trajectories
always traverse in the same direction.

In a more general definition, a Poincaré section is a directed intersection idx: Poincaré!section and map|textbf

between the flow u̇ of a dynamical system in d-dimensional state space M
and a lower-dimensional manifold MÕ µ M.

Given a Poincaré section, a discrete dynamical system may be defined
with (i) manifold MÕ, (ii) time T = {. . . , ·i, ·i+1, . . . }, and (iii) develop-
ment equation D : ui ‘æ ui+1, where ui œ MÕ is the starting point of
a trajectory and ui+1 its next intersection with MÕ, with the trajectory
passing in the same direction as it left. Such a discrete dynamical system is
called a Poincaré map. It is often studied instead of the original continuous
system because it inherits many of the original statistical properties and
it is simpler due to its lower dimension. Apparently, a Poincaré map is a
discrete dynamical system.

Recall that successive states ui and ui+1 of discrete dynamical systems
in general are not neighboring. This is illustrated by the left frame of
Figure 5.5 below, where the large dots represent successive states of the
Poincaré map. However, for Lipschitz-continuous development equations,
nearby states u and u + Á remain nearby for some time. idx: tools!Poincaré section and map|)

Regular Periodic Attractors A periodic orbit of some autonomous flow idx: periodic orbit

u̇ = f(u) is defined by
cch.21 u(·) = u(· + ·p) , (5.4)
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Figure 5.6.
Real part of essential eigenvalues (5.6) of the Jaco-
bian matrix (5.5) with “ = 0.1 (red) and “ = 0.5
(blue). The gray areas indicate hyperbolic points.
For “2 ≠ cos(u1) < 0, the eigenvalues are complex
with Re(‡) = ≠“, hence the local dynamics is
attractive oscillatory.
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ref fp-state-linstab; file fig/5-cch/fp-state-linstab

To corroborate this, we do a linear stability analysis of the pendulum’s
dynamics given by (3.14). Hence, calculate the Jacobian matrix,

cch.5a a =

Q

a
0 1 0

≠ cos(u1) ≠2“ µÊ cos(Êu3)
0 0 0

R

b , (5.5)

and obtain its essential eigenvalues, for the u1u2-plane, as

cch.5b ‡± = ≠“ ±

“2 ≠ cos(u1) . (5.6)

These depend only on the friction coe�cient “ and on the angle u1 (Fig-
ure 5.6). For |u1| > fi

2 , all states are hyperbolic with a positive and a
see math/5-cch/pendulum.nb

— fig fp-state-linstabnegative real eigenvalue, irrespective of the value of “. The general shape
of trajectories near such a point have already been shown in Figure 2.7
on page 61. Their attractive direction with the negative eigenvalue, the
stable manifold, is responsible for the formation of the attractor in the first
place. The antagonist is the repelling, unstable manifold that prevents an
approaching trajectory from ever settling and keeps it wandering across the
attractor’s surface. We recall from Section 4.3.4 that such a “wandering”
trajectory extracts more information from the strange attractor than just
the locations of its “veins”. Its residence time near an unstable periodic orbit
indeed reflects the local Lyapunov exponents, the eigenvalues (5.6), hence the
magnitudes of stability and instability of that particular orbit.

For completeness and later reference, we also obtain the eigenvectors that
belong to (5.6), Mathematica produces

e± =

1
1

cos(u1)

#
≠“ û


“2 ≠ cos(u1)

$
1

2cch.5c e± =
3
≠“ û


“2 ≠ cos(u1)

cos(u1)

4
, (5.7)

with examples for the monotonic region shown in Figure 5.12 (page 159).
Finally, for the domain with “2 < cos(u1), the eigenvalues turn complex

with constant real part ≠“. The local dynamics thus is attractive and
oscillatory.

In the context of chaotic dynamics, the domain |u1| > fi
2 apparently is

of special interest. Notice that physically, this is the domain where the
pendulum is above the horizontal plane through its pivot.
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ref fp-chaos-strob; file fig/5-cch/fp-chaos-strob

Figure 5.3. Stroboscope applied to the chaotic trajectory of the forced
pendulum with µ = 1.15 shown in Figure 5.1. (left) The stroboscope frequency Ês

is chosen equal to that of the external forcing. Each of the tiny dots corresponds
to a state of the system at one of the discrete times ·n and each of them is visited
indefinitely. In contrast to Figure 5.2 transients have been excluded by a spinup
of 400 forcing cycles before starting to record states. Six successive states at
·n, ·n+1,. . . , ·n+5 are identified by symbols with successively increasing radius
to illustrate that nearby points in (u1, u2) are generally not nearby in time. (right)
Cross-sectional planes are located more closely by choosing Ês = 6Ê. Successive
slices are drawn in ever lighter color.

chose it as a linear variable, mainly in order to retain physical intuition.
Another choice, u3 := sin(Êt), which essentially replaces time by the phase
of the sinusoidal perturbation, would transform (3.63)2 into u̇2 = ≠2“u2 ≠

sin(u1) + µu3. This would have worked equally well, at the cost of further
introducing u̇3 = Êu4 and u̇4 = ≠Êu3, however. While admittedly clumsy,
this formulation demonstrates that the nature of the u3-direction is indeed
cyclic and that a stroboscope with Ês = Ê produces a single section, which
coincides with the corresponding Poincaré section.

Chaotic Trajectory The power of such sections mainly comes to bear on
chaotic trajectories (Figure 5.1). While the phase diagram may hint at some
underlying structure, it is not clearly discernible beyond the fact that it has no
perceptible periodicity. In contrast, the stroboscope reveals that the motion
indeed is not random but highly structured. It apparently proceeds on an
intricately structured manifold that is embedded in the system’s state space
(Figure 5.3). It is manifest in the folded bundles of thin filaments that come — fig fp-chaos-strob

very close to each other without ever touching (left frame), a structure that
apparently is contorted as it winds along the u3-direction (right frame). This
filamentous structure might easily be mistaken as a flow on its own, which
is not the case, however. It consists entirely of isolated dots, although the
limited graphical resolution hides this, which indicate the intersection of the
trajectory with the corresponding Poincaré plane. Indeed, the larger dots in

nature of strange attractor
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Figure 5.3.
Poincaré section (set of red dots) of trajectory
u(·) obtained as directed intersection of u(·)
and plane MÕ with normal vector ‚n. The se-
quence {ui} defines the corresponding Poincaré
map. The blue dots are not considered because
there the plane is transversed in the opposite
direction.

M�

u(�) ui

ui�1

ui+1

�n

ref poincare-section-map; file fig/5-cch/poincare-section-map.pdf

label: chf-para-poinsec

idx: tools!Poincaré section and map|(

Tool: Poincaré Section and Map Let u(·) be a trajectory obtained
from some three-dimensional dynamical system and let some plane with
normal vector ‚n intersect it. Mark those points on the plane where the
trajectory intersects and leaves in the direction of ‚n (Figure 5.3). This is — fig poincare-section-map

the most simple instance of a Poincaré section.
More formally, a Poincaré section is the set of points {ui} that are

at the intersection between the trajectory and the plane, and for which
(u̇(ui(·i)), ‚n) > 0, where (., .) is the scalar product and ·i is the time the
intersection occurs. For a state space where time is cyclic, the stroboscope
is a special Poincaré section, provided the frequency Ês is chosen appropri-
ately, where the fact that time is directed guarantees that the trajectories
always traverse in the same direction.

In a more general definition, a Poincaré section is a directed intersection idx: Poincaré!section and map|textbf

between the flow u̇ of a dynamical system in d-dimensional state space M
and a lower-dimensional manifold MÕ µ M.

Given a Poincaré section, a discrete dynamical system may be defined
with (i) manifold MÕ, (ii) time T = {. . . , ·i, ·i+1, . . . }, and (iii) develop-
ment equation D : ui ‘æ ui+1, where ui œ MÕ is the starting point of
a trajectory and ui+1 its next intersection with MÕ, with the trajectory
passing in the same direction as it left. Such a discrete dynamical system is
called a Poincaré map. It is often studied instead of the original continuous
system because it inherits many of the original statistical properties and
it is simpler due to its lower dimension. Apparently, a Poincaré map is a
discrete dynamical system.

Recall that successive states ui and ui+1 of discrete dynamical systems
in general are not neighboring. This is illustrated by the left frame of
Figure 5.5 below, where the large dots represent successive states of the
Poincaré map. However, for Lipschitz-continuous development equations,
nearby states u and u + Á remain nearby for some time. idx: tools!Poincaré section and map|)

Regular Periodic Attractors A periodic orbit of some autonomous flow idx: periodic orbit

u̇ = f(u) is defined by
cch.21 u(·) = u(· + ·p) , (5.4)
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Figure 5.6.
Real part of essential eigenvalues (5.6) of the Jaco-
bian matrix (5.5) with “ = 0.1 (red) and “ = 0.5
(blue). The gray areas indicate hyperbolic points.
For “2 ≠ cos(u1) < 0, the eigenvalues are complex
with Re(‡) = ≠“, hence the local dynamics is
attractive oscillatory.
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ref fp-state-linstab; file fig/5-cch/fp-state-linstab

To corroborate this, we do a linear stability analysis of the pendulum’s
dynamics given by (3.14). Hence, calculate the Jacobian matrix,

cch.5a a =

Q

a
0 1 0

≠ cos(u1) ≠2“ µÊ cos(Êu3)
0 0 0

R

b , (5.5)

and obtain its essential eigenvalues, for the u1u2-plane, as

cch.5b ‡± = ≠“ ±

“2 ≠ cos(u1) . (5.6)

These depend only on the friction coe�cient “ and on the angle u1 (Fig-
ure 5.6). For |u1| > fi

2 , all states are hyperbolic with a positive and a
see math/5-cch/pendulum.nb

— fig fp-state-linstabnegative real eigenvalue, irrespective of the value of “. The general shape
of trajectories near such a point have already been shown in Figure 2.7
on page 61. Their attractive direction with the negative eigenvalue, the
stable manifold, is responsible for the formation of the attractor in the first
place. The antagonist is the repelling, unstable manifold that prevents an
approaching trajectory from ever settling and keeps it wandering across the
attractor’s surface. We recall from Section 4.3.4 that such a “wandering”
trajectory extracts more information from the strange attractor than just
the locations of its “veins”. Its residence time near an unstable periodic orbit
indeed reflects the local Lyapunov exponents, the eigenvalues (5.6), hence the
magnitudes of stability and instability of that particular orbit.

For completeness and later reference, we also obtain the eigenvectors that
belong to (5.6), Mathematica produces

e± =

1
1

cos(u1)

#
≠“ û


“2 ≠ cos(u1)

$
1

2cch.5c e± =
3
≠“ û


“2 ≠ cos(u1)

cos(u1)

4
, (5.7)

with examples for the monotonic region shown in Figure 5.12 (page 159).
Finally, for the domain with “2 < cos(u1), the eigenvalues turn complex

with constant real part ≠“. The local dynamics thus is attractive and
oscillatory.

In the context of chaotic dynamics, the domain |u1| > fi
2 apparently is

of special interest. Notice that physically, this is the domain where the
pendulum is above the horizontal plane through its pivot.
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Figure 2.7.
Trajectories for the linear system (2.44)
with – = 1

2 . The fixpoint at (0, 0) is a
saddle point with a stable (blue) and an
unstable (red) manifold. ≠1 0 1

≠1

0

1

u1

u2

that projects the arbitrary state u(0) along its trajectory by time t. Notice in
passing that Ft is the macroscopic kin of the development operator D.

A set S is invariant if, for all u œ S, also Ft(u) œ S for all t. If this set
is continuous and locally Euclidian, which it is if f is Lipschitz-continuous,
than it is an invariant manifold.
Manifolds of Fixpoints Every trajectory is an invariant manifold. Here,
we look at special ones, those associated with some fixpoint u0, and (lo-
cally) classify the corresponding manifolds according to the properties of
that fixpoint. Expressing the Jacobian matrix a

--
u0

in its eigensystem – with
eigenvectors {vi} and corresponding eigenvalues {‡i} – reveals three linear
subspaces, at least one of which is not empty: (i) the stable subspace with
negative eigenvalues ‡ < 0, (ii) the unstable subspace with ‡ > 0, and (iii) the
center subspace with ‡ = 0. Accordingly, we distinguish the stable, unstable,

and center manifolds – think of the set of trajectories – that are tangent to
the corresponding linear subspaces at u0. This association is warranted by
the linearization (Hartman-Grobman) theorem introduced above.
Stable and Unstable Manifold As shown by (2.32), trajectories in the stable
manifold approach fixpoint u0 exponentially, while trajectories in the unsta-
ble manifold are repelled exponentially. A fixpoint may possess a purely
stable or a purely unstable manifold, hence all negative or all positive eigen-
values. It may also be mixed, which then leads to a hyperbolic saddle point.
An example of the latter is the linear system

u̇1 = u1 ≠ –u2

u̇2 = –u1 ≠ u2 , (2.44)

which has a single fixpoint at (0, 0) with eigenvectors v =
! 1

– [1 ± “], 1
"T,

where “ =
Ô

1 ≠ –2, and corresponding eigenvalues ±“ (Figure 2.7).
Center Manifold and Slaving Principle If at least one of the eigenvalues
of a

--
u0

vanishes, a center manifold exists, whose character – attracting,
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ref bifur2d-hopf-super; file fig/2-nds/bifur2d-hopf-super

Figure 2.24. Phase diagram for supercritical Hopf bifurcation with Ê = 1. The
state (0, 0) is a fixpoint, stable for µ Æ 0. For µ > 0, a closed orbit with radius Ô

µ
appears – red circle in rightmost frame – whereupon (0, 0) becomes unstable and
the orbit acts as attractor.

direction, for positive Ê. For µ = 0, the fixpoint becomes critical and the
linear approximation predicts a constant rotation with angular velocity Ê, as
is readily seen with (2.60). However, in the nonlinear regime the trajectories
spiral in according to ṙ = ≠r

3. The nonlinearity vanishes towards the origin,
hence the transition to the practically constant rotation. This is yet another
manifestation of a critical slowdown. idx: critical!slowdown

As µ grows beyond 0, the critical fixpoint at r = 0 decays into an unstable
one, which remains at r = 0, and a stable one, whose location moves with µ to
r = Ô

µ. The latter corresponds to an attractive circular orbit. Trajectories
from the outside continue to spiral in the same direction, now towards the
closed orbit instead of the fixpoint. Trajectories that start within the closed
orbit spiral outwards, repelled by the central fixpoint, and also approach the
attractive orbit.
Subcritical Hopf Bifurcation As a prototype system with a realistic sub-
critical Hopf bifurcation, we choose the corresponding pitchfork bifurcation
along the line of (2.55) and combine it with the angular velocity equation
(2.60)2 to obtain

nds.64 ṙ = r[µ + r
2

≠ –r
4]

Ï̇ = Ê[1 + —r
2] . (2.66)

It has an additional system parameter, –, that parameterizes the range of
the stabilizing process, which is Ã r

4, relative to that of the destabilizing
process, which is Ã r

2.
The linear analysis of the supercritical Hopf bifurcation applies unchanged

also to the subcritical case. Hence, (u1, u2) = (0, 0) is stable for µ < 0, critical
for µ = 0, and unstable for µ > 0, with the trajectories correspondingly
spiraling in or out rotating in the direction given by the sign of Ê.

Trajectories for the full, nonlinear system are shown in Figure 2.25 for some
interesting values of the control parameter µ. As before with the supercritical — fig bifur2d-hopf-sub
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ref bifur2d-shift; file fig/2-nds/bifur2d-shift

Figure 2.21. Phase diagram for a stability transition with real eigenvalues,
corresponding to the blue dots in Figure 2.20. The blue line represents the nullcline
u̇2 = 0 and the red one u̇1 = 0. For clarity, the starting points of the trajectories
for µ = 0 are shifted relative to each other.

Choosing the fixpoint (u1, u2) = (0, 0) leads to

nds.55 u̇1 = µu1

u̇2 = ≠u2 . (2.57)

Incidentally, this is the skeleton of a two-species population model. To be
more realistic, it would have to be decorated with some source term for at
least one of the species and with some interaction term, leading for instance
to the glycolysis model (2.26).

We stick with the skeleton and focus on the stability transition of the
fixpoint (Figure 2.21). Recalling the conditions for linear stability – which — fig bifur2d-shift

are det a > 0 and tr a < 0 –, the fixpoint is apparently stable for µ < 0 and
unstable for µ > 0. Furthermore, with ‡2 < 0, the system is always attractive
in u2-direction. Then, with µ passing from negative values through 0 to
positive values, the system changes from attractive in u1-direction through
neutral to repulsive.

The above analysis is a powerful tool to qualitatively understand the flow
of a given system and the associated separation of the state space. It is
greatly facilitated by local linear approximations that allow to represent
the system in the eigenspace of the local Jacobian matrix, which in turn
decomposes the system into a sum of non-interacting processes. Notice as a
caveat, however, that such an approximation is in general restricted to some
neighborhood, which indeed may be very small. Beyond that neighborhood,
the linear approximation typically di�ers qualitatively from the underlying
system.

The appearance or disappearance of a fixpoints of course has an even more
dramatic impact on the system’s topology than a stability shift. We study
them in the following, first for real eigenvalues and in the next section for
complex conjugate eigenvalues. Compared to these structural changes, transitions between real-

valued and complex conjugate eigenvalues are of lesser impor-
tance.

intersection
with trajectory

on attractor
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ref fp-chaos-strob; file fig/5-cch/fp-chaos-strob

Figure 5.3. Stroboscope applied to the chaotic trajectory of the forced
pendulum with µ = 1.15 shown in Figure 5.1. (left) The stroboscope frequency Ês

is chosen equal to that of the external forcing. Each of the tiny dots corresponds
to a state of the system at one of the discrete times ·n and each of them is visited
indefinitely. In contrast to Figure 5.2 transients have been excluded by a spinup
of 400 forcing cycles before starting to record states. Six successive states at
·n, ·n+1,. . . , ·n+5 are identified by symbols with successively increasing radius
to illustrate that nearby points in (u1, u2) are generally not nearby in time. (right)
Cross-sectional planes are located more closely by choosing Ês = 6Ê. Successive
slices are drawn in ever lighter color.

chose it as a linear variable, mainly in order to retain physical intuition.
Another choice, u3 := sin(Êt), which essentially replaces time by the phase
of the sinusoidal perturbation, would transform (3.63)2 into u̇2 = ≠2“u2 ≠

sin(u1) + µu3. This would have worked equally well, at the cost of further
introducing u̇3 = Êu4 and u̇4 = ≠Êu3, however. While admittedly clumsy,
this formulation demonstrates that the nature of the u3-direction is indeed
cyclic and that a stroboscope with Ês = Ê produces a single section, which
coincides with the corresponding Poincaré section.

Chaotic Trajectory The power of such sections mainly comes to bear on
chaotic trajectories (Figure 5.1). While the phase diagram may hint at some
underlying structure, it is not clearly discernible beyond the fact that it has no
perceptible periodicity. In contrast, the stroboscope reveals that the motion
indeed is not random but highly structured. It apparently proceeds on an
intricately structured manifold that is embedded in the system’s state space
(Figure 5.3). It is manifest in the folded bundles of thin filaments that come — fig fp-chaos-strob

very close to each other without ever touching (left frame), a structure that
apparently is contorted as it winds along the u3-direction (right frame). This
filamentous structure might easily be mistaken as a flow on its own, which
is not the case, however. It consists entirely of isolated dots, although the
limited graphical resolution hides this, which indicate the intersection of the
trajectory with the corresponding Poincaré plane. Indeed, the larger dots in

the state of a chaotic system cannot be 
predicted beyond a finite time horizon 
yet 
minute details of attractor are revealed by 
long simulations with moderate precision 

contradiction?

no: 
• the strange attractor is a stationary “object” in 
state space {u1,u2,u3} 

• it is robustly shadowed by any trajectory that 
starts within its basin of attraction 

• the computational precision determines the 
resolvable detail, not the attractor per se 

•what is unpredictable is the state, the position 
on the attractor

hence, for the chaotic regime 
• the statistics is predictable 
• states, and their sequence, 
beyond the deterministic 
time horizon are not
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ref fp-dist-fun0; file fig/5-cch/fp-dist-fun0

Figure 5.4. Sections of the trajectories – u1(u3) corresponding to Ï(t) – of
the sinusoidally forced pendulum (upper) and corresponding distance functions
(5.6) (lower) for two di�erent perturbation amplitudes µ, both cases with “ = 0.1.
Recording of the trajectories started after a spinup time that got rid of transients.
The angle Ï is shown both as cyclic variable (blue) and unfolded to get rid of the 2fi-
jumps (red). The distance function (5.6) was calculated for the unfolded trajectory.
They look very di�erent for the folded case. The time axes in corresponding upper
and lower graphs are the same to facilitate the association of features. The gray
line in the lower frames separates information that stems from the time interval
shown in upper frame (below gray line) and from earlier times (above gray line).

lines at �t = ktp with k œ N. With the period-3 limit cycle that prevails
for µ = 0.93, tp = 6fi

Ê ¥ 23.6. The trajectory’s smaller peaks lead to
additional structures in the distance map with tÕ

p = 1
3 tp ¥ 7.86.

Non-Periodic Chaotic Motion (Figure 5.4, right frame) Choosing any
trajectory on the strange attractor, the distance function d�(t, �t) ex-
tracts the information about its UPOs, in particular their periodicity, and
their stability (Figure 5.4). To recognize this, notice that by definition,
d�(t, 0) = 0 and d�(t, �t) Ø 0 for t and �t. As for the periodic case,
increasing �t from 0 always leads to an initial increase of d�. Then, if the
orbit returns to some neighborhood of where it set out, d� will decrease
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ref fp-state-regimes; file fig/5-cch/fp-state-regimes

Figure 5.1. Phase diagrams for the damped state-forced pendulum (3.63)
with parameters “ = 0.1 and Ê = 0.8 for di�erent perturbation amplitudes µ.
Trajectories for these cases are shown in Figure 3.26 on page 74. Recall that the
coordinate u1 corresponds to the angle Ï, hence is cyclic, while u2 corresponds to
Ï̇ and is unbounded. The thick red lines represents the periodic attractors. No
such attractor appears for µ = 1.15, even for much longer times than shown here.
Further recall that these phase diagrams are projections of the three-dimensional
trajectories, the third dimension being time, and that the trajectories do not
intersect in state space.

increases – until it reaches a state where the momentum gained from the
external forcing during a period 2fi

Ê equals the momentum dissipated during
this same time. It is worth to look into the physics of this particular system in
some more detail since it is generic also for other, more complicated systems.
To this end, we express (3.63) in physical term as

cch.1 Ï̈¸˚˙˝
momentum change,

net force

= ≠ sin(Ï)¸ ˚˙ ˝
gravity

+µ sin(Êt)¸ ˚˙ ˝
perturbation

≠2“Ï̇¸ ˚˙ ˝
dissipation

. (5.1)

Notice on the formal side, that the denotations of the individual terms are
brief, since we focus on the structural essentials. For instance, Ï̈ is the
specific angular force, per unit mass, which results from Newton’s third law
that the temporal rate of change of momentum equals the corresponding
force. Similar for the other terms, which all may be read either as specific
forces or as specific momentum fluxes.

In the absence of any perturbation, gravity leads to a force in z-direction, of
which only the angular component sin(Ï) contributes to the motion, however.
This force, which typically remains from the initial condition, is reduced
exponentially by dissipation, such that the system quickly settles in its static
equilibrium state.

Next, look at the perturbation µ sin(Êt), which acts in two ways: (i) it
forces the pendulum directly and (ii) it changes the coupling to gravity, the
other external force. Again, dissipation removes momentum proportional to
the angular velocity Ï̇. The interplay of perturbation and gravity gives rise
to complicated motions because the time-scales of the two are independent
of each other. With this, the actual momentum input depends on the system

unfolded / folded

t

t

d�(t,�t) := ku(t)� u(t��t)k2

t0p =
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3
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Figure 5.4. Sections of the trajectories – u1(u3) corresponding to Ï(t) – of
the sinusoidally forced pendulum (upper) and corresponding distance functions
(5.6) (lower) for two di�erent perturbation amplitudes µ, both cases with “ = 0.1.
Recording of the trajectories started after a spinup time that got rid of transients.
The angle Ï is shown both as cyclic variable (blue) and unfolded to get rid of the 2fi-
jumps (red). The distance function (5.6) was calculated for the unfolded trajectory.
They look very di�erent for the folded case. The time axes in corresponding upper
and lower graphs are the same to facilitate the association of features. The gray
line in the lower frames separates information that stems from the time interval
shown in upper frame (below gray line) and from earlier times (above gray line).

lines at �t = ktp with k œ N. With the period-3 limit cycle that prevails
for µ = 0.93, tp = 6fi

Ê ¥ 23.6. The trajectory’s smaller peaks lead to
additional structures in the distance map with tÕ

p = 1
3 tp ¥ 7.86.

Non-Periodic Chaotic Motion (Figure 5.4, right frame) Choosing any
trajectory on the strange attractor, the distance function d�(t, �t) ex-
tracts the information about its UPOs, in particular their periodicity, and
their stability (Figure 5.4). To recognize this, notice that by definition,
d�(t, 0) = 0 and d�(t, �t) Ø 0 for t and �t. As for the periodic case,
increasing �t from 0 always leads to an initial increase of d�. Then, if the
orbit returns to some neighborhood of where it set out, d� will decrease
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Figure 5.4. Sections of the trajectories – u1(u3) corresponding to Ï(t) – of
the sinusoidally forced pendulum (upper) and corresponding distance functions
(5.6) (lower) for two di�erent perturbation amplitudes µ, both cases with “ = 0.1.
Recording of the trajectories started after a spinup time that got rid of transients.
The angle Ï is shown both as cyclic variable (blue) and unfolded to get rid of the 2fi-
jumps (red). The distance function (5.6) was calculated for the unfolded trajectory.
They look very di�erent for the folded case. The time axes in corresponding upper
and lower graphs are the same to facilitate the association of features. The gray
line in the lower frames separates information that stems from the time interval
shown in upper frame (below gray line) and from earlier times (above gray line).

lines at �t = ktp with k œ N. With the period-3 limit cycle that prevails
for µ = 0.93, tp = 6fi

Ê ¥ 23.6. The trajectory’s smaller peaks lead to
additional structures in the distance map with tÕ

p = 1
3 tp ¥ 7.86.

Non-Periodic Chaotic Motion (Figure 5.4, right frame) Choosing any
trajectory on the strange attractor, the distance function d�(t, �t) ex-
tracts the information about its UPOs, in particular their periodicity, and
their stability (Figure 5.4). To recognize this, notice that by definition,
d�(t, 0) = 0 and d�(t, �t) Ø 0 for t and �t. As for the periodic case,
increasing �t from 0 always leads to an initial increase of d�. Then, if the
orbit returns to some neighborhood of where it set out, d� will decrease

d�(t,�t) := ku(t)� u(t��t)k2
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Figure 4.5.
Trajectories of damped state-forced pendu-
lum (4.14) projected into the u1-u3 plane that
represents angle and time. Parameters are
“ = 0.1 and Ê = 0.8. The pendulum’s natural
frequency is 1. At · = 0, it is at rest in the
unforced equilibrium state, i.e., at (u1, u2) =
(0, 0). Horizontal lines in the topmost frame
indicate the amplitude calculated from the
small-angle approximation (4.11). Notice
that u1 œ [≠fi,fi] is a cyclic variable. Lines
that reach the upper and lower boundary
thus represent full circles of the pendulum.
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Basic Oscillations For su�ciently weak sinusoidal perturbations, the pendulum performs
an equally sinusoidal motion. The phase diagram, appropriately scaled, is a circle. With the
ratio µ/“ between forcing and dissipation su�ciently small, this asymptotic state is reached
quickly, within the first period. Increasing the perturbation amplitude, e.g., to µ = 0.84,
the motion becomes nonlinear and the phase diagram deviates considerably from a circle
(Figure 4.6, left frame). Notice that the angle reaches up to about 2.3, much higher than
horizontal, which is fi

2 .
The pendulum apparently executes a complicated motion before it settles for the basic

oscillation. Closer scrutiny of the trajectory reveals how it picks up momentum during this
phase – the amplitude of u2 = Ï̇ increases – until it reaches a state where the momentum
gained from the external forcing during a period 2fi

Ê equals the momentum dissipated during
this same time. We look into the physics of this particular system in some more detail
because it is representative also for other, more complicated systems. To this end, we
express (4.14) in physical term as

Ï̈¸˚˙˝
momentum change

= ≠ sin(Ï)¸ ˚˙ ˝
gravity

+µ sin(Êt)¸ ˚˙ ˝
perturbation

≠2“Ï̇¸ ˚˙ ˝
dissipation

. (4.16)

Notice on the formal part, that the denotations of the individual terms are brief, since
we focus on the structural essentials. For instance, Ï̈ is the specific angular force, per unit
mass, which results from Newton’s second law that the temporal rate of change of momentum
equals the corresponding force. Similarly for the other terms, which all may be read either
as specific forces or as specific momentum fluxes.

In the absence of any perturbation, gravity leads to a force in z-direction, of which only the
angular component sin(Ï) contributes to the motion, however. This force, which typically
remains from the initial condition, is reduced exponentially by dissipation, such that the
system quickly settles in its static equilibrium state, which is Ï = 0 and Ï̇ = 0.
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Figure 5.4. Sections of the trajectories – u1(u3) corresponding to Ï(t) – of
the sinusoidally forced pendulum (upper) and corresponding distance functions
(5.6) (lower) for two di�erent perturbation amplitudes µ, both cases with “ = 0.1.
Recording of the trajectories started after a spinup time that got rid of transients.
The angle Ï is shown both as cyclic variable (blue) and unfolded to get rid of the 2fi-
jumps (red). The distance function (5.6) was calculated for the unfolded trajectory.
They look very di�erent for the folded case. The time axes in corresponding upper
and lower graphs are the same to facilitate the association of features. The gray
line in the lower frames separates information that stems from the time interval
shown in upper frame (below gray line) and from earlier times (above gray line).

lines at �t = ktp with k œ N. With the period-3 limit cycle that prevails
for µ = 0.93, tp = 6fi

Ê ¥ 23.6. The trajectory’s smaller peaks lead to
additional structures in the distance map with tÕ

p = 1
3 tp ¥ 7.86.

Non-Periodic Chaotic Motion (Figure 5.4, right frame) Choosing any
trajectory on the strange attractor, the distance function d�(t, �t) ex-
tracts the information about its UPOs, in particular their periodicity, and
their stability (Figure 5.4). To recognize this, notice that by definition,
d�(t, 0) = 0 and d�(t, �t) Ø 0 for t and �t. As for the periodic case,
increasing �t from 0 always leads to an initial increase of d�. Then, if the
orbit returns to some neighborhood of where it set out, d� will decrease
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Figure 5.5.
Distance function (5.7) in analogy to
the left frames of Figure 5.4. The
contour levels are chosen such that
the distance function graphically
resembles the corresponding
recurrence map introduced in (5.8).
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ref fp-dist-fun1; file fig/5-cch/fp-dist-fun1

again, ideally to 0 for a closed orbit. Hence, a periodic or quasi-periodic
orbit with periodicity tp manifests itself by a small value of d�(t, tp). Since
all orbits on a strange attractor are unstable – if one of them was stable,
the entire attractor would condense on it – this will only be the case for
t in some limited time interval, the orbit’s lifetime · . For · ∫ tp, there
occur multiple passages through the orbit and a corresponding bundle of
parallel lines, locally equal to the periodic motion. In the figure, instances
of such bundles appear for t œ [400, 440] with a period-1 orbit and for
t œ [540, 590] with a period-3 orbit.

We furthermore recognize that periodic orbits recur irregularly and after
very long times, for instance the period-1 orbit for t œ [480, 510] and
�t œ [230, 270]. These more elaborate structures are easier to recognize in
an alternative formulation of the distance function,

cch.4 d(t0, t1) := Îu(t0) ≠ u(t1)Î2 , (5.7)

where we again use the L2-norm to be specific. As shown by Figure 5.5, this — fig fp-dist-fun1

leads to a rotated and sheared version of Figure 5.4. The trivial feature,
which expresses the fact that the distance between a state and itself is
zero, now is the diagonal. The localized packets on the diagonal, with just
a few parallel lines with slope 1, represent long-lived unstable periodic

d�(t,�t) := ku(t)� u(t��t)k2 d(t0, t1) := ku(t0)� u(t1)k2

period-3
period-1
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Figure 5.4. Sections of the trajectories – u1(u3) corresponding to Ï(t) – of
the sinusoidally forced pendulum (upper) and corresponding distance functions
(5.6) (lower) for two di�erent perturbation amplitudes µ, both cases with “ = 0.1.
Recording of the trajectories started after a spinup time that got rid of transients.
The angle Ï is shown both as cyclic variable (blue) and unfolded to get rid of the 2fi-
jumps (red). The distance function (5.6) was calculated for the unfolded trajectory.
They look very di�erent for the folded case. The time axes in corresponding upper
and lower graphs are the same to facilitate the association of features. The gray
line in the lower frames separates information that stems from the time interval
shown in upper frame (below gray line) and from earlier times (above gray line).

lines at �t = ktp with k œ N. With the period-3 limit cycle that prevails
for µ = 0.93, tp = 6fi

Ê ¥ 23.6. The trajectory’s smaller peaks lead to
additional structures in the distance map with tÕ

p = 1
3 tp ¥ 7.86.

Non-Periodic Chaotic Motion (Figure 5.4, right frame) Choosing any
trajectory on the strange attractor, the distance function d�(t, �t) ex-
tracts the information about its UPOs, in particular their periodicity, and
their stability (Figure 5.4). To recognize this, notice that by definition,
d�(t, 0) = 0 and d�(t, �t) Ø 0 for t and �t. As for the periodic case,
increasing �t from 0 always leads to an initial increase of d�. Then, if the
orbit returns to some neighborhood of where it set out, d� will decrease
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Figure 5.5.
Distance function (5.7) in analogy to
the left frames of Figure 5.4. The
contour levels are chosen such that
the distance function graphically
resembles the corresponding
recurrence map introduced in (5.8).
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again, ideally to 0 for a closed orbit. Hence, a periodic or quasi-periodic
orbit with periodicity tp manifests itself by a small value of d�(t, tp). Since
all orbits on a strange attractor are unstable – if one of them was stable,
the entire attractor would condense on it – this will only be the case for
t in some limited time interval, the orbit’s lifetime · . For · ∫ tp, there
occur multiple passages through the orbit and a corresponding bundle of
parallel lines, locally equal to the periodic motion. In the figure, instances
of such bundles appear for t œ [400, 440] with a period-1 orbit and for
t œ [540, 590] with a period-3 orbit.

We furthermore recognize that periodic orbits recur irregularly and after
very long times, for instance the period-1 orbit for t œ [480, 510] and
�t œ [230, 270]. These more elaborate structures are easier to recognize in
an alternative formulation of the distance function,

cch.4 d(t0, t1) := Îu(t0) ≠ u(t1)Î2 , (5.7)

where we again use the L2-norm to be specific. As shown by Figure 5.5, this — fig fp-dist-fun1

leads to a rotated and sheared version of Figure 5.4. The trivial feature,
which expresses the fact that the distance between a state and itself is
zero, now is the diagonal. The localized packets on the diagonal, with just
a few parallel lines with slope 1, represent long-lived unstable periodic

d�(t,�t) := ku(t)� u(t��t)k2 d(t0, t1) := ku(t0)� u(t1)k2

period-1

missed correlations 
(operator too weak 
for this signal)
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Figure 5.6.
Unfolded angle Ï = u1
of sinusoidally perturbed
pendulum with µ = 1.15
as in Figure 5.5, but here
for much longer times. ref fp-traj-115-unfold; file fig/5-cch/fp-traj-115-unfold

orbits. Examples are around t = 400 and t = 560. The separation of
the stripes again reflects the periodicities, which are di�erent for the two
examples.

Next, we notice some correspondences between localized packets on
the diagonal and practically identical packets o�-diagonal. An example
is around t = 500 on- and around t = 250 o�-diagonal, similarly 290
on- and 115 o�-diagonal. Each of the packets again indicates intermit-
tent periodicity and their correspondence reveals that the same temporal
structures occur at di�erent times. This is corroborated by the unfolded
trajectory.

Finally, we look at the almost perfect rectangle around t = 140. It re-
sults from the near-perfect zigzag-trajectory between t = 70 and 210. The
other nearly straight parts of the trajectory lead to the further geometric
features of the distance function.

The distance function thus reveals a rich spectrum of structures in the
temporal development of this deterministic chaotic system, structures that
occur on several time-scales. Interestingly, from the larger perspective the
unfolded angle Ï performs a random walk (Figure 5.6). — fig fp-traj-115-unfold

idx: tools!distance function|)

idx: distance function|)

idx: recurrence map|(

idx: tools!recurrence map|(

Tool: Recurrence Map A digital variant of the distance function is the
recurrence map

idx: recurrence map|textbfcch.5 R(ti, tj) := H
!
Á ≠ d(ti, tj)

"
, (5.8)

where H is the Heaviside step function and Á is an appropriately chosen
small number [Marwan et al. 2007]. The function R(ti, tj) is 1 if the state
at tj is within Á of the state at time ti, thence the name recurrence. idx: recurrence map|)

idx: tools!recurrence map|)

idx: distance function|)

idx: recurrence map|)

text fragment incl math & fig hidden here: |subsubsectionStatistical
Temporal Analysis — this topic is worked out well enough,
however. In particular, concept of a statistical representation of
a random walk needs more work. So far, the analysis is strongly
dependent on sample size and accuracy.

5.1.3
Transitions

Dissipative systems are typically completely described by their attractors.
This is because any initial volume of state space contracts during the system’s
development and eventually settles on some attractor. In order to understand
the general phenomenology of such a system it thus su�ces to study its
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Figure 4.3.
Empirical attractor u(µ) of the
logistic map (4.7), which also
corresponds to the stable part of
the map’s bifurcation diagram. The
line at µŒ

1 = 3.56995 marks the end
of the first period-doubling cascade
and the transition to the chaotic
regime. To generate this figure, for
each value of µ the state is initialized,
here at u = 0.1, and f(u) is iterated
4’000 times to approach the attractor.
The subsequent 400 iterates, which
now illuminate the attractor, are
marked with a dot. 0 2 4

0

0.2

0.4

0.6

0.8

1.0

µ
Œ
1

µ

u

st
at

io
na

ry

pe
rio

di
c

ch
ao

tic

ref logistic-bifur; file fig/4-dch/lm-bifur

the final phase of the approach is exponential, as long as the fixpoint is not
a critical one, i.e., one with a vanishing eigenvalue of the Jacobian matrix.
The situation becomes di�cult with extended attractors on which the state
continues to develop, now just tracing it. An empirical solution is to allow
for a very long time for the descent to the attractor, knowing that nothing
can go wrong if the system has already been closely tracing the attractor for
some time before we start recording. We only lose computing time, which is
not critical for the type of simple systems we consider here. Still, we need
to be on the alert for signals that hint at remaining transients. A typical
example are smeared out features that are produced by the critical slowdown
along center manifolds (vanishing eigenvalue of the Jacobian matrix).

4.3.2
Stationary Regime
The iterated function of the logistic map (4.7) is

dch.8 f(u) = µu[1 ≠ u], µ œ [0, 4] . (4.8)

Solving f(u) = u yields the fixpoints

dch.9 u
ú
0 = 0 and u

ú
1 = 1 ≠

1
µ

. (4.9)

To determine the linear stability, we first calculate the single element of the
Jacobian matrix, ˆuf(u) = µ[1 ≠ 2u], which then is also the eigenvalue ‡.
Evaluating it at the fixpoints and recalling the stability criterion, |‡| < 1,
reveals that (i) u

ú
0 is stable for µ œ [0, 1[, (ii) u

ú
1 is stable for µ œ]1, 3[, and

(iii) there exists no stable fixpoint of f for µ œ [3, 4].
The bifurcation at µ = 1 is transcritical (Figure 2.14 on page 71) with u

ú
0

and u
ú
1 exchanging their roles as attractor and repellor. Specifically, all initial

recall 
• logistic map: 

one-dimensional discrete system 
• bifurcation diagram: 

asymptotic states as function of µ

now

• driven pendulum:
3-dimensional (u1, u2, u3), continuous, 3-parameter (µ,!, �) system

• representation of attracting sets:
asymptotic states u⇤

1 (return point in positive half space) as function of µ
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notice:

• isolated special points on asymptotic trajectory

• 1-dimensional subspace of parameter space
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small-angle 
approximation

⇡

2discontinuity 
& hysteresis

calculation • start at (⌧, u1, u2) = (0, u10 , 0) (coded by color and size)

• spinup: ⌧ = 200000, then record u⇤
1 for ⌧ = 20000 (discretized)

• dot size increasing with number of passage through same point
(zoom into pdf version of lecture note to see finer details)

• step through µ (4’000 steps)
<latexit sha1_base64="SKiTpdQ1KeM1mVuTq49H2yj47j0="></latexit>
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reversal points in positive half space

computational effort & accuracy: 
• 4.1011 Runge-Kutta steps in total 
• precision 10–6 → 10–8 increases effort by factor 10 

• features shift slightly with precision, 
for indicated bifurcations 
‣ 10–6 → 0.9091 
‣ 10–8 → 0.9147 (converged) 
‣ 10–10 → 0.9148

0.9091
calculation • start at (⌧, u1, u2) = (0, u10 , 0) (coded by color and size)

• spinup: ⌧ = 200000, then record u⇤
1 for ⌧ = 20000 (discretized)

• dot size increasing with number of passage through same point
(zoom into pdf version of lecture note to see finer details)

• step through µ (4’000 steps)
<latexit sha1_base64="SKiTpdQ1KeM1mVuTq49H2yj47j0="></latexit>
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Figure 4.15. Representation of attracting set for damped pendulum with sinusoidal perturbation of state. For each value of µ, an ensemble
of 32 states was initialized, with u1 uniformly distributed in [0,fi] (color symbols on u1-axis) and u2 = u3 = 0. It was propagated for 20’000
time units, some 2’546 periods, with the positive return points uú1 then being recorded for 2’000 time units, coded with the color of the ensemble
member and plotted with increasing size from red to violet to allow distinction. The dominating reddish color in the chaotic regions is an artifact
due to plotting from violet to red. Zoom into this figure to reveal some more details. The line at u1 = fi

2 indicates the pendulum’s horizontal
position, the short dotted line the small-angle approximation (4.11). The computational precision was moderate, Á = 10≠6. Compared to more
precise computations this leads to small shifts of features, particularly in fragile regions. For instance, the bifurcation that here is at µ = 0.9091
occurs at µ = 0.9147 and 0.9148 with Á = 10≠8 and 10≠10, respectively. The solid rectangle is enlarged in Figure 4.20.
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�2 � cos(u1)

real for �2 � cos(u1) � 0150 5 Continuous Chaotic Systems

Figure 5.6.
Real part of essential eigenvalues (5.6) of the Jaco-
bian matrix (5.5) with “ = 0.1 (red) and “ = 0.5
(blue). The gray areas indicate hyperbolic points.
For “2 ≠ cos(u1) < 0, the eigenvalues are complex
with Re(‡) = ≠“, hence the local dynamics is
attractive oscillatory.

≠2 2

≠1

1

u1

Re(‡)

(3.14). Hence, calculate the Jacobian matrix,

a =

Q

a
0 1 0

≠ cos(u1) ≠2“ µÊ cos(Êu3)
0 0 0

R

b , (5.5)

and obtain its essential eigenvalues (Figure 5.6)

‡± = ≠“ ±


“2 ≠ cos(u1) , (5.6)

those in the u1u2-plane. The u3 direction is the external time with its trivial
development equation and the corresponding eigenvalue 0. Looking at (5.5)
and Figure 5.6, we first notice that, interestingly, these eigenvalues depend
only on the friction coe�cient “ and on the pendulum’s angle u1. Then,
for |u1| > fi

2 , all states are hyperbolic with a positive and a negative real
eigenvalue, irrespective of the value of “. The general shape of trajectories
near such a point have already been shown in Figure 2.7 on page 61. Their
attractive direction with the negative eigenvalue, the stable manifold, is re-
sponsible for the formation of the attractor in the first place. The antagonist
is the repelling, unstable manifold that prevents an approaching trajectory
from ever settling and keeps it wandering across the attractor’s surface. We
recall from Section 4.3.4 that such a “wandering” trajectory extracts more
information from the strange attractor than just the locations of its “veins”.
Its residence time near an unstable periodic orbit indeed reflects the local
Lyapunov exponents, the eigenvalues (5.6), hence the magnitudes of stability
and instability of that particular orbit. For completeness and later reference,
we also write down the eigenvectors

e± =
3

≠“ û


“2 ≠ cos(u1)
cos(u1)

4
(5.7)

that belong to (5.6) for the domain |u1| > fi
2 . Examples are shown in Figure

5.13 on page 159 below.
Finally, for the domain with “2 < cos(u1), the eigenvalues turn complex

with constant real part ≠“. The local dynamics thus is attractive and
oscillatory.

� = 0.1

� = 0.5

details – fragile regimes

recall: 
essential eigenvalues 
of Jacobian matrix

eigenvectors
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those in the u1u2-plane. The u3 direction is the external time with its trivial
development equation and the corresponding eigenvalue 0. Looking at (5.5)
and Figure 5.6, we first notice that, interestingly, these eigenvalues depend
only on the friction coe�cient “ and on the pendulum’s angle u1. Then,
for |u1| > fi

2 , all states are hyperbolic with a positive and a negative real
eigenvalue, irrespective of the value of “. The general shape of trajectories
near such a point have already been shown in Figure 2.7 on page 61. Their
attractive direction with the negative eigenvalue, the stable manifold, is re-
sponsible for the formation of the attractor in the first place. The antagonist
is the repelling, unstable manifold that prevents an approaching trajectory
from ever settling and keeps it wandering across the attractor’s surface. We
recall from Section 4.3.4 that such a “wandering” trajectory extracts more
information from the strange attractor than just the locations of its “veins”.
Its residence time near an unstable periodic orbit indeed reflects the local
Lyapunov exponents, the eigenvalues (5.6), hence the magnitudes of stability
and instability of that particular orbit. For completeness and later reference,
we also write down the eigenvectors

e± =
3

≠“ û


“2 ≠ cos(u1)
cos(u1)

4
(5.7)

that belong to (5.6) for the domain |u1| > fi
2 . Examples are shown in Figure

5.13 on page 159 below.
Finally, for the domain with “2 < cos(u1), the eigenvalues turn complex

with constant real part ≠“. The local dynamics thus is attractive and
oscillatory.
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those in the u1u2-plane. The u3 direction is the external time with its trivial
development equation and the corresponding eigenvalue 0. Looking at (5.5)
and Figure 5.6, we first notice that, interestingly, these eigenvalues depend
only on the friction coe�cient “ and on the pendulum’s angle u1. Then,
for |u1| > fi

2 , all states are hyperbolic with a positive and a negative real
eigenvalue, irrespective of the value of “. The general shape of trajectories
near such a point have already been shown in Figure 2.7 on page 61. Their
attractive direction with the negative eigenvalue, the stable manifold, is re-
sponsible for the formation of the attractor in the first place. The antagonist
is the repelling, unstable manifold that prevents an approaching trajectory
from ever settling and keeps it wandering across the attractor’s surface. We
recall from Section 4.3.4 that such a “wandering” trajectory extracts more
information from the strange attractor than just the locations of its “veins”.
Its residence time near an unstable periodic orbit indeed reflects the local
Lyapunov exponents, the eigenvalues (5.6), hence the magnitudes of stability
and instability of that particular orbit. For completeness and later reference,
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eigenvalue, irrespective of the value of “. The general shape of trajectories
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is the repelling, unstable manifold that prevents an approaching trajectory
from ever settling and keeps it wandering across the attractor’s surface. We
recall from Section 4.3.4 that such a “wandering” trajectory extracts more
information from the strange attractor than just the locations of its “veins”.
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ref fp-state-regimes2; file fig/5-cch/fp-state-regimes2-190515

Figure 4.17. Projected phase diagrams below and above the bifurcation at µ = 0.9091. The
two attractors shown in the left and middle frame originate from di�erent initial states. Symbols
are placed at time intervals 2fi

Ê to indicate the periodicity. Notice that the two attractors for µ =
0.90 are both symmetric whereas the others are asymmetric, hence also their mirror twins exist
as attractors. Computational precision was 10≠6 to facilitate the identification of the situation in
Figure 4.15.

but small manipulation of the initial state (u1, u2). For long times, one part of the ensemble
will end up on the period-1 attractor, the other part on that with period 3, as we know from
the frame on the left.

Higher Order Periodic Regimes A rich spectrum of states and transitions is manifest in
Figure 4.15, which almost invariably demand deeper scrutiny to be comprehended. Far from
being exhaustive, we here just look at three aspects.

Main Pitchfork Bifurcation The dominating bifurcation at µ = 0.9065 might be perceived
as the start of a period-doubling cascade. However, exploring some phase diagrams (Figure
4.17) reveals that this is a symmetry bifurcation where two mirror-symmetric orbits emerge, — fig fp-state-regimes2

both still with period 1. This is most pronounced for µ = 0.96, for which the right frame
shows one of the symmetric twins. There are no further attractors besides these two (Figure
4.15), hence one of them is reached robustly from any initial state.

The situation is much more complicated for µ = 0.918, for which Figure 4.15 indicates
the coexistence of several attractors. The middle frame of Figure 4.17 shows two of them, a
period-1 orbit that is reached from (u1, u2) = (2.6, 0) and a period-3 orbit that originates at
(u1, u2) = (0, 0). Both are asymmetric, hence possess a corresponding twin. It is instructive
to identify these four attractors in Figure 4.15.

For µ = 0.90, the structurally identical situation exists as at µ = 0.918, i.e., a period-1
and a period-3 attractor. However, these are now both symmetric, as may also be deduced
from Figure 4.15.

Period-Doubling Cascades through Chaos into Periodic Orbits Following the branches of
the bifurcation beyond µ = 0.9065, the next bifurcations are encountered at µ = 0.9867 and
from there they indeed go through a true period-doubling cascade. This is illustrated by
the middle frame of Figure 4.18, which reveals the splitting-up of the original period-1 orbit — fig fp-state-regimes-0987

that still existed at µ = 0.98. Apparently, the attractors for both µ = 0.98 and µ = 0.9867
are asymmetric, hence each belongs to a mirror-symmetric pair. The respective twin can be
selected by choosing a di�erent initial state. For the current case these could be u1 = 2.1
for µ = 0.98 and u1 = 2.0 for µ = 0.9867, both with u2 = u3 = 0.
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Projected phase diagrams above
the bifurcation at µ = 0.9091.
The two attractors shown
for µ = 0.918 originate from
di�erent initial states. Symbols
are placed at time intervals 2fi

Ê
to indicate the periodicity.
Computational precision
was 10≠6 to facilitate the
identification of the situation in
Figure 4.15. ref fp-state-regimes2; file fig/5-cch/fp-state-regimes2

centered at (u1, u2) = (2.6, 0). This is the hyperbolic region with large positive and negative
eigenvalues. The ensemble is thus rapidly deformed into a long line-like shape (right frame in
Figure 4.16). As it crosses into the oscillatory region – the monotonic region is for the current
value of “ too small to have an appreciable e�ect – it gets rotated clockwise and contracts
weakly. Following the trajectory, it again enters the hyperbolic regime, at u1 = ≠fi

2 , but now
rotated with respect to the eigenvectors and slightly curved. This curvature gets strongly
amplified by the simultaneous extension along the unstable manifold and the compression
along the stable one, forming a boomerang-like shape, almost a fold. This distribution
continues to be rotated as the trajectory heads back into the oscillatory region.

Propagating the ensemble much farther than shown in Figure 4.16 leads to an almost com-
plete coverage of the state space. Incidentally, looked at from the perspective of chaotic con-
trol, this demonstrates that almost all points can be reached by an appropriate manipulation
of the initial state (u1, u2) within the radius of the ensemble’s original distribution.

Higher Order Periodic Regimes A rich spectrum of states and transitions is manifest in
Figure 4.15, which almost invariably demand deeper scrutiny to be comprehended. Far from
being exhaustive, we here just look at three aspects.

Main Pitchfork Bifurcation The dominating bifurcation at µ = 0.9065 might be perceived
as the start of a period-doubling cascade. However, exploring some phase diagrams (Figure
4.17) reveals that this is a symmetry bifurcation where two mirror-symmetric orbits emerge, — fig fp-state-regimes2

both still with period 1. This is most pronounced for µ = 0.96, for which the right frame
shows one of the symmetric twins. There are no further attractors besides these two (Figure
4.15), hence one of them is reached robustly from any initial state.

The situation is much more complicated for µ = 0.918, for which Figure 4.15 indicates
the coexistence of several attractors. The left frame of Figure 4.17 shows two of them, a
period-1 orbit that is reached from (u1, u2) = (2.6, 0) and a period-3 orbit that originates at
(u1, u2) = (0, 0). Both are asymmetric, hence possess a corresponding twin. It is instructive
to identify these four attractors in Figure 4.15.

Period-Doubling Cascades through Chaos into Periodic Orbits Following the branches of
the pitchfork bifurcation beyond µ = 0.9065, the next bifurcations are encountered at µ =
0.9867 and from there they indeed go through a true period-doubling cascade. This is
illustrated by the middle frame of Figure 4.18, which reveals the splitting-up of the original — fig fp-state-regimes-0987

period-1 orbit that still existed at µ = 0.98. Apparently, the attractors for both µ = 0.98 and
µ = 0.9867 are asymmetric, hence each belongs to a mirror-symmetric pair. The respective
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Figure 4.18. Projected phase diagrams just below and above the onset of the period-doubling
cascade on the main bifurcation branches. The two rightmost frames show coexisting attractors.
They can be reached by choosing di�erent initial states. Computational precision was 10≠6 to
correspond to Figure 4.15. The symbols again mark time intervals 2fi

Ê on the attractors and indicate
periods 1, 2, and 5 from left to right.

twin can be selected by choosing a di�erent initial state. For the current case these could
be u1 = 2.1 for µ = 0.98 and u1 = 2.0 for µ = 0.9867, both with u2 = u3 = 0.

The period-doubling cascade on both main branches converges near µ = 1.005. Beyond,
chaotic regimes open, which are restricted to two rather narrow and non-overlapping ranges
of uú1, however. Their separation and di�erent widths reflect the ranges of the respective
mirror-symmetric orbits. These chaotic regimes both collapse abruptly into some more
complicated orbit, which is robust as the entire ensemble converges on it.

Before looking at the emerging robust orbit in more detail, we notice that there occur
many more period-doubling cascades. The main ones start near µ = 1.075, from a period-5
orbit, and erupt into a chaotic continuum near µ = 1.095. Closer scrutiny reveals that these
five branches are structurally similar to the branch starting near µ = 0.9867, i.e., a symmetry
bifurcation followed by a true period-doubling cascade. This is not shown here, however.
We further gather from Figure 4.15 that such cascades also exist in the fragile regime and
we even find them unfolding in the direction of decreasing values of µ, for instance in the
fragile regime near µ = 0.7.
Periodicity of Attractors The need for a more precise definition is highlighted by two
di�ering values for “period of the motion” for µ = 0.9867. Indeed, Figure 4.15 hints at a
period of 3 while the right frame of Figure 4.18 yields period 5. The discrepancy obviously
comes from the fact that the motion has just 3 positive return points uú1 but that it takes
5 external cycles to complete. Periodicity apparently needs a reference. This may be given
internally, e.g., the regular recurrence of some feature, or externally, e.g., time, here the
period of the forcing. Di�erent such references may lead to di�erent values of the periodicity
and there are justifications for both of them. The former focusses on the sequence of events,
the latter on timing. With the focus on events, an appropriately chosen Poincaré section idx: Poincaré!periodicity from section

is the instrument of choice. Figure 4.15 is an instance of this. With the focus on timing,
the optimal instrument is a stroboscope that is synchronized to the external periodicity and idx: stroboscope

phase-shifted to the feature of interest. Figure 4.21 below is an instance of that.
“Out of the Blue” Bifurcations The period-5 attractor that absorbs the chaotic regime
near µ = 1.005 actually already came into being together with the period-doubling cascade
near µ = 0.9867. They then coexisted until the chaotic regime collapsed. Again, one of the

begin of 
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Figure 4.19.
Projected phase diagrams just
below and above the apparent
“out of the blue” bifurcation
near µ = 1.06. Both orbits
are rather robust as is testified
by the fast transition from the
initial state (0, 0). ref fp-state-regimes3; file fig/5-cch/fp-state-regimes3

two attractors at µ = 0.9867 can be selected with the initial state, period 5 with u1 = 0.1,
period 2 with either u1 = 2.1 or 2.9. Notice that the period-5 attractor is symmetric.

The period-5 attractor emerged near µ < 0.9867 in a true “out of the blue” bifurcation as
there are no apparent structures from which it could develop. Hence, the actual motion of
the pendulum gains an additional and qualitatively di�erent option as the forcing amplitude
crosses the critical value of µ ¥ 0.9867 (middle and right frame of Figure 4.18).

There is also the possibility that the “out of the blue” bifurcation just occurs in the
representation, here in the particular choice of the Poincaré section to define uú1, but not in
the motion. An instance of this arises near µ = 1.0328 where a single and robust period-5
orbit exists (Figure 4.19). For µ = 1.025, its has 3 positive intersections with the u1-axis, — fig fp-state-regimes3

hence 3 return points uú1. As µ increases, two cusps develop towards the u1-axis and into
loops. This leads to a total of 4 new intersection, hence to 2 additional return points uú1
that emerge in the representation of Figure 4.15 “out of the blue”. Following is some older text with yet

another “out of the blue” bifurcation.
The ref’ed figure (fp-state-regimes3) can
be recreated by uncommenting the third
phase diagram in the code. However, con-
trary to the statement, the trajectories do
not appear to be stable since increasing
precision to 10≠12 collapses the orbit to
period 1.

Chaotic Regime The continuum that emerges at µ = 1.095 collapses again at µ = 1.230,
with the appearance of two mirror-symmetric stable orbits. These remain robust up to
µ = 1.3. Further simulations, not shown here, reveal that the pendulum enters a few more
bifurcation sequences with their ensuing chaotic bands before these regimes are eventually
ended by the dominating external forcing for µ > 4.3.

The chaotic continuum and also the transitions into and out of it show striking structural
analogies to what we found for the logistic map (Figures 3.9 and 3.15). Indeed, peeking a bit
deeper into the chaotic continuum again reveals windows with stable periodic orbits, with
ensuing period-doubling cascades, and with tale-telling density variations in the continuum
(Figure 4.20). These feature have the same explanations. The opening and closing of — fig fp-state-bifur-crop

periodic windows in the attractor manifest crises that result from a stability transition of
some periodic orbit or from the collision of the attractor with some boundary or with an
unstable orbit that does not belong to the attractor. Similarly, the density fluctuations
reflect UPOs that are just marginally unstable.

Representations The attracting set of the pendulum is a complicate three-dimensional
structure in state space and it depends on three parameters. It apparently cannot be shown
in its full glory and we have to choose some representation. So far, this was mainly the
set of return points uú1 as a function of µ. As we found, this is a representation with an
internal focus, one on the sequence of events. While this allows to identify and structurally
characterize the various regimes and phenomena, it does not permit the identification of
temporal periodicities.
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Figure 4.19.
Projected phase diagrams just
below and above the apparent
“out of the blue” bifurcation
near µ = 1.06. Both orbits
are rather robust as is testified
by the fast transition from the
initial state (0, 0). ref fp-state-regimes3; file fig/5-cch/fp-state-regimes3

two attractors at µ = 0.9867 can be selected with the initial state, period 5 with u1 = 0.1,
period 2 with either u1 = 2.1 or 2.9. Notice that the period-5 attractor is symmetric.

The period-5 attractor emerged near µ < 0.9867 in a true “out of the blue” bifurcation as
there are no apparent structures from which it could develop. Hence, the actual motion of
the pendulum gains an additional and qualitatively di�erent option as the forcing amplitude
crosses the critical value of µ ¥ 0.9867 (middle and right frame of Figure 4.18).

There is also the possibility that the “out of the blue” bifurcation just occurs in the
representation, here in the particular choice of the Poincaré section to define uú1, but not in
the motion. An instance of this arises near µ = 1.0328 where a single and robust period-5
orbit exists (Figure 4.19). For µ = 1.025, its has 3 positive intersections with the u1-axis, — fig fp-state-regimes3

hence 3 return points uú1. As µ increases, two cusps develop towards the u1-axis and into
loops. This leads to a total of 4 new intersection, hence to 2 additional return points uú1
that emerge in the representation of Figure 4.15 “out of the blue”. Following is some older text with yet

another “out of the blue” bifurcation.
The ref’ed figure (fp-state-regimes3) can
be recreated by uncommenting the third
phase diagram in the code. However, con-
trary to the statement, the trajectories do
not appear to be stable since increasing
precision to 10≠12 collapses the orbit to
period 1.

Chaotic Regime The continuum that emerges at µ = 1.095 collapses again at µ = 1.230,
with the appearance of two mirror-symmetric stable orbits. These remain robust up to
µ = 1.3. Further simulations, not shown here, reveal that the pendulum enters a few more
bifurcation sequences with their ensuing chaotic bands before these regimes are eventually
ended by the dominating external forcing for µ > 4.3.

The chaotic continuum and also the transitions into and out of it show striking structural
analogies to what we found for the logistic map (Figures 3.9 and 3.15). Indeed, peeking a bit
deeper into the chaotic continuum again reveals windows with stable periodic orbits, with
ensuing period-doubling cascades, and with tale-telling density variations in the continuum
(Figure 4.20). These feature have the same explanations. The opening and closing of — fig fp-state-bifur-crop

periodic windows in the attractor manifest crises that result from a stability transition of
some periodic orbit or from the collision of the attractor with some boundary or with an
unstable orbit that does not belong to the attractor. Similarly, the density fluctuations
reflect UPOs that are just marginally unstable.

Representations The attracting set of the pendulum is a complicate three-dimensional
structure in state space and it depends on three parameters. It apparently cannot be shown
in its full glory and we have to choose some representation. So far, this was mainly the
set of return points uú1 as a function of µ. As we found, this is a representation with an
internal focus, one on the sequence of events. While this allows to identify and structurally
characterize the various regimes and phenomena, it does not permit the identification of
temporal periodicities.
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Figure 4.19.
Projected phase diagrams just
below and above the apparent
“out of the blue” bifurcation
near µ = 1.06. Both orbits
are rather robust as is testified
by the fast transition from the
initial state (0, 0). ref fp-state-regimes3; file fig/5-cch/fp-state-regimes3

two attractors at µ = 0.9867 can be selected with the initial state, period 5 with u1 = 0.1,
period 2 with either u1 = 2.1 or 2.9. Notice that the period-5 attractor is symmetric.

The period-5 attractor emerged near µ < 0.9867 in a true “out of the blue” bifurcation as
there are no apparent structures from which it could develop. Hence, the actual motion of
the pendulum gains an additional and qualitatively di�erent option as the forcing amplitude
crosses the critical value of µ ¥ 0.9867 (middle and right frame of Figure 4.18).

There is also the possibility that the “out of the blue” bifurcation just occurs in the
representation, here in the particular choice of the Poincaré section to define uú1, but not in
the motion. An instance of this arises near µ = 1.0328 where a single and robust period-5
orbit exists (Figure 4.19). For µ = 1.025, its has 3 positive intersections with the u1-axis, — fig fp-state-regimes3

hence 3 return points uú1. As µ increases, two cusps develop towards the u1-axis and into
loops. This leads to a total of 4 new intersection, hence to 2 additional return points uú1
that emerge in the representation of Figure 4.15 “out of the blue”. Following is some older text with yet

another “out of the blue” bifurcation.
The ref’ed figure (fp-state-regimes3) can
be recreated by uncommenting the third
phase diagram in the code. However, con-
trary to the statement, the trajectories do
not appear to be stable since increasing
precision to 10≠12 collapses the orbit to
period 1.

Chaotic Regime The continuum that emerges at µ = 1.095 collapses again at µ = 1.230,
with the appearance of two mirror-symmetric stable orbits. These remain robust up to
µ = 1.3. Further simulations, not shown here, reveal that the pendulum enters a few more
bifurcation sequences with their ensuing chaotic bands before these regimes are eventually
ended by the dominating external forcing for µ > 4.3.

The chaotic continuum and also the transitions into and out of it show striking structural
analogies to what we found for the logistic map (Figures 3.9 and 3.15). Indeed, peeking a bit
deeper into the chaotic continuum again reveals windows with stable periodic orbits, with
ensuing period-doubling cascades, and with tale-telling density variations in the continuum
(Figure 4.20). These feature have the same explanations. The opening and closing of — fig fp-state-bifur-crop

periodic windows in the attractor manifest crises that result from a stability transition of
some periodic orbit or from the collision of the attractor with some boundary or with an
unstable orbit that does not belong to the attractor. Similarly, the density fluctuations
reflect UPOs that are just marginally unstable.

Representations The attracting set of the pendulum is a complicate three-dimensional
structure in state space and it depends on three parameters. It apparently cannot be shown
in its full glory and we have to choose some representation. So far, this was mainly the
set of return points uú1 as a function of µ. As we found, this is a representation with an
internal focus, one on the sequence of events. While this allows to identify and structurally
characterize the various regimes and phenomena, it does not permit the identification of
temporal periodicities.

“out of the blue” 
bifurcation
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Figure 4.20. Interval enlarged from Figure 4.15 with the rectangle outlined in the left frame
in turn enlarged on the right. Notice the nesting of chaotic and non-chaotic intervals, with the
sequence of period-doublings, transition to chaos, and opening of periodic windows at ever smaller
hierarchical levels.

With the focus on temporal periodicities, the tool of choice is the stroboscope. This
opens an alternative perspective in which the return points uú1 are replaced by states that
are separated in time by 2fi

Ê . To gain an optimal correspondence with Figure 4.15, the phase
is chosen such that for each value of µ at least one of the return points uú1 belongs to the set
of displayed states. We realize that for the periodic regimes, the set {uú1} is a subset of the
then displayed states. The resulting representation of the attracting set is considerable more
detailed (Figure 4.21), and indeed more di�cult to interpret than the set {uú1}. — fig fp-state-bifur-13-ens-strob

following is old text & figure on extended
parameter space; deem as too high-tuned
for here

4.1.5
Extensions

The perturbation so far was a sinusoidal function with fixed frequency and amplitude. Such
a situation is hardly ever encountered in environmental systems, where more complicated
forcings are typical. They include at least modulation and multiple frequencies. A prototype
origin of such variation are the daily and annual cycles of solar radiation that are modulated
by the activity of plants, which in turn depends on the mean temperature with annual
cycle Êa and on the availability of light with daily cycle Êd. In contrast, an additive forcing
would be used for Earth’s surface temperature in response to annual and daily cycles.

While more complicated perturbations are a trivial matter in linear systems – the principle
of superposition allows to compose the total system response from partial responses – this
is a major di�culty for nonlinear systems. For them, the action of the sum of two systems
is di�erent from the sum of the actions of the individual systems. This is readily seen, for
instance in Figure 4.21, by comparing the attractors at µ1 and µ2 with that at µ1 + µ2.
Indeed, in the nonlinear regime, every new forcing demands a new analysis, typically an
entirely new simulation.

check out, believe it’s from strogatz94
Multiplicative Perturbation Consider the exemplary case where the amplitude of the
sinusoidal perturbation with frequency Ê is no more constant but varies periodically with
Êµ. This leads to the perturbation

cch.6
µ

2
#
1 + cos(Êµt)

$
sin(Êt) , (4.26)
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Figure 4.20. Interval enlarged from Figure 4.15 with the rectangle outlined in the left frame
in turn enlarged on the right. Notice the nesting of chaotic and non-chaotic intervals, with the
sequence of period-doublings, transition to chaos, and opening of periodic windows at ever smaller
hierarchical levels.

With the focus on temporal periodicities, the tool of choice is the stroboscope. This
opens an alternative perspective in which the return points uú1 are replaced by states that
are separated in time by 2fi

Ê . To gain an optimal correspondence with Figure 4.15, the phase
is chosen such that for each value of µ at least one of the return points uú1 belongs to the set
of displayed states. We realize that for the periodic regimes, the set {uú1} is a subset of the
then displayed states. The resulting representation of the attracting set is considerable more
detailed (Figure 4.21), and indeed more di�cult to interpret than the set {uú1}. — fig fp-state-bifur-13-ens-strob

following is old text & figure on extended
parameter space; deem as too high-tuned
for here

4.1.5
Extensions

The perturbation so far was a sinusoidal function with fixed frequency and amplitude. Such
a situation is hardly ever encountered in environmental systems, where more complicated
forcings are typical. They include at least modulation and multiple frequencies. A prototype
origin of such variation are the daily and annual cycles of solar radiation that are modulated
by the activity of plants, which in turn depends on the mean temperature with annual
cycle Êa and on the availability of light with daily cycle Êd. In contrast, an additive forcing
would be used for Earth’s surface temperature in response to annual and daily cycles.

While more complicated perturbations are a trivial matter in linear systems – the principle
of superposition allows to compose the total system response from partial responses – this
is a major di�culty for nonlinear systems. For them, the action of the sum of two systems
is di�erent from the sum of the actions of the individual systems. This is readily seen, for
instance in Figure 4.21, by comparing the attractors at µ1 and µ2 with that at µ1 + µ2.
Indeed, in the nonlinear regime, every new forcing demands a new analysis, typically an
entirely new simulation.

check out, believe it’s from strogatz94
Multiplicative Perturbation Consider the exemplary case where the amplitude of the
sinusoidal perturbation with frequency Ê is no more constant but varies periodically with
Êµ. This leads to the perturbation

cch.6
µ
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1 + cos(Êµt)

$
sin(Êt) , (4.26)
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Figure 5.11. Interval enlarged from Figure 5.8 and Figure 5.10 with the
rectangle outlined in the left frame in turn enlarged in the right frame. Notice the
nesting of chaotic and non-chaotic intervals, with the sequence of period-doublings,
transition to chaos, and opening of periodic windows at ever smaller hierarchical
levels.

themselves are necessarily asymmetric. Increasing µ further, the trajectories’
asymmetry also increases until they again bifurcate into two new variants.
Since the original trajectories are just symmetric copies of each other, the
bifurcation occurs for both at the same value of µ. This same process repeats
indefinitely with ever smaller increments of µ and converges rapidly at some
finite value µŒ, where the periodic orbit dissolves into a non-period chaotic
orbit. Such a transit from period-1 to chaos is referred to as the period-

doubling route to chaos. idx: period-doubling

Within the chaotic interval, the density of reversal points is richly struc-
tured with higher densities near entry and exit points of periodic lines. As
introduced in Section 5.1.2, these structures represent the strange attractor idx: strange attractor

that exists for this interval of µ. More precisely, they result from the unstable
periodic orbits (UPOs) described on page 109. These have di�erent stabili-
ties, which may be expressed in terms of local Lyapunov exponents. As found
earlier, trajectories that approach this attractor from the outside do so along
the stable manifold of some UPO and they thereby slowdown exponentially.
Any deviation from this manifold belongs to the unstable manifold, neglecting
the neutral one, and gets amplified exponentially. Figure 3.7 on page 44
may serve as an illustration for this situation. With this, the trajectories
constantly bounce between the UPOs and thereby “explore” the strange
attractor.

To now understand the structuring of the chaos, consider the development
of a state that happens to be near the stable manifold of some particular
UPO, actually very near since UPOs are dense. Its exponential slowdown
on approach is described by the pertinent negative Lyapunov exponent and
correspondingly its speedup along the unstable manifold by the pertinent
positive exponent. Hence, the residence time near the UPOs depends on
these local exponents and, conversely, these exponents can also be extracted

finer graphical 
representation…

…and highlighting 
symmetry branches
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Figure 4.20. Interval enlarged from Figure 4.15 with the rectangle outlined in the left frame
in turn enlarged on the right. Notice the nesting of chaotic and non-chaotic intervals, with the
sequence of period-doublings, transition to chaos, and opening of periodic windows at ever smaller
hierarchical levels.

With the focus on temporal periodicities, the tool of choice is the stroboscope. This
opens an alternative perspective in which the return points uú1 are replaced by states that
are separated in time by 2fi

Ê . To gain an optimal correspondence with Figure 4.15, the phase
is chosen such that for each value of µ at least one of the return points uú1 belongs to the set
of displayed states. We realize that for the periodic regimes, the set {uú1} is a subset of the
then displayed states. The resulting representation of the attracting set is considerable more
detailed (Figure 4.21), and indeed more di�cult to interpret than the set {uú1}. — fig fp-state-bifur-13-ens-strob

following is old text & figure on extended
parameter space; deem as too high-tuned
for here

4.1.5
Extensions

The perturbation so far was a sinusoidal function with fixed frequency and amplitude. Such
a situation is hardly ever encountered in environmental systems, where more complicated
forcings are typical. They include at least modulation and multiple frequencies. A prototype
origin of such variation are the daily and annual cycles of solar radiation that are modulated
by the activity of plants, which in turn depends on the mean temperature with annual
cycle Êa and on the availability of light with daily cycle Êd. In contrast, an additive forcing
would be used for Earth’s surface temperature in response to annual and daily cycles.

While more complicated perturbations are a trivial matter in linear systems – the principle
of superposition allows to compose the total system response from partial responses – this
is a major di�culty for nonlinear systems. For them, the action of the sum of two systems
is di�erent from the sum of the actions of the individual systems. This is readily seen, for
instance in Figure 4.21, by comparing the attractors at µ1 and µ2 with that at µ1 + µ2.
Indeed, in the nonlinear regime, every new forcing demands a new analysis, typically an
entirely new simulation.

check out, believe it’s from strogatz94
Multiplicative Perturbation Consider the exemplary case where the amplitude of the
sinusoidal perturbation with frequency Ê is no more constant but varies periodically with
Êµ. This leads to the perturbation

cch.6
µ

2
#
1 + cos(Êµt)

$
sin(Êt) , (4.26)
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Figure 5.7. Stroboscope view of the same system as shown in Figures 5.2–5.3
except for the damping that is an order of magnitude smaller, “ = 0.01. For the
right frame, µ = 1.1 was chosen since for µ = 1.15 the system already collapsed to
a period-1 attractor. The large red dots in the rightmost frame again indicate eight
successive states at times ·n, ·n+1,. . . , ·n+7.

the strange attractor of the chaotic regime do visit every state on the attractor
(Poincaré recurrence theorem). The coverage is not uniform, however, as for
instance illustrated by the distance function shown in Figure 5.5.

Reducing the damping to “ = 0.01 (Figure 5.7) apparently brings the
trajectory much nearer towards a uniform coverage of M, hence towards er-
godicity. Going the whole way “ æ 0 leads to the realm of volume-conserving
(Hamiltonian) dynamic systems, which are indeed ergodic in appropriate
sub-domains. The dynamics of such systems is quite di�erent from that of
the dissipative systems considered here. We do not explore them any further,
however, as they are not of much relevance for environmental systems.

Numerical Simulations for Bifurcation Diagrams We study the pendulum
described by (3.63) for parameters “ = 0.1 and Ê = 0.8 with µ œ [0, 1.3]. The
system is integrated using the Runge-Kutta Cash-Karp algorithm (Appendix
A.1.2) with a computational precision of Á = 10≠8 (Figure 5.8). Exemplary — fig fp-state-bifur-plot

trajectories can be found in Figure 3.26 with phase diagrams in Figure 5.1.
Notice that Ê is constant throughout this section. Hence, while the dynamics
studied here is related to the phenomenon of parametric resonance, we focus
on a di�erent direction in parameter space and vary µ instead of Ê.

While the results are in general not sensitive to the numerical precision,
it turns out that some of the regimes are rather fragile in the sense that
the system may require a very long time before it eventually settles on the
attractor. In order to identify these regions and to illuminate the issue,
three di�erent simulations are run. For the first one (yellow symbols in
Figure 5.8), for every value of µ, the state is initialized at static equilibrium,
i.e., (u1, u2, ·) = (0, 0, 0). The system is then allowed to spinup until · =
10Õ000 and its state is subsequently monitored until · = 12Õ000. With the

� = 0.01
role of friction (stroboscope)
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Figure 5.19. Dynamics of the damped pendulum that is perturbed with the
multiplicative periodic forcing (5.11). Parameters are “ = 0.1, Ê = 0.8, and Êµ.
As a reference, continuous simulations that correspond to Figure 5.11 are shown as
gray symbols. Notice that with µÕ = µ

2
#
1+cos(Êµt)

$
this representation is actually

a mix between a bifurcation and a phase diagram.

check out, believe it’s from strogatz94Multiplicative Perturbation Consider the exemplary case where the am-
plitude of the sinusoidal perturbation with frequency Ê is no more constant
but varies periodically with Êµ. This leads to the perturbation

cch.6
µ

2
#
1 + cos(Êµt)

$
sin(Êt) , (5.11)

where µ now is the maximum amplitude. Apparently, there are two contrast-
ing regimes, Ê ∫ Êµ and Ê π Êµ.

The case Ê ∫ Êµ corresponds to the original intention of slowly varying
the amplitude of the Ê-perturbation. This just sweeps the parameter range
[0, µ] and, using the previously studied base configuration – Ê = 0.8 and
“ = 0.1 –, essentially reproduces the diagram shown in Figure 5.11.

In contrast, Ê π Êµ leads to a quite di�erent situation in that the fre-
quency of the perturbation now is larger than Ê and the sweeping of the
parameter range is very much faster than before, with frequency Ê actually
comparable to the pendulum’s natural frequency. Nevertheless, the bifur-
cation diagram, Figure 5.19, is visibly a�ected only near sensitive regions. — fig fp-state-bifur-trans-plot

These are (i) the jump near µ = 0.28 and the associated hysteresis, which
become increasingly continuous and wider, (ii) the bifurcation points, which
indeed are neutral points for Êµ = 0 and now become smeared out with
the unstable branch of the pitchfork bifurcation in addition turning stable
for quite a distance after the bifurcation point, and (iii) the fragile intervals
around µ = 0.7 and 0.9, which have all but vanished although close scrutiny
reveals a random “dust” of states mostly beneath the main branches. Inci-
dentally, the simulations with Êµ = 0 (gray symbols) di�er slightly from those
shown in Figure 5.11. Here, a single initial state u = 0 is stepped through
parameter space such that the final state at step µi is the initial step at µi+1.

external forcing µ = µ0 sin(!t)

with µ0 = µ
2
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⇤
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Figure 4.23.
Damped pendulum perturbed
with sum of two sine
functions with rational
frequency ratio, µ[sin(Êt) +
1
5 sin( 3

5Êt)], simulated and
drawn for increasing (red)
and decreasing (blue) values
of µ. ref fp-state-bifur-3-5-plot; file fig/5-cch/fp-state-bifur-3-5-plot

equation. The larger the ratio Êµ
Ê the more we think of a single autonomous system where

(4.14)2 is replaced by

cch.7 u̇2 = ≠2“u2 ≠ sin(u1) + µ

2
#
1 + cos(Êµu3)

$
sin(Êu3) . (4.27)

Incidentally, such distinctions are of a conceptual nature and make no operational di�er-
ence.

Additive Perturbation We explore the situation by superposing just two nearby modes,
a dominating one at Ê = 0.8, and another one with a lower frequency and just 20% of the
amplitude. We look at two cases for the frequency ratio: a rational one, 3

5 = 0.6, and an
irrational one, fi

5 ¥ 0.6283.

Rational Dual-Frequency Choose the perturbation µ[sin(Êt) + 1
5 sin( 3

5Êt)], which has a
periodicity of 5, i.e., after 5 periods, the signals are in phase. This is reflected for small
amplitudes µ . 0.45 (Figure 4.23), which is exactly what we expect for very small values — fig fp-state-bifur-3-5-plot

of µ for which the small-angle approximation is valid, the short dashed line in Figure 4.23.
There, the system is approximately linear and the principle of superposition applies. As
the simulation reveals, however, the resulting five branches remain stable across the jump
at µ = 0.3 and well into the strongly nonlinear realm. Each of them then undergoes a
sequence of bifurcations as seen before, which leads to a rather complicated but perfectly
periodic regime. They almost simultaneously reach the convergence limit and transit into
the non-periodic chaotic regime near µ = 0.455. Other than the five-fold periodicity, the
phenomenology is qualitatively equal to that of the sinusoidally forced pendulum shown
in Figure 4.15. Quantitatively, the di�erences are significant, though, with wide bands of
chaotic regimes and with the hysteresis at the jump all but disappeared.

Irrational Dual-Frequency Modifying the forcing seemingly slightly – from frequency ratio
3
5 = 0.6 to approximately 0.6283 –, but removing the periodicity, changes the system’s
phenomenology significantly (Figure 4.24). While the general properties remain unchanged: — fig fp-state-bifur-pi-plot

(i) the quasi-linear realm is just widened by about 20%, the amplitude ratio of the added
term, (ii) the hysteretic jump near µ = 0.3 still leads to a regime of apparently well-defined
periodic orbits, and (iii) there is the transit into the chaotic regime near µ = 0.455.

Beyond the most general properties, the changes are significant, however. The periodic
orbits are sharply defined, but now there is a large number of them. We may actually con-
jecture that they are dense within the corresponding interval and that their separation stems
from the short simulation time. It prevents higher periodicities, and correspondingly lower
frequencies, from becoming manifest. This is corroborated by simulations of still shorter time

5-periodicity
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Figure 4.23.
Damped pendulum perturbed
with sum of two sine
functions with rational
frequency ratio, µ[sin(Êt) +
1
5 sin( 3

5Êt)], simulated and
drawn for increasing (red)
and decreasing (blue) values
of µ. ref fp-state-bifur-3-5-plot; file fig/5-cch/fp-state-bifur-3-5-plot

equation. The larger the ratio Êµ
Ê the more we think of a single autonomous system where

(4.14)2 is replaced by

cch.7 u̇2 = ≠2“u2 ≠ sin(u1) + µ

2
#
1 + cos(Êµu3)
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sin(Êu3) . (4.27)

Incidentally, such distinctions are of a conceptual nature and make no operational di�er-
ence.

Additive Perturbation We explore the situation by superposing just two nearby modes,
a dominating one at Ê = 0.8, and another one with a lower frequency and just 20% of the
amplitude. We look at two cases for the frequency ratio: a rational one, 3

5 = 0.6, and an
irrational one, fi

5 ¥ 0.6283.

Rational Dual-Frequency Choose the perturbation µ[sin(Êt) + 1
5 sin( 3

5Êt)], which has a
periodicity of 5, i.e., after 5 periods, the signals are in phase. This is reflected for small
amplitudes µ . 0.45 (Figure 4.23), which is exactly what we expect for very small values — fig fp-state-bifur-3-5-plot

of µ for which the small-angle approximation is valid, the short dashed line in Figure 4.23.
There, the system is approximately linear and the principle of superposition applies. As
the simulation reveals, however, the resulting five branches remain stable across the jump
at µ = 0.3 and well into the strongly nonlinear realm. Each of them then undergoes a
sequence of bifurcations as seen before, which leads to a rather complicated but perfectly
periodic regime. They almost simultaneously reach the convergence limit and transit into
the non-periodic chaotic regime near µ = 0.455. Other than the five-fold periodicity, the
phenomenology is qualitatively equal to that of the sinusoidally forced pendulum shown
in Figure 4.15. Quantitatively, the di�erences are significant, though, with wide bands of
chaotic regimes and with the hysteresis at the jump all but disappeared.

Irrational Dual-Frequency Modifying the forcing seemingly slightly – from frequency ratio
3
5 = 0.6 to approximately 0.6283 –, but removing the periodicity, changes the system’s
phenomenology significantly (Figure 4.24). While the general properties remain unchanged: — fig fp-state-bifur-pi-plot

(i) the quasi-linear realm is just widened by about 20%, the amplitude ratio of the added
term, (ii) the hysteretic jump near µ = 0.3 still leads to a regime of apparently well-defined
periodic orbits, and (iii) there is the transit into the chaotic regime near µ = 0.455.

Beyond the most general properties, the changes are significant, however. The periodic
orbits are sharply defined, but now there is a large number of them. We may actually con-
jecture that they are dense within the corresponding interval and that their separation stems
from the short simulation time. It prevents higher periodicities, and correspondingly lower
frequencies, from becoming manifest. This is corroborated by simulations of still shorter time
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Figure 4.24.
Damped pendulum perturbed
with sum of two sine functions
with irrational frequency
ratio, µ[sin(Êt) + 1

5 sin( fi
5Êt)].

Everything else is as in Figure
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ref fp-state-bifur-pi-plot; file fig/5-cch/fp-state-bifur-pi-plot

intervals (not shown here) that indeed produce fewer branches, which still spread across the
entire interval, however. Moving to the chaotic regime, we notice that the periodic windows pgm & fig for 64 instead of 256 cycles:

fp-state-bifur13-pi-cup-shortare absent, that the internal structure is actually practically lacking. there are plots for frequency ratios 5
and 1

10 : fp-state-bifur13-5-cdown and fp-
state-bifur13-1-10-cdown
some old stuff: approach:

1. fluid systems:

(a) L63: representation for
important env process
(Rayleigh-Benard) and
mother of modern
det. chaos; new: do
bifurcation diagram along
some interesting line in
parameter space

(b) L84

|sectionSelf-Organized Criticality Proba-
bly has to move to complex systems: intro
critical states; power distributions; def
self-organization [Keeler and Farmer 1986; Bak
et al. 1987]; examples

|sectionFractals rethink if this fits here:
Fractals highlighted the multiscale nature
of many phenomena in our environment;
¬river networks (rinaldo+14).

old text
We look at systems with a small number
of degrees of freedom but with a con-
tinuous development in time. They are
typically formulated as a set of coupled
ordinary di�erential equations. The pro-
totypical such system was constructed by
Lorenz [1963] as a highly abstracted de-
scription of Rayleigh-Bénard convection
in the atmosphere. We refer to it as the
L63 system. It was followed by a num-
ber of further exemplary systems Hopf,
Rössler, Lorenz-84
development in time: intermittency, syn-
chronization
lit: Nicolis [1995]
advanced topics:

• Magnitskii [2008]: Universal theory
of dynamical chaos in nonlinear
dissipative systems of di�erential
equations

• Evstigneev et al. [2010]: Nonlinear
dynamics of laminar-turbulent
transition in three dimensional
Rayleigh-Benard convection

4.2
The Lorenz-63 System

label: cch-s-l63

Fluids are the dominating means of transport in our environment. Their dynamics is
governed by the Navier-Stokes equation, which is notorious for its nonlinearity and pos-
sible chaotic regimes. This is a partial di�erential equation, however, hence an infinite-
dimensional system and o� limits for the low-dimensional situations we explore here.

Strongly reduced representations lead to a qualitative understanding of fluid flow, despite
the forbidding di�culty of the full system. A massive such reduction, proposed by Frisch
[1995], is the logistic map studied in Section 3.2. Here, we go for a less abstract approach,
a low-dimensional spectral approximation that is continuous in space and time but discrete
and low-dimensional in spatial frequency as it was developed by Saltzman [1962] and Lorenz
[1963] for characterizing the dynamics of Rayleigh-Bénard circulation.

4.2.1
Rayleigh-Bénard Convection

idx: Rayleigh-Bénard convection|textbf

label: cps-s-RB

was cps-s-active; cross+09, pg40: sin-
gle chaotic system vs complex, pattern-
forming system

This chapter is now for both chaotic and com-
plex systems. Hence, expand this part to fully
embrace Rayleigh-Bénard.

A linear flow process coupled with a linear transport process leads to a nonlinear system as
given by (1.1)–(1.2). Such a coupled process is referred to as active transport. Already such
a simple process can exhibit diverse phenomena that range from static stationarity through
periodic motion to quasi-turbulent flow. In reality, the situation is yet more di�cult as
velocities can become so high that the flow enters the nonlinear Navier-Stokes regime.

A prototype of an active transport system is thermal convection in a closed cell (Figure
4.25), so-called Rayleigh-Bénard convection. This process was first studied by Rayleigh

— fig thermosyphon

[1916] in an attempt to understand the experiments of Bénard in 1900. As it turned out
later [Pearson 1958], the observed phenomenon was not caused by density flow, as assumed
by Rayleigh, but by surface tension. It is today referred to as Marangoni convection with

idx: Marangoni convection

Rayleigh-Bénard convection still referring to density flow [Manneville 2006]. Incidentally,
there is also the related phenomenon of Rayleigh-Taylor instability. It refers to the relaxation

idx: Rayleigh-Taylor instability

of a fluid from some unstable stratification, for instance cold air overlying warm air, through
turbulent flow [Sharp 1984; Chertkov 2003].

read sharp84


