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3. Nonlinear Dynamical Systems (II)
• two-dimensional autonomous systems

- characterization
- linear stability analysis
- invariant sets and manifolds
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Figure 3.4.
Stability classification of the linearized
development equation (3.11). As given by
(3.29), the state u0 is stable, i.e., Re(‡) <
0, if tr a < 0 and det a > 0 (blue) and it is
unstable if det a > 0 (red). The solid curve,
det a = 1

4 [tr a]2, separates states with a
monotonic development, Im(‡) = 0, from
those that oscillate, Im(‡) ”= 0, i.e., spiral
in or out. For systems in the dark red
region, the fix point is a saddle point.

det a

tr astable unstable

saddle point

spiral in spiral out

ref lin-stab-2d; file fig/3-chf/lin-stab-2d

are trace and determinant of the square matric a. The eigenvalues thus
become

chf.24 ‡± = 1
2tr a ±

1
2


[tr a]2 ≠ 4 det a (3.29)

With this, we classify the solutions of (3.20) and thus the stability of the
fixpoint (Figure 3.4): — fig lin-stab-2d

1. tr a < 0 and det a > 0: Re(‡) < 0 hence the fixpoint is stable. For
4 det a < [tr a]2, there are two real solutions, hence any perturbation
decays monotonically. For 4 det a > [tr a]2, Im(‡) ”= 0 and (3.23)
shows that the development has an oscillating part. Since Re(‡) is
still negative, the perturbed state will spiral into the fix point.

2. tr a > 0 and det a > 0: Re(‡) > 0 hence the fixpoint is unstable.
Any finite perturbation will thus grow exponentially, depending on
the relative size of 4 det a and [tr a]2 either in a monotonic manner
or spiraling out.

3. det a < 0: ‡+ > 0 and ‡≠ < 0, hence the fixpoint is a saddle point,
monotonically growing along Á+, the eigenvector with ‡+, and mono-
tonically decaying along Á≠.

For any given system, this classification must be translated into its parame-
ter space to be operationally useful. This is a three-step process: (i) calculate
the fixpoint u0 from the development equation, e.g., (3.10), by setting u̇ = 0,
(ii) calculate the Jacobian matrix ˆfi/ˆuj and evaluate it at u0 to obtain a,
(iii) calculate det a and tr a, which are now expressed in terms of the system
parameters, and identify in parameter space the regions where det a ? 0 and
tr a ? 0. This is illustrated in the following, building on the glycolysis model
introduced on page 36.

label: glycoexII

Example: The Glycolysis Model (II) We study the linear stability of the idx: glycolysis model

fixpoint (3.19) as a function of its parameters – and —, both of which are positive.
First, calculate the Jacobian matrix

chf.25 a =
3

≠1 + 2u1u2 – + u2
1

≠2u1u2 ≠– ≠ u2
1

4
(3.30)



• nullclines
fi(u) = 0 , u̇i = 0

nullclines separate state space into regions, 
but trajectories can cross them

two-dimensional autonomous system

2

u̇1 = f1(u1, u2)

u̇2 = f2(u1, u2)

u̇ = f(u)

• development equation

• flow u̇(u) , f(u)

3.2 Multi-Dimensional Continuous System 35
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Figure 3.3. Flow and trajectories in the state space (u1, u2) of the glycolysis
model (3.15) with parameters – = 0.2 and — = 0.5. The flow u̇ is illustrated by
arrows that start at the nodes of a regular grid (left). The trajectories start from
equidistant points on the boundary (right). The solid lines repesent the nullclines
u̇i = fi(u) = 0. The intersection of the two nullclines is a fixpoint, here an attractive
one, given by (3.17).

e�cient. It is only used for simple well-behaved systems. The workhorse
for more serious work is the Runge-Kutta scheme of order 4 or still better
the Runge-Kutta Cash-Karp scheme with integrated time step control (see
Section A.1.1 in the Appendix). The latter belongs to the rk45-family, which
is readily available.

3.2.2
Fixpoints and Nullclines
In one-dimensional systems, the states u0 with f(u0) = 0 have a special
significance as they correspond to fixpoints of the dynamics. Moving to
multidimensional systems, the situation becomes more diverse. Specifically,
for a two-dimensional system nullclines occur in addition to fixpoints. The
nullcline of component i is defined as

u : u̇i = fi(u) = 0 , (3.14)

hence as the set of states for which fi(u) = 0, for which the i-component of
the flow thus vanishes. Similar to fixpoints, nullclines are very useful for the
geometric analysis of ordinary di�erential equations. In the typical case, for
zeros of order 1, the i-components of the flow vectors on di�erent sides of
the i-nullcline point in opposite directions. Nullclines thus separate the state
space into regions that often exhibit distinctly di�erent phenomenologies.
Finally, intersections of nullclines in two-dimensional systems are fixpoints

with u̇ = f(u) = 0.

• trajectory

u(t) = u0 +

Z t

0
u̇
�
u(⌧)

�
d⌧

u(tn) ⇡ u0 +
nX

i=1

u̇
�
u(ti)

�
�t , ti = i�t

Euler forward scheme

(see Appendix for higher order scheme 
– Runge-Kutta Cash-Karp – that is 
much more efficient)

discretize

• intersections of nullclines are fixpoints



inflow

do something

outflow

general structure of a sustained system (recall cows feeding on grass)

example – glycolysis model

the model 
in words

• u2 constantly fed with rate �

• u2 decays spontaneously into u1 with rate ↵. . .

• . . . and is decomposed by u1 in autocatalytic process

• u1 decays with rate 1 (sets unit of time)
<latexit sha1_base64="JmKchp3Acj0pn7HMNO/QJn2zGKA="></latexit>

3

[Strogatz, 1994]

u̇1 = �u1 + u2[↵+ u2
1]

u̇2 = � � u2[↵+ u2
1]

↵ > 0 , � > 0

constant feed 
(driver)

spontaneous decay into u1 
(no autocatalysis without 

a direct process)
autocatalytic decomposition by u1

constant/outflow

generic for 
autocatalytic 
process 

actual glycolysis 
is much more 
complicated

•expec
ted pheno

menolog
y 

•verify
: choo

se para
meters, 

draw trajec
tories 

u1(t) &
 u2(t) 

(see ex
ercises

)

production of u1 through 
autocatalytic consumption of u2



example – glycolysis model
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u̇1 = �u1 + u2[↵+ u2
1]

u̇2 = � � u2[↵+ u2
1]

↵ > 0 , � > 0

u̇1 = 0 ! u21 =
u1

↵+ u2
1

nullclines:

u̇2 = 0 ! u22 =
�

↵+ u2
1

(u01 , u02) =
�
�,

�

↵+ �2

⌘
fixpoint:
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Figure 3.3. Flow and trajectories in the state space (u1, u2) of the glycolysis
model (3.15) with parameters – = 0.2 and — = 0.5. The flow u̇ is illustrated by
arrows that start at the nodes of a regular grid (left). The trajectories start from
equidistant points on the boundary (right). The solid lines repesent the nullclines
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e�cient. It is only used for simple well-behaved systems. The workhorse
for more serious work is the Runge-Kutta scheme of order 4 or still better
the Runge-Kutta Cash-Karp scheme with integrated time step control (see
Section A.1.1 in the Appendix). The latter belongs to the rk45-family, which
is readily available.

3.2.2
Fixpoints and Nullclines
In one-dimensional systems, the states u0 with f(u0) = 0 have a special
significance as they correspond to fixpoints of the dynamics. Moving to
multidimensional systems, the situation becomes more diverse. Specifically,
for a two-dimensional system nullclines occur in addition to fixpoints. The
nullcline of component i is defined as

u : u̇i = fi(u) = 0 , (3.14)

hence as the set of states for which fi(u) = 0, for which the i-component of
the flow thus vanishes. Similar to fixpoints, nullclines are very useful for the
geometric analysis of ordinary di�erential equations. In the typical case, for
zeros of order 1, the i-components of the flow vectors on di�erent sides of
the i-nullcline point in opposite directions. Nullclines thus separate the state
space into regions that often exhibit distinctly di�erent phenomenologies.
Finally, intersections of nullclines in two-dimensional systems are fixpoints

with u̇ = f(u) = 0.

[Strogatz, 1994]
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e�cient. It is only used for simple well-behaved systems. The workhorse
for more serious work is the Runge-Kutta scheme of order 4 or still better
the Runge-Kutta Cash-Karp scheme with integrated time step control (see
Section A.1.1 in the Appendix). The latter belongs to the rk45-family, which
is readily available.

3.2.2
Fixpoints and Nullclines
In one-dimensional systems, the states u0 with f(u0) = 0 have a special
significance as they correspond to fixpoints of the dynamics. Moving to
multidimensional systems, the situation becomes more diverse. Specifically,
for a two-dimensional system nullclines occur in addition to fixpoints. The
nullcline of component i is defined as

u : u̇i = fi(u) = 0 , (3.14)

hence as the set of states for which fi(u) = 0, for which the i-component of
the flow thus vanishes. Similar to fixpoints, nullclines are very useful for the
geometric analysis of ordinary di�erential equations. In the typical case, for
zeros of order 1, the i-components of the flow vectors on di�erent sides of
the i-nullcline point in opposite directions. Nullclines thus separate the state
space into regions that often exhibit distinctly di�erent phenomenologies.
Finally, intersections of nullclines in two-dimensional systems are fixpoints

with u̇ = f(u) = 0.

example – glycolysis model

5

trajectory 
horizontal

trajectory 
vertical

–> graphical solution (in analogy to 1d)

[Strogatz, 1994]



linear stability analysis…
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in analogy to 1d case

• development of u = u0 + " with f continuously di↵erentiable at u0

(": perturbation, u0: fixpoint)

) u̇ = u̇0 + "̇ = f(u0 + ") = f(u0) + a"+O(k"k2), a: Jacobian matrix
<latexit sha1_base64="RwSWcCcjlRuqjGUc8tYsOcBwidI=">AAAGRnichZTNb9MwFMBTRscoXxscuVisSKs2TWknBJqYtIkdEDtQpn2JelRO4jRenTizna6rlz+OG3dO/AXcEBwQV5w0cdsNCUtun3/v+fl92HFiSoS07W+VW3O3q/N3Fu7W7t1/8PDR4tLjI8ES7uJDl1HGTxwkMCURPpREUnwSc4xCh+Jjp/8m0x8PMBeERQfyMsanIepFxCcukhp1lyofoYN7JFJE4pCMcFqDmQQ8PMCUxS </latexit>

"̇ = a" , a =

0

B@
a11 · · · a1n
...

. . .
...

an1 · · · ann

1

CA , aij =
@fi
@uj

���
u=u0

<latexit sha1_base64="rKs1qqmiUBjEa9dqabqLIs8msKY="></latexit>

• linear approximation and u0 fixpoint (u̇0 = 0 = f(u0))
<latexit sha1_base64="8u6+I0unRn93p+/ZDpkwyf7UKrU=">AAAFWnichdRNa9swGABgpW22Nt1Hu+22i1kzaGEUJ2NshxVa1sOgl6z0C+oQZFtO1FiyK8mZG+FfOXYY7J/sMtmx3iTtYAKD/OjV1yvLfhpTqVz3V2Nlda356PH6RmvzydNnz7e2X1zIJBMBOQ+SOBFXPpYkppycK6picpUKgpkfk0t//KVsv5wQIWnCz9RdSvoMDzmNaICVocFW4vlkSLmmijA6JUXLK2tOORwWDk5TkeSUVc </latexit>

a: square matrix, if diagonalizable a = PDP�1

• P: matrix with eigenvectors of a as columns

• D: diagonal matrix with corresponding eigenvalues (possibly complex)

• not diagonalizable: defective with incomplete basis
(sum of diagonalizable and nilpotent matrix: Jordan normal form)

<latexit sha1_base64="AwW3NFPKvKaWmzbdyU7fCAXQoww="></latexit>



in linear approximation

…linear stability analysis
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• eigen decomposition: av = �v, v: eigenvector with eigenvalue �
<latexit sha1_base64="SxiV8PscM1r1ZHE8ugMc+pugH0A=">AAAFaXichdRLb9NAEABgp22ghEdbygHBxSJF4lBVThECVSC1ogekXkLVl9SNovV67Gzjtd3ddZrGCn+SE3du/Al2E3uStEhYijT+ZmbXHsf2s5gr7Xm/akvLK/UHD1cfNR4/efpsbX3j+ZlKc8nglKVxKi98qiDmCZxqrmO4yCRQ4cdw7ve/2vz5AKTiaXKibzPoCBolPOSMakPd9R/Eh4gnBdcg+AjGDWIjF3gEiRsAS0WWKm </latexit>

,! det [a� �I] = 0 !
<latexit sha1_base64="LWR7DThnNJa3wZmtCTraOe19dfI="></latexit>

characteristic polynomial with roots {�1, . . . ,�n},
some of which conjugate complex

<latexit sha1_base64="quEVxK+QaWob4Mv7T4F+RJCiy+E="></latexit>

"̇i = �i"i ! "i(t) = "i0 exp(�it)
<latexit sha1_base64="XdAo6yCrFVHOGDObOnEibhCPw+k="></latexit>

development of deviation "i
in direction of eigenvector vi

with associated eigenvalue �i

(conj. complex: go to polar coordinates)
<latexit sha1_base64="ZDgIsHM/NgW466Ob2nUU+9PnlOs="></latexit>

• express "̇ = a" in eigenbasis {v1, . . . ,vn} of a to obtain

n decoupled linear ODEs (retain symbol " for notational simplicity)
<latexit sha1_base64="1tQc3d1gCKc90/zv0C+AulxI1xs=">AAAF63ichZRbaxNBFMc32miNt1YffRlshAqlJBVRQaHFCJY+GEtv0C1hdvdsMs1ctjOzMcmyn8I38dVP5JPfxpnN7iRpBQdCzv7O/5w5c+YSJJQo3Wr9qd26vVK/c3f1XuP+g4ePHq+tPzlRIpUhHIeCCnkWYAWUcDjWRFM4SyRgFlA4DYYfrf90BFIRwY/0JIELhvucxCTE2qDe2m8/gD7hGdHAyBTyhm8tBGOTRSnU9COh/S </latexit>

• linear stability:

– u0 stable if Re(�i) < 0, 8i
– u0 unstable if Re(�i) > 0 for any i

<latexit sha1_base64="aubI8L8tAGL9qek1+zcNW8+3Ko8=">AAAF+HicjdTdbtMwFADgFFYY5W+DS24sVqQhTVM6hEBoQpuYENNuyrQ/aakiJzlpvdpOZjulbZR34Q5xy9twx6PgpLHXbpPAUiTnO8fHji0nSCmRynV/N+7cXWreu7/8oPXw0eMnT1dWn53IJBMhHIcJTcRZgCVQwuFYEUXhLBWAWUDhNBh+KuOnIxCSJPxITVLoMdznJCYhVpr8lT9eAH3Cc6KAkSkULa/sobIcFkgqHBBK1O </latexit>

names hyperbolic point: Re(�i) 6= 0, 8i
hyperbolic saddle point: hyperbolic & di↵erent signs

critical (or central) point: Re(�i) = 0
(fixpoint in direction vi; a non-diagonalizable)

<latexit sha1_base64="dIL6JQj37tztREG5K1vRA4EryRQ="></latexit>
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invariant sets and manifolds
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every trajectory is an invariant manifold 
consider trajectories associated with fixpoints

stable vs unstable manifold – example
u̇1 = u1 � ↵u2

u̇2 = ↵u1 � u2

eigensystem

v± =

✓
1
↵ [1± �]

1

◆
, �± = ±� , � =

p
1� ↵2

3.2 Multi-Dimensional Continuous System 21:08, May 10, 2015 43

≠1 0 1
≠1

0

1

u1

u2

Figure 3.7.
Trajectories for the linear system (3.33)
with – = 1

2 . The fixpoint at (0, 0) is a
saddle point with a stable (blue) and an
unstable (red) manifold. ref saddle-point; file fig/3-chf/saddle-point

which has a single fixpoint at (0, 0) with eigenvectors v =
! 1

– [1 ± “], 1
"|,

where “ =
Ô

1 ≠ –2, and corresponding eigenvalues ±“ (Figure 3.7). — fig saddle-point

Center Manifold Above we assumed that the real parts of the eigenvalues
are either positive or negative. We recall that the linear stability analysis
cannot help in determining the stability of a manifold that corresponds
to a purely imaginary or even completely vanishing eigenvalue. As an ex-
ample consider the nonlinear system [Coullet and Spiegel 1983; Roberts
1985]

chf.59 u̇1 = ≠u1u2

u̇2 = ≠u2 + u
2
1 ≠ 2u

2
2 , (3.34)

which has a fixpoint at (0, 0) with eigenvectors vs = (0, 1)| and vc = (1, 0)|.
The corresponding eigenvalues are ≠1 and 0, respectively. Hence, vs is
tangent to the stable manifold. In the linear approximation at (0, 0),

chf.60 u̇
lin
1 = 0

u̇
lin
2 = ≠u2 , (3.35)

the nature of the manifold associated with vc cannot be decided since indeed
all lines (–, u2), with fixed but arbitrary –, are u1-nullclines and trajectories.
This can be gathered from the left frame of Figure 3.8, which shows a small
neighborhood of (0, 0). The numerical simulation of the nonlinear system — fig center-manifold

reveals that this is an attractor.
Slow Manifold A center manifold is associated with a vanishing real part of
an eigenvalue. As long as the imaginary part is non-zero, the system’s state
still undergoes a first-order development, then just orbiting the fixpoint. If
the magnitude of the eigenvalue vanishes, as is the case for (3.34) in an
environment of the origin, then the system’s development slows down very
strongly as it approaches the fixpoint, or it accelerates very slowly if it is
repelled. This is then called a slow manifold.

somewhat related comment (http://www.math.vt.edu/people/renardym/
class_home/nova/bifs/node18.html): When a system loses stability, the number

of eigenvalues and eigenvectors which are associated with this change is typically

small. Hence bifurcation problems usually involve systems where the linearization

has a very large, and possibly infinite dimensional, stable part and a small

number of “critical” modes which change from stable to unstable as the bifurcation

parameter exceeds a threshold. The central idea of bifurcation theory is that the

dynamics of the system near the onset of instability is governed by the evolution

of these critical modes, while the stable modes follow in a passive fashion, they are

“enslaved”. The center manifold theorem is the rigorous formulation of this idea;

it allows us to reduce a large problem to a small and manageable one.

↵ = 1
2

propagator Dt u(0) := u(0) +

Z t

0
f(u(⌧)) d⌧ = u(t)

<latexit sha1_base64="L28m+98rom9ScDEDVyJewXwvgZ4="></latexit>

extend the notion of invariant point (fixpoints)

invariant set set S invariant , Dt u 2 S, 8u 2 S and 8t
<latexit sha1_base64="vEH1nK845SEohFuDEYZMcKQ0x7g="></latexit>

stable

unstable

how to draw those manifolds?

•unstable: start near to fixpoint 

• stable: invert time (sign of f(u)) 
do as with unstable 
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≠0.1
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0.1

≠1 0 1
≠1

0

1

ref center-manifold; file fig/3-chf/center-manifold

Figure 3.8. Trajectories for the nonlinear system (3.34), which possess two
fixpoints, a repelling one at 0, ≠ 1

2 and a mixed attracting-slow attracting one at
(0, 0). The latter gives rise to a stable manifold (blue) and the slow center manifold
u2 = u2

1 (yellow). The two frames show di�erent zooms.

The existence of a slow manifold has crucial conceptual as well as opera-
tional consequences because it leads to aspects of the system’s phenomenology
that relate to vastly di�erent time scales. Separation of these so-called fast
and slow modes is a key goal since it allows to decompose such systems
into two parts, each with a lower-dimensional state space and a more simple
dynamics.

Consider (3.34) as an example, a system that can actually be solved
analytically. Roberts [1985] shows that its dynamics decays into a fast and a
slow mode, and that the slow (center) manifold is given by u2 = u

2
1. In the

fast mode, when the system’s state is away from the slow manifold but still
in the neighborhood of the fixpoint, (3.35) is a reasonable approximation.
It leads to the development u2(t) = u0 exp(≠t), where |u0| > 0 is the
initial state. In this approximation u1 remains constant. Hence, the state
approaches the slow manifold on a time-scale of 1. On the slow manifold,
Roberts [1985] shows that the development follows u̇1 = ≠u

3
1. In this slow

mode, u2 is said to be enslaved by u1 since the fast mode forces it to the
manifold, where it just has to follow the development of u1 in the slow mode.
Integrating u̇1 with an initial state u0 > 0 leads to u1(t) = ≠

#
2t + u

≠2
0

$≠ 1
2 ,

for which indeed no time-scale can be defined.
Splitting o� the fast modes often leads to a massive reduction of the

remaining slow system’s dimension. Typically it is these slow modes, we
are interested in when studying environmental systems. An example is large-
scale fluid motion in the atmosphere or the ocean, where the slow, often
geostrophic and low-dimensional modes represent the overall phenomenology,
while the fast modes of the turbulent cascade or not of immediate interest.
Another example is the approach of a thermodynamic system to its critical
point, which again is determined by a very few slow and large-scale modes.

center manifold – example
u̇1 = �u1u2

u̇2 = �u2 + u2
1 � 2u2

2 ,

u̇lin
1 = 0

u̇lin
2 = �u2 ,

vs =

✓
0
1

◆
, vc =

✓
1
0

◆
, �s,c = {�1, 0}

at fixpoint (0,0):

u2(t) = u0 exp(�t)
fast dynamics
60 10:31, May 3, 2016 2 Nonlinear Dynamical Systems

Figure 2.9.
Red: Trajectory (2.48) on the center
manifold of the nonlinear system (2.45)
near the origin with initial state u1(0) =
u0 = 2. Blue: Trajectory of (2.46)2
(thin) and of a hypothetical linear
system that has the same state and
slope at t = 0 as u1, i.e., u0 exp(≠u2

0t). 0 10 20
t0

1

2
u1(t)

ref cm-traj; file fig/2-nds/cm-traj

which demonstrates the very slow dynamics, compared to the linear part of the
system (Figure 2.9). The center manifold is thus also referred to as the slow — fig cm-traj

manifold. We notice that indeed (2.48) has no time-scale as it follows a power idx: manifold!slow

law.
The behavior exhibited by the example is observed in all systems with a center
manifold. Indeed, the center manifold theorem states that for such systems, idx: theorems!center manifold

a neighborhood of the fixpoint can be chosen such that all trajectories that
remain within the neighborhood approach the center manifold exponentially
fast and then follow the slow dynamics on that subspace. The fast variables
the just follow the slow ones, they are said to be enslaved. In the above
example, u2 is the fast variable that is enslaved by u1.

The slaving principle makes for the fundamental significance of the cen-
ter manifold as it reduces the dynamics of the system to a typically low-
dimensional subspace. This becomes for instance important when a high-
dimensional system undergoes a transition during which it looses stability,
hence negative eigenvalues become positive. The number of “critical” eigen-
vectors involved in such a transition is typically small, while the vast majority
remains stable. The central manifold theorem then allows to dramatically
reduce the complexity of the problem and to study the associated bifurcations
in a low-dimensional space. http://www.math.vt.edu/people/renardym/class_home/nova/bifs/node18.html

On the operational side, for the numerical simulation of such systems, it is
mandatory to employ methods that at the very least use an e�cient time-step
control because simulating the system with the time step dictated by the fast
modes is not feasible in the slow phase and solving it with the time step
appropriate for the slow modes is not accurate in the fast phase.

Manifolds between Fixpoints We always refer to the stable, unstable, or
central manifold of one particular fixpoint. Trajectories that emerge from
one fixpoint are very often absorbed by another one, and vice versa. Hence,
the unstable manifold of one fixpoint can be the stable manifold of another.
An instance is illustrated in the right frame of Figure 2.8.

There indeed are even situations where an unstable manifold of a fixpoint
is identical to the stable manifold of that same fixpoint. This is the case

fast & slow dynamics

insert into first – u̇1 = �u3
1 – and integrate

u1(t) =
h
2t+

1

u2
0

i� 1
2

better approximation of center manifold 

u̇2 = 0 �! u2(u1) =
1

4

h
�1 +

q
1 + 8u2

1

i

u2(u1) ⇡ u2
1 (Taylor)

u̇lin
2 = �u2

same state & slope
as u1 at t = 0
but linear system

on center manifold
with u1(0) = 2

<latexit sha1_base64="oXCmW6doima1C65LZVp+4j0wofk="></latexit><latexit sha1_base64="oXCmW6doima1C65LZVp+4j0wofk="></latexit><latexit sha1_base64="oXCmW6doima1C65LZVp+4j0wofk="></latexit><latexit sha1_base64="oXCmW6doima1C65LZVp+4j0wofk="></latexit>
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ref center-manifold; file fig/3-chf/center-manifold

Figure 3.8. Trajectories for the nonlinear system (3.34), which possess two
fixpoints, a repelling one at 0, ≠ 1

2 and a mixed attracting-slow attracting one at
(0, 0). The latter gives rise to a stable manifold (blue) and the slow center manifold
u2 = u2

1 (yellow). The two frames show di�erent zooms.

The existence of a slow manifold has crucial conceptual as well as opera-
tional consequences because it leads to aspects of the system’s phenomenology
that relate to vastly di�erent time scales. Separation of these so-called fast
and slow modes is a key goal since it allows to decompose such systems
into two parts, each with a lower-dimensional state space and a more simple
dynamics.

Consider (3.34) as an example, a system that can actually be solved
analytically. Roberts [1985] shows that its dynamics decays into a fast and a
slow mode, and that the slow (center) manifold is given by u2 = u

2
1. In the

fast mode, when the system’s state is away from the slow manifold but still
in the neighborhood of the fixpoint, (3.35) is a reasonable approximation.
It leads to the development u2(t) = u0 exp(≠t), where |u0| > 0 is the
initial state. In this approximation u1 remains constant. Hence, the state
approaches the slow manifold on a time-scale of 1. On the slow manifold,
Roberts [1985] shows that the development follows u̇1 = ≠u

3
1. In this slow

mode, u2 is said to be enslaved by u1 since the fast mode forces it to the
manifold, where it just has to follow the development of u1 in the slow mode.
Integrating u̇1 with an initial state u0 > 0 leads to u1(t) = ≠

#
2t + u

≠2
0

$≠ 1
2 ,

for which indeed no time-scale can be defined.
Splitting o� the fast modes often leads to a massive reduction of the

remaining slow system’s dimension. Typically it is these slow modes, we
are interested in when studying environmental systems. An example is large-
scale fluid motion in the atmosphere or the ocean, where the slow, often
geostrophic and low-dimensional modes represent the overall phenomenology,
while the fast modes of the turbulent cascade or not of immediate interest.
Another example is the approach of a thermodynamic system to its critical
point, which again is determined by a very few slow and large-scale modes.

center manifold – example
u̇1 = �u1u2

u̇2 = �u2 + u2
1 � 2u2

2 ,

better approximation of center manifold 

u̇2 = 0 �! u2(u1) =
1

4

h
�1 +

q
1 + 8u2

1

i

u2(u1) ⇡ u2
1 (Taylor)

insert into first – u̇1 = �u3
1 – and integrate

u1(t) =
h
2t+

1

u2
0

i� 1
2

separation of time scales: • fast dynamics forces system to low-dimensional center manifold • slow dynamics determines long-time phenomenology 
(enslaves fast variables)
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Figure 2.9.
Red: Trajectory (2.48) on the center
manifold of the nonlinear system (2.45)
near the origin with initial state u1(0) =
u0 = 2. Blue: Trajectory of (2.46)2
(thin) and of a hypothetical linear
system that has the same state and
slope at t = 0 as u1, i.e., u0 exp(≠u2

0t). 0 10 20
t0

1

2
u1(t)

ref cm-traj; file fig/2-nds/cm-traj

which demonstrates the very slow dynamics, compared to the linear part of the
system (Figure 2.9). The center manifold is thus also referred to as the slow — fig cm-traj

manifold. We notice that indeed (2.48) has no time-scale as it follows a power idx: manifold!slow

law.
The behavior exhibited by the example is observed in all systems with a center
manifold. Indeed, the center manifold theorem states that for such systems, idx: theorems!center manifold

a neighborhood of the fixpoint can be chosen such that all trajectories that
remain within the neighborhood approach the center manifold exponentially
fast and then follow the slow dynamics on that subspace. The fast variables
the just follow the slow ones, they are said to be enslaved. In the above
example, u2 is the fast variable that is enslaved by u1.

The slaving principle makes for the fundamental significance of the cen-
ter manifold as it reduces the dynamics of the system to a typically low-
dimensional subspace. This becomes for instance important when a high-
dimensional system undergoes a transition during which it looses stability,
hence negative eigenvalues become positive. The number of “critical” eigen-
vectors involved in such a transition is typically small, while the vast majority
remains stable. The central manifold theorem then allows to dramatically
reduce the complexity of the problem and to study the associated bifurcations
in a low-dimensional space. http://www.math.vt.edu/people/renardym/class_home/nova/bifs/node18.html

On the operational side, for the numerical simulation of such systems, it is
mandatory to employ methods that at the very least use an e�cient time-step
control because simulating the system with the time step dictated by the fast
modes is not feasible in the slow phase and solving it with the time step
appropriate for the slow modes is not accurate in the fast phase.

Manifolds between Fixpoints We always refer to the stable, unstable, or
central manifold of one particular fixpoint. Trajectories that emerge from
one fixpoint are very often absorbed by another one, and vice versa. Hence,
the unstable manifold of one fixpoint can be the stable manifold of another.
An instance is illustrated in the right frame of Figure 2.8.

There indeed are even situations where an unstable manifold of a fixpoint
is identical to the stable manifold of that same fixpoint. This is the case

fast & slow dynamics
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Figure 3.8. Trajectories for the nonlinear system (3.34), which possess two
fixpoints, a repelling one at 0, ≠ 1

2 and a mixed attracting-slow attracting one at
(0, 0). The latter gives rise to a stable manifold (blue) and the slow center manifold
u2 = u2

1 (yellow). The two frames show di�erent zooms.

The existence of a slow manifold has crucial conceptual as well as opera-
tional consequences because it leads to aspects of the system’s phenomenology
that relate to vastly di�erent time scales. Separation of these so-called fast
and slow modes is a key goal since it allows to decompose such systems
into two parts, each with a lower-dimensional state space and a more simple
dynamics.

Consider (3.34) as an example, a system that can actually be solved
analytically. Roberts [1985] shows that its dynamics decays into a fast and a
slow mode, and that the slow (center) manifold is given by u2 = u

2
1. In the

fast mode, when the system’s state is away from the slow manifold but still
in the neighborhood of the fixpoint, (3.35) is a reasonable approximation.
It leads to the development u2(t) = u0 exp(≠t), where |u0| > 0 is the
initial state. In this approximation u1 remains constant. Hence, the state
approaches the slow manifold on a time-scale of 1. On the slow manifold,
Roberts [1985] shows that the development follows u̇1 = ≠u

3
1. In this slow

mode, u2 is said to be enslaved by u1 since the fast mode forces it to the
manifold, where it just has to follow the development of u1 in the slow mode.
Integrating u̇1 with an initial state u0 > 0 leads to u1(t) = ≠

#
2t + u

≠2
0

$≠ 1
2 ,

for which indeed no time-scale can be defined.
Splitting o� the fast modes often leads to a massive reduction of the

remaining slow system’s dimension. Typically it is these slow modes, we
are interested in when studying environmental systems. An example is large-
scale fluid motion in the atmosphere or the ocean, where the slow, often
geostrophic and low-dimensional modes represent the overall phenomenology,
while the fast modes of the turbulent cascade or not of immediate interest.
Another example is the approach of a thermodynamic system to its critical
point, which again is determined by a very few slow and large-scale modes.

center manifold – example
u̇1 = �u1u2

u̇2 = �u2 + u2
1 � 2u2

2 ,

better approximation of center manifold 

u̇2 = 0 �! u2(u1) =
1

4

h
�1 +

q
1 + 8u2

1

i

u2(u1) ⇡ u2
1 (Taylor)

insert into first – u̇1 = �u3
1 – and integrate

u1(t) =
h
2t+

1

u2
0

i� 1
2

separation of time scales: • fast dynamics forces system to low-dimensional center manifold • slow dynamics determines long-time phenomenology 
(enslaves fast variables)
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ref center-manifold; file fig/2-nds/center-manifold

Figure 2.8. Trajectories for the nonlinear system (2.45), which possesses two
fixpoints, a repellor at (0, ≠ 1

2 ) and a mixed attractor-slow attractor at (0, 0). The
latter gives rise to a stable manifold (blue) and the slow center manifold u2 = u2

1
(yellow). The two frames show di�erent zooms.

repelling, mixed – cannot be determined from the linear analysis and whose
dynamics is much slower than exponential.

Example: Slow Dynamics Following Coullet and Spiegel [1983] and Roberts
[1985], we consider the nonlinear system (Figure 2.8) — fig center-manifold

nds.40 u̇1 = ≠u1u2

u̇2 = ≠u2 + u2
1 ≠ 2u2

2 . (2.45)

It has a fixpoint at (0, 0) with eigenvectors vs = (0, 1)T and vc = (1, 0)T. The
corresponding eigenvalues are ‡s = ≠1 and ‡c = 0. Hence, vs is tangent to the
stable manifold. The linear approximation at (0, 0),

nds.41 u̇lin
1 = 0

u̇lin
2 = ≠u2 , (2.46)

illustrates how u1 remains approximately constant while u2 exponentially ap-
proaches a quasi-attractor, which in the linear approximation is the line u2 = 0.
A better approximation for the quasi-attractor is obtained by solving u̇2 = 0 in
(2.45)2, for u1 = const, which yields u2(u1) = 1

4
#
≠1 +


1 + 8u2

1
$
. (There is a

second solution that pertains to the system’s second fixpoint at (0, ≠ 1
2 ), which is

completely repelling and thus not of interest, here.) Taylor expansion for small
values of u1 leads to the approximation u2(u1) = u2

1, which describes the center
manifold near the origin. Inserting this into (2.45)1 yields the development
equation on the center manifold near the origin as

nds.41a u̇1 = ≠u3
1 . (2.47)

Integrating with u1(0) = u0 then produces

nds.41b u1(t) =
Ë
2t + 1

u2
0

È≠ 1
2

, (2.48)
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Lyapunov exponents

"(t) =
X

i

"i0 exp(�it)vi

<latexit sha1_base64="eYChfpVWYUxLc2tj6H9a8hiS4Mk="></latexit>

• recall development of small perturbation "0 of fixpoint u0 in eigenspace of a
<latexit sha1_base64="EWpDbE3qXvjBKN0tc+ExMUMmpEA=">AAAFbHichdRPb9MwFADwlK0wCoMNEBwmJIsVxAFN6RCCA4dN7IC0S5n2T1qqykleWq92ktlO6RrlwGfkxCfgxmfATpPXdkMiUiTn957/vcTxU86Udt1fjTsrq82799butx48XH/0eGPzyalKMhnASZDwRJ77VAFnMZxopjmcpxKo8Dmc+aMvNn42BqlYEh/r6xR6gg5iFrGAakP9jR+eDwMW50yDYFMoWp5tESIhoJyTEMbAk1 </latexit>

�"(t) =
X

i

�"i0 exp(�it)vi

<latexit sha1_base64="xVoLHjodcksXBPS4toUpemW6dt4="></latexit>

• can use eigen decomposition at any state u, need not be a fixpoint
,! development of small separation �" between two states uA and uB

<latexit sha1_base64="S4vRaSbt7/xQ1L8cZuSpTKkJ0M4="></latexit>

�i are often called Lyapunov exponents
<latexit sha1_base64="DZDQgWw0LbwXkd/pIZaTWQytogw="></latexit>

• use �i to define deterministic time horizon
<latexit sha1_base64="Llx5OqIzDwPTfXLMnA7xbWRATX8=">AAAFSHichdTNb9MwFABwb+tglK8NjlwiNiQOaEo3IThw2MQOSLuUaV/SUkVO8pJ6jZ3MdkrXKH8dN66c+BO4ITggbtht8tpuSESK9PLz89dLnCBPmdKu+21peaW1eufu2r32/QcPHz1e33hyqrJChnASZmkmzwOqIGUCTjTTKZznEigPUjgLBu9t+9kQpGKZONbXOfQ4TQSLWUi1IX+95wWQMFEyDZyNoWp7NnIKBc6Wp1jCqc </latexit>

⌧di =
1

�i
, for �i > 0

<latexit sha1_base64="wnOTDNNl+FyCsO3pm7t3Oh2+NTE="></latexit>

Linearization Theorem (Hartman-Grobman)
In a neighborhood of the hyperbolic saddle point u0, 
the nonlinear system and its linearization are topologically equivalent.

is linearization “safe”?
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�± =
1

2
tr a± 1

2

p
[tr a]2 � 4 det a

det[a� �I] = �2 � [tr a]� + det a = 0

tr a = a11 + a22

det a = a11a22 � a12a21

2d: characteristic polynomial

express stability in terms of
matrix invariants

aim: 

n-dimensions: 
coefficients of characteristic polynomial 
may be expressed in terms of determinants 
of matrices with entries tr[ak] 
(trace of powers of a)

• Re(�) < 0: stable

• Re(�) > 0: unstable

• Im(�) = 0: monotonic

• Im(�) 6= 0: spiraling

40 22:19, September 16, 2015 3 Nonlinear Dynamical Systems

Figure 3.4.
Stability classification of the linearized
development equation (3.11). As given by
(3.29), the state u0 is stable, i.e., Re(‡) <
0, if tr a < 0 and det a > 0 (blue) and it is
unstable if det a > 0 (red). The solid curve,
det a = 1

4 [tr a]2, separates states with a
monotonic development, Im(‡) = 0, from
those that oscillate, Im(‡) ”= 0, i.e., spiral
in or out. For systems in the dark red
region, the fix point is a saddle point.

det a

tr astable unstable

saddle point

spiral in spiral out

ref lin-stab-2d; file fig/3-chf/lin-stab-2d

are trace and determinant of the square matric a. The eigenvalues thus
become

chf.24 ‡± = 1
2tr a ±

1
2


[tr a]2 ≠ 4 det a (3.29)

With this, we classify the solutions of (3.20) and thus the stability of the
fixpoint (Figure 3.4): — fig lin-stab-2d

1. tr a < 0 and det a > 0: Re(‡) < 0 hence the fixpoint is stable. For
4 det a < [tr a]2, there are two real solutions, hence any perturbation
decays monotonically. For 4 det a > [tr a]2, Im(‡) ”= 0 and (3.23)
shows that the development has an oscillating part. Since Re(‡) is
still negative, the perturbed state will spiral into the fix point.

2. tr a > 0 and det a > 0: Re(‡) > 0 hence the fixpoint is unstable.
Any finite perturbation will thus grow exponentially, depending on
the relative size of 4 det a and [tr a]2 either in a monotonic manner
or spiraling out.

3. det a < 0: ‡+ > 0 and ‡≠ < 0, hence the fixpoint is a saddle point,
monotonically growing along Á+, the eigenvector with ‡+, and mono-
tonically decaying along Á≠.

For any given system, this classification must be translated into its parame-
ter space to be operationally useful. This is a three-step process: (i) calculate
the fixpoint u0 from the development equation, e.g., (3.10), by setting u̇ = 0,
(ii) calculate the Jacobian matrix ˆfi/ˆuj and evaluate it at u0 to obtain a,
(iii) calculate det a and tr a, which are now expressed in terms of the system
parameters, and identify in parameter space the regions where det a ? 0 and
tr a ? 0. This is illustrated in the following, building on the glycolysis model
introduced on page 36.

label: glycoexII

Example: The Glycolysis Model (II) We study the linear stability of the idx: glycolysis model

fixpoint (3.19) as a function of its parameters – and —, both of which are positive.
First, calculate the Jacobian matrix

chf.25 a =
3

≠1 + 2u1u2 – + u2
1

≠2u1u2 ≠– ≠ u2
1

4
(3.30)
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express stability in terms of
matrix invariants

aim: 

to become operationally useful, 
translate into parameter space of specific system

�± =
1

2
tr a± 1

2

p
[tr a]2 � 4 det a

overall three-step procedure:

1. calculate fixpoint u0 by setting u̇ = 0

2. calculate Jacobian matrix @fi/@uj and evaluate it at u0: ! a

3. calculate det a and tr a, now expressed in terms of the system parameters,
and identify in parameter space the regions where det a ? 0 and tr a ? 0

40 22:19, September 16, 2015 3 Nonlinear Dynamical Systems

Figure 3.4.
Stability classification of the linearized
development equation (3.11). As given by
(3.29), the state u0 is stable, i.e., Re(‡) <
0, if tr a < 0 and det a > 0 (blue) and it is
unstable if det a > 0 (red). The solid curve,
det a = 1

4 [tr a]2, separates states with a
monotonic development, Im(‡) = 0, from
those that oscillate, Im(‡) ”= 0, i.e., spiral
in or out. For systems in the dark red
region, the fix point is a saddle point.

det a

tr astable unstable

saddle point

spiral in spiral out

ref lin-stab-2d; file fig/3-chf/lin-stab-2d

are trace and determinant of the square matric a. The eigenvalues thus
become

chf.24 ‡± = 1
2tr a ±

1
2


[tr a]2 ≠ 4 det a (3.29)

With this, we classify the solutions of (3.20) and thus the stability of the
fixpoint (Figure 3.4): — fig lin-stab-2d

1. tr a < 0 and det a > 0: Re(‡) < 0 hence the fixpoint is stable. For
4 det a < [tr a]2, there are two real solutions, hence any perturbation
decays monotonically. For 4 det a > [tr a]2, Im(‡) ”= 0 and (3.23)
shows that the development has an oscillating part. Since Re(‡) is
still negative, the perturbed state will spiral into the fix point.

2. tr a > 0 and det a > 0: Re(‡) > 0 hence the fixpoint is unstable.
Any finite perturbation will thus grow exponentially, depending on
the relative size of 4 det a and [tr a]2 either in a monotonic manner
or spiraling out.

3. det a < 0: ‡+ > 0 and ‡≠ < 0, hence the fixpoint is a saddle point,
monotonically growing along Á+, the eigenvector with ‡+, and mono-
tonically decaying along Á≠.

For any given system, this classification must be translated into its parame-
ter space to be operationally useful. This is a three-step process: (i) calculate
the fixpoint u0 from the development equation, e.g., (3.10), by setting u̇ = 0,
(ii) calculate the Jacobian matrix ˆfi/ˆuj and evaluate it at u0 to obtain a,
(iii) calculate det a and tr a, which are now expressed in terms of the system
parameters, and identify in parameter space the regions where det a ? 0 and
tr a ? 0. This is illustrated in the following, building on the glycolysis model
introduced on page 36.

label: glycoexII

Example: The Glycolysis Model (II) We study the linear stability of the idx: glycolysis model

fixpoint (3.19) as a function of its parameters – and —, both of which are positive.
First, calculate the Jacobian matrix

chf.25 a =
3

≠1 + 2u1u2 – + u2
1

≠2u1u2 ≠– ≠ u2
1

4
(3.30)
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example – glycolysis model
u̇1 = f1(u1, u2) = �u1 + u2[↵+ u2

1]

u̇2 = f2(u1, u2) = � � u2[↵+ u2
1]

40 22:19, September 16, 2015 3 Nonlinear Dynamical Systems

Figure 3.4.
Stability classification of the linearized
development equation (3.11). As given by
(3.29), the state u0 is stable, i.e., Re(‡) <
0, if tr a < 0 and det a > 0 (blue) and it is
unstable if det a > 0 (red). The solid curve,
det a = 1

4 [tr a]2, separates states with a
monotonic development, Im(‡) = 0, from
those that oscillate, Im(‡) ”= 0, i.e., spiral
in or out. For systems in the dark red
region, the fix point is a saddle point.

det a

tr astable unstable

saddle point

spiral in spiral out

ref lin-stab-2d; file fig/3-chf/lin-stab-2d

are trace and determinant of the square matric a. The eigenvalues thus
become

chf.24 ‡± = 1
2tr a ±

1
2


[tr a]2 ≠ 4 det a (3.29)

With this, we classify the solutions of (3.20) and thus the stability of the
fixpoint (Figure 3.4): — fig lin-stab-2d

1. tr a < 0 and det a > 0: Re(‡) < 0 hence the fixpoint is stable. For
4 det a < [tr a]2, there are two real solutions, hence any perturbation
decays monotonically. For 4 det a > [tr a]2, Im(‡) ”= 0 and (3.23)
shows that the development has an oscillating part. Since Re(‡) is
still negative, the perturbed state will spiral into the fix point.

2. tr a > 0 and det a > 0: Re(‡) > 0 hence the fixpoint is unstable.
Any finite perturbation will thus grow exponentially, depending on
the relative size of 4 det a and [tr a]2 either in a monotonic manner
or spiraling out.

3. det a < 0: ‡+ > 0 and ‡≠ < 0, hence the fixpoint is a saddle point,
monotonically growing along Á+, the eigenvector with ‡+, and mono-
tonically decaying along Á≠.

For any given system, this classification must be translated into its parame-
ter space to be operationally useful. This is a three-step process: (i) calculate
the fixpoint u0 from the development equation, e.g., (3.10), by setting u̇ = 0,
(ii) calculate the Jacobian matrix ˆfi/ˆuj and evaluate it at u0 to obtain a,
(iii) calculate det a and tr a, which are now expressed in terms of the system
parameters, and identify in parameter space the regions where det a ? 0 and
tr a ? 0. This is illustrated in the following, building on the glycolysis model
introduced on page 36.

label: glycoexII

Example: The Glycolysis Model (II) We study the linear stability of the idx: glycolysis model

fixpoint (3.19) as a function of its parameters – and —, both of which are positive.
First, calculate the Jacobian matrix

chf.25 a =
3

≠1 + 2u1u2 – + u2
1

≠2u1u2 ≠– ≠ u2
1

4
(3.30)
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ref glyco-linstab; file fig/2-nds/glyco-linstab

Figure 2.5. Stability classification for the glycolysis model (2.25) with
separation curves given by (2.41)–(2.42). The fixpoint is stable in the regions
IIm and IIo (blue), where the subscripts indicate monotonic (m) and oscillating (o)
trajectories, the latter spiraling into the fixpoint. In regions Im and Io (red), the
fixpoint is unstable, in Io with trajectories that spiral out. The frame on the left
enlarges part of the frame on the right such that Im becomes better visible.
Notice that this graph represents a mapping of the graph from Figure 2.4 into the
parameter space of the glycolysis model.

and evaluate it at the fixpoint (2.27) to obtain

nds.35 a|u=u0 =

A
≠1 + 2 —2

–+—2 – + —2

≠2 —2

–+—2 ≠– ≠ —2

B
. (2.39)

From this calculate

nds.36 det a = – + —2 > 0 and tr a = 1 ≠ – ≠ —2 ≠ 2–
– + —2 (2.40)

to arrive with (2.37) at the somewhat unwieldy expressions for the eigenvalues
‡±, which are not explicitly spell out here.

Next, we explore the stability regions and first notice that there is no saddle
point because det a > 0. Hence, tr a = 0 separates stable and unstable regions,
with the dividing line given by (Figure 2.5) think: are these explicit eqs required, or does the graph su�ce?

— fig glyco-linstab

nds.37 – = ≠1
2 ≠ —2 ± 1

2


1 + 8—2 . (2.41)

The next separation concerns the general behavior of the trajectory near the
fixpoint, monotonic or spiraling. As shown by (2.37), the respective regions are
separated by the curve [tr a]2 = 4 det a, which translates into

nds.38 –±± = 1
2

Ë
1 ≠ 2—[

Ô
2 + —] ±

Ò
1 ± 4

Ô
2—

È
. (2.42)

Relevant solutions, with – > 0 and — > 0, are only –+≠, –≠≠, and –++, where
–±≠ in addition demands — Æ 1/[4

Ô
2].

a|u=u0 =

0

@
�1 + 2 �2

↵+�2 ↵+ �2

�2 �2

↵+�2 �↵� �2

1

A (u01 , u02) =
�
�,

�

↵+ �2

⌘
recall fixpoint:

evaluate at 
fixpoint

det a = ↵+ �2 > 0

tr a = 1� ↵� �2 � 2↵

↵+ �2

calculate det & tr

a =

 
�1 + 2u1u2 ↵+ u2

1

�2u1u2 �↵� u2
1

!
, aij =

@fi
@uj

Jacobian 
matrix
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Figure 3.3. Flow and trajectories in the state space (u1, u2) of the glycolysis
model (3.15) with parameters – = 0.2 and — = 0.5. The flow u̇ is illustrated by
arrows that start at the nodes of a regular grid (left). The trajectories start from
equidistant points on the boundary (right). The solid lines repesent the nullclines
u̇i = fi(u) = 0. The intersection of the two nullclines is a fixpoint, here an attractive
one, given by (3.17).

e�cient. It is only used for simple well-behaved systems. The workhorse
for more serious work is the Runge-Kutta scheme of order 4 or still better
the Runge-Kutta Cash-Karp scheme with integrated time step control (see
Section A.1.1 in the Appendix). The latter belongs to the rk45-family, which
is readily available.

3.2.2
Fixpoints and Nullclines
In one-dimensional systems, the states u0 with f(u0) = 0 have a special
significance as they correspond to fixpoints of the dynamics. Moving to
multidimensional systems, the situation becomes more diverse. Specifically,
for a two-dimensional system nullclines occur in addition to fixpoints. The
nullcline of component i is defined as

u : u̇i = fi(u) = 0 , (3.14)

hence as the set of states for which fi(u) = 0, for which the i-component of
the flow thus vanishes. Similar to fixpoints, nullclines are very useful for the
geometric analysis of ordinary di�erential equations. In the typical case, for
zeros of order 1, the i-components of the flow vectors on di�erent sides of
the i-nullcline point in opposite directions. Nullclines thus separate the state
space into regions that often exhibit distinctly di�erent phenomenologies.
Finally, intersections of nullclines in two-dimensional systems are fixpoints

with u̇ = f(u) = 0.

↵ = 0.2 , � = 0.5

stable oscillatory 
fixpoint

phenomenology
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ref glyco-linstab; file fig/2-nds/glyco-linstab

Figure 2.5. Stability classification for the glycolysis model (2.25) with
separation curves given by (2.41)–(2.42). The fixpoint is stable in the regions
IIm and IIo (blue), where the subscripts indicate monotonic (m) and oscillating (o)
trajectories, the latter spiraling into the fixpoint. In regions Im and Io (red), the
fixpoint is unstable, in Io with trajectories that spiral out. The frame on the left
enlarges part of the frame on the right such that Im becomes better visible.
Notice that this graph represents a mapping of the graph from Figure 2.4 into the
parameter space of the glycolysis model.

and evaluate it at the fixpoint (2.27) to obtain

nds.35 a|u=u0 =

A
≠1 + 2 —2

–+—2 – + —2

≠2 —2

–+—2 ≠– ≠ —2

B
. (2.39)

From this calculate

nds.36 det a = – + —2 > 0 and tr a = 1 ≠ – ≠ —2 ≠ 2–
– + —2 (2.40)

to arrive with (2.37) at the somewhat unwieldy expressions for the eigenvalues
‡±, which are not explicitly spell out here.

Next, we explore the stability regions and first notice that there is no saddle
point because det a > 0. Hence, tr a = 0 separates stable and unstable regions,
with the dividing line given by (Figure 2.5) think: are these explicit eqs required, or does the graph su�ce?

— fig glyco-linstab

nds.37 – = ≠1
2 ≠ —2 ± 1

2


1 + 8—2 . (2.41)

The next separation concerns the general behavior of the trajectory near the
fixpoint, monotonic or spiraling. As shown by (2.37), the respective regions are
separated by the curve [tr a]2 = 4 det a, which translates into

nds.38 –±± = 1
2

Ë
1 ≠ 2—[

Ô
2 + —] ±

Ò
1 ± 4

Ô
2—

È
. (2.42)

Relevant solutions, with – > 0 and — > 0, are only –+≠, –≠≠, and –++, where
–±≠ in addition demands — Æ 1/[4

Ô
2].
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Figure 3.6. Flow and trajectories of the glycolysis model (3.16) with – = 0.1
and — = 0.5, in the unstable region of the parameter space. The behavior at a
point in the stable region is shown in Figure 3.3. Trajectories again start at the
boundary of the imaged domain and spiral into the orbital attractor (red). One
trajectory starts near the fix point and spirals out, also into the attractor.

can be readily extended to n dimensions and is then based on the local
Lipschitz-continuity of f(u) or, in the weaker form, on the local boundedness
of the Jacobian ˆuf(u).

The theorem may also be formulated at the macroscopic scale: If f(u) is
Lipschitz-continuous in contiguous region �, then there exists a single and
unique trajectory for every point in �.
Topological Limitations The uniqueness of solutions has strong conse-
quences for a system’s phenomenology in that trajectories cannot intersect.
Obviously, if such an intersection existed, there would be multiple solutions
for trajectories starting from that point. To formulate this in a weaker form,
which is always true but not mandatory: Trajectories do not intersect in
regions where the Jacobian ˆuf(u) is bounded.

From the fact that trajectories cannot intersect, topological limitations
result for the possibilities of a given dynamic system. These are particularly
strong for low-dimensional systems.
One-Dimensional Systems For the solutions of a one-dimensional system to
be unique, its inherent evolution must be monotonic, where “inherent” means
without external forcing. Hence, a one-dimensional system cannot oscillate.
If it could, there would be at least one state that would be traversed from
two di�erent directions, in contradiction to the assumption that solutions are
unique.

With a physical background and recalling the potential (3.7), we of course
expect this monotonic evolution. Then, what about the pendulum studied in
Section 2.2 that clearly does oscillate in a one-dimensional motion? While this
may at first appear as a contradiction, we recognize that (2.8) is a second

↵ = 0.1 , � = 0.5

unstable oscillatory 
fixpoint

where does the limit cycle 

come into our analysis?

can we get something even more interesting by changing the parameters: chaotic motion? any guess?

stable 
limit cycle


