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Figure 4.6. Phase diagrams corresponding to Figure 4.5. The coordinate u1 corresponds to
the angle Ï, hence is cyclic, while u2 corresponds to Ï̇ and is unbounded. Notice that these are
projections of the three-dimensional trajectories, (u1, u2, u3) ‘æ (u1, u2), hence may intersect even
if the trajectories do not. The thick red lines represents periodic attractors, i.e., limit cycles. For
µ = 1.15, no such attractor exists. Time is color-coded into the trajectories, from blue through
the spectrum to red. This is only manifest in the chaotic motion as the other two approach their
attractor too rapidly.

Next, look at the perturbation µ sin(Êt), which acts in two ways: (i) it forces the
pendulum directly and (ii) it changes the coupling to gravity, the other external force.
Again, dissipation removes momentum proportional to the angular velocity Ï̇. The interplay
between perturbation and gravity gives rise to complicated motions because the time-scales
of the two are independent of each other. With this, the actual momentum input depends on
the system state relative to the phase of the perturbation. The two driving forces gravity and
perturbation may thus either compensate or amplify each other and this changes during the
course of the system’s development. The internal time-scale of the pendulum is �≠1

0 =

¸/g,

given by (4.2), while the external time-scale is that of the perturbation, �≠1. For the
simulations, we chose Ê := �/�0 = 0.8.

For the pendulum to settle in some periodic motion, which we might call a dynamic
equilibrium, the net force integrated over the motion’s period T must vanish. Hence,s T
0 Ï̈(t) dt != 0 or, expressed in terms of state variables,

cch.2

⁄ T

0
u̇2(t) dt = 0 . (4.17)

For the basic oscillation considered here, T = 2fi
Ê . It will be much longer for more complicated

periodic orbits but will remain a multiple of 2fi
Ê .

Higher Order Periodic Orbits A stronger forcing demands a higher momentum dissi-
pation rate, hence a higher mean velocity Ï̇ = 1

T

s T
0 Ï̇(t) dt. Beyond some threshold, this

cannot be accomplished by basic oscillations anymore and the system transits into full orbital
motions, possibly through rather violent phases. Such a transition is typically rather delicate
with a stable orbit taking a long time before it is established. We encountered this already
in Figure 4.3 and will find extended intervals with such chaotic transients in Figure 4.15
below. There appear to be exceptions to this, however, for instance, in an interval around
µ = 0.91 where the trajectory rapidly approaches a period-3 limit cycle (Figure 4.6, middle
frame). This cycle indeed is reached in a very short time, in about one orbit, which is much
faster than what is required to establish the periodic oscillation with µ = 0.84.
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Figure 2.3.
Complex amplitude –
as given by (2.18) for
pendulum forced with µ =
0.1, together with input
energy flux je. The factor
of viscose dissipation is
“ = 0.1. The system’s
natural frequency is Ê0 =
1. The phase is expressed
in radians.
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which is valid for “ > 0. This is the so-called resonance curve of the forced — fig resonance

idx: resonance curvependulum in the small-angle approximation.
Next, we go for a qualitative understanding of the resonance curve from the

perspective of energy fluxes. The external forcing inputs a certain energy per
unit mass and unit time. We denote it by je and notice that it is proportional
to µ|–|Ê. This energy flux is either stored as kinetic and potential energy
of the pendulum, or released from it, ≥ 1 + Ê2, or it is dissipated by the
viscous friction, ≥ “Ê. The amplitude |–| adjusts such that this balance
is satisfied. Away from the natural frequency, most of the work goes into
accelerating and decelerating the pendulum. In contrast, at the natural
frequency, the pendulum keeps accelerating since there is no frequency mis-
match that could lead to a deceleration. Hence the pendulum accelerates at
an initially constant rate until the velocity is so high that viscous friction
becomes dominant and eventually transfer all the incoming power into heat.
Concerning this apparent runaway from forcing at the natural frequency
warrants two comments: (i) The small-angle approximation soon looses its
validity. Indeed, beyond |◊| > fi the pendulum rotates in full circles. (ii) The
smaller “, the higher the maximum amplitude, but also the the longer the
time required to reach it, since the external energy flux is constant. (iii) With
decreasing “, also the time required for components of the natural frequency
to decay increases.

Large-Angle Dynamics Systems with weak external forcing that in addition
are either strongly damped or driven far away from their natural frequency
are well-represented by the small-angle approximation (2.16). With any of
these premisses failing, the full nonlinear equation (2.15) must be solved.
This in general calls for a numerical solution, which invariably means study
of single cases.

We choose to study an exemplary system with a rather small dissipation
coe�cient “ = 0.01 and a correspondingly sharp resonance curve. In contrast,
the external forcing is strong with angular frequency Ê = 0.8 and amplitude
µ = 0.5. In the small-angle approximation this would lead to the amplitude
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Figure 4.5.
Trajectories of damped state-forced pendu-
lum (4.14) projected into the u1-u3 plane that
represents angle and time. Parameters are
“ = 0.1 and Ê = 0.8. The pendulum’s natural
frequency is 1. At · = 0, it is at rest in the
unforced equilibrium state, i.e., at (u1, u2) =
(0, 0). Horizontal lines in the topmost frame
indicate the amplitude calculated from the
small-angle approximation (4.11). Notice
that u1 œ [≠fi,fi] is a cyclic variable. Lines
that reach the upper and lower boundary
thus represent full circles of the pendulum.
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Basic Oscillations For su�ciently weak sinusoidal perturbations, the pendulum performs
an equally sinusoidal motion. The phase diagram, appropriately scaled, is a circle. With the
ratio µ/“ between forcing and dissipation su�ciently small, this asymptotic state is reached
quickly, within the first period. Increasing the perturbation amplitude, e.g., to µ = 0.84,
the motion becomes nonlinear and the phase diagram deviates considerably from a circle
(Figure 4.6, left frame). Notice that the angle reaches up to about 2.3, much higher than
horizontal, which is fi

2 .
The pendulum apparently executes a complicated motion before it settles for the basic

oscillation. Closer scrutiny of the trajectory reveals how it picks up momentum during this
phase – the amplitude of u2 = Ï̇ increases – until it reaches a state where the momentum
gained from the external forcing during a period 2fi

Ê equals the momentum dissipated during
this same time. We look into the physics of this particular system in some more detail
because it is representative also for other, more complicated systems. To this end, we
express (4.14) in physical term as

Ï̈¸˚˙˝
momentum change

= ≠ sin(Ï)¸ ˚˙ ˝
gravity

+µ sin(Êt)¸ ˚˙ ˝
perturbation

≠2“Ï̇¸ ˚˙ ˝
dissipation

. (4.16)

Notice on the formal part, that the denotations of the individual terms are brief, since
we focus on the structural essentials. For instance, Ï̈ is the specific angular force, per unit
mass, which results from Newton’s second law that the temporal rate of change of momentum
equals the corresponding force. Similarly for the other terms, which all may be read either
as specific forces or as specific momentum fluxes.

In the absence of any perturbation, gravity leads to a force in z-direction, of which only the
angular component sin(Ï) contributes to the motion, however. This force, which typically
remains from the initial condition, is reduced exponentially by dissipation, such that the
system quickly settles in its static equilibrium state, which is Ï = 0 and Ï̇ = 0.

forced pendulum – numerical simulation
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Figure 4.5.
Trajectories of damped state-forced pendu-
lum (4.14) projected into the u1-u3 plane that
represents angle and time. Parameters are
“ = 0.1 and Ê = 0.8. The pendulum’s natural
frequency is 1. At · = 0, it is at rest in the
unforced equilibrium state, i.e., at (u1, u2) =
(0, 0). Horizontal lines in the topmost frame
indicate the amplitude calculated from the
small-angle approximation (4.11). Notice
that u1 œ [≠fi,fi] is a cyclic variable. Lines
that reach the upper and lower boundary
thus represent full circles of the pendulum.
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an equally sinusoidal motion. The phase diagram, appropriately scaled, is a circle. With the
ratio µ/“ between forcing and dissipation su�ciently small, this asymptotic state is reached
quickly, within the first period. Increasing the perturbation amplitude, e.g., to µ = 0.84,
the motion becomes nonlinear and the phase diagram deviates considerably from a circle
(Figure 4.6, left frame). Notice that the angle reaches up to about 2.3, much higher than
horizontal, which is fi
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The pendulum apparently executes a complicated motion before it settles for the basic

oscillation. Closer scrutiny of the trajectory reveals how it picks up momentum during this
phase – the amplitude of u2 = Ï̇ increases – until it reaches a state where the momentum
gained from the external forcing during a period 2fi

Ê equals the momentum dissipated during
this same time. We look into the physics of this particular system in some more detail
because it is representative also for other, more complicated systems. To this end, we
express (4.14) in physical term as

Ï̈¸˚˙˝
momentum change

= ≠ sin(Ï)¸ ˚˙ ˝
gravity

+µ sin(Êt)¸ ˚˙ ˝
perturbation

≠2“Ï̇¸ ˚˙ ˝
dissipation

. (4.16)

Notice on the formal part, that the denotations of the individual terms are brief, since
we focus on the structural essentials. For instance, Ï̈ is the specific angular force, per unit
mass, which results from Newton’s second law that the temporal rate of change of momentum
equals the corresponding force. Similarly for the other terms, which all may be read either
as specific forces or as specific momentum fluxes.

In the absence of any perturbation, gravity leads to a force in z-direction, of which only the
angular component sin(Ï) contributes to the motion, however. This force, which typically
remains from the initial condition, is reduced exponentially by dissipation, such that the
system quickly settles in its static equilibrium state, which is Ï = 0 and Ï̇ = 0.
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Figure 4.5.
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Basic Oscillations For su�ciently weak sinusoidal perturbations, the pendulum performs
an equally sinusoidal motion. The phase diagram, appropriately scaled, is a circle. With the
ratio µ/“ between forcing and dissipation su�ciently small, this asymptotic state is reached
quickly, within the first period. Increasing the perturbation amplitude, e.g., to µ = 0.84,
the motion becomes nonlinear and the phase diagram deviates considerably from a circle
(Figure 4.6, left frame). Notice that the angle reaches up to about 2.3, much higher than
horizontal, which is fi
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The pendulum apparently executes a complicated motion before it settles for the basic

oscillation. Closer scrutiny of the trajectory reveals how it picks up momentum during this
phase – the amplitude of u2 = Ï̇ increases – until it reaches a state where the momentum
gained from the external forcing during a period 2fi

Ê equals the momentum dissipated during
this same time. We look into the physics of this particular system in some more detail
because it is representative also for other, more complicated systems. To this end, we
express (4.14) in physical term as
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Notice on the formal part, that the denotations of the individual terms are brief, since
we focus on the structural essentials. For instance, Ï̈ is the specific angular force, per unit
mass, which results from Newton’s second law that the temporal rate of change of momentum
equals the corresponding force. Similarly for the other terms, which all may be read either
as specific forces or as specific momentum fluxes.

In the absence of any perturbation, gravity leads to a force in z-direction, of which only the
angular component sin(Ï) contributes to the motion, however. This force, which typically
remains from the initial condition, is reduced exponentially by dissipation, such that the
system quickly settles in its static equilibrium state, which is Ï = 0 and Ï̇ = 0.
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Figure 3.18. Trajectory as in Figure 3.17 but with µ = 1.2, beyond the first
chaotic interval. Two simulations are shown, both with exactly the same parameters
and starting from the same state (·, u1, u2) = (0, 0, 0). They are calculated with
di�erent local computational precisions, however, with Á = 1.5 · 10≠10 (black) and
Á = 10≠10 (red), the latter being the same as was used for Figure 3.17. The top-most
frame shows the initial phase with both trajectories superimposed.

system that has the same evolution as the one that is computed. This is of
course only the case if the computations are exact. Still, it is the basis for
numerically studying the properties of deterministic chaotic systems. A finite
computational precision apparently turns the situation more complicated as
the shadowing trajectories are constantly reshu�ed.

Consequences First reflect the precision used in the above numerical sim-
ulation on typical environmental systems, recalling that a precision of 10≠10

means that time steps during the integration are chosen such that 4th- and
5th-order Runge-Kutta steps agree to that precision (see Appendix A.1.1 for
more details). We realize that for environmental systems and at least for the
foreseeable future (i) system states are not known at this level of precision,
because our instruments cannot deliver it, and (ii) the process representations
are not at this level of accuracy either, because the e�ect of all the processes
that couple to the system of interest but are not represented, greatly exceeds
it.

parameters
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Figure 4.5.
Trajectories of damped state-forced pendu-
lum (4.14) projected into the u1-u3 plane that
represents angle and time. Parameters are
“ = 0.1 and Ê = 0.8. The pendulum’s natural
frequency is 1. At · = 0, it is at rest in the
unforced equilibrium state, i.e., at (u1, u2) =
(0, 0). Horizontal lines in the topmost frame
indicate the amplitude calculated from the
small-angle approximation (4.11). Notice
that u1 œ [≠fi,fi] is a cyclic variable. Lines
that reach the upper and lower boundary
thus represent full circles of the pendulum.
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quickly, within the first period. Increasing the perturbation amplitude, e.g., to µ = 0.84,
the motion becomes nonlinear and the phase diagram deviates considerably from a circle
(Figure 4.6, left frame). Notice that the angle reaches up to about 2.3, much higher than
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phase – the amplitude of u2 = Ï̇ increases – until it reaches a state where the momentum
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Notice on the formal part, that the denotations of the individual terms are brief, since
we focus on the structural essentials. For instance, Ï̈ is the specific angular force, per unit
mass, which results from Newton’s second law that the temporal rate of change of momentum
equals the corresponding force. Similarly for the other terms, which all may be read either
as specific forces or as specific momentum fluxes.

In the absence of any perturbation, gravity leads to a force in z-direction, of which only the
angular component sin(Ï) contributes to the motion, however. This force, which typically
remains from the initial condition, is reduced exponentially by dissipation, such that the
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Figure 3.18. Trajectory as in Figure 3.17 but with µ = 1.2, beyond the first
chaotic interval. Two simulations are shown, both with exactly the same parameters
and starting from the same state (·, u1, u2) = (0, 0, 0). They are calculated with
di�erent local computational precisions, however, with Á = 1.5 · 10≠10 (black) and
Á = 10≠10 (red), the latter being the same as was used for Figure 3.17. The top-most
frame shows the initial phase with both trajectories superimposed.

system that has the same evolution as the one that is computed. This is of
course only the case if the computations are exact. Still, it is the basis for
numerically studying the properties of deterministic chaotic systems. A finite
computational precision apparently turns the situation more complicated as
the shadowing trajectories are constantly reshu�ed.

Consequences First reflect the precision used in the above numerical sim-
ulation on typical environmental systems, recalling that a precision of 10≠10

means that time steps during the integration are chosen such that 4th- and
5th-order Runge-Kutta steps agree to that precision (see Appendix A.1.1 for
more details). We realize that for environmental systems and at least for the
foreseeable future (i) system states are not known at this level of precision,
because our instruments cannot deliver it, and (ii) the process representations
are not at this level of accuracy either, because the e�ect of all the processes
that couple to the system of interest but are not represented, greatly exceeds
it.
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Figure 4.5.
Trajectories of damped state-forced pendu-
lum (4.14) projected into the u1-u3 plane that
represents angle and time. Parameters are
“ = 0.1 and Ê = 0.8. The pendulum’s natural
frequency is 1. At · = 0, it is at rest in the
unforced equilibrium state, i.e., at (u1, u2) =
(0, 0). Horizontal lines in the topmost frame
indicate the amplitude calculated from the
small-angle approximation (4.11). Notice
that u1 œ [≠fi,fi] is a cyclic variable. Lines
that reach the upper and lower boundary
thus represent full circles of the pendulum.
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Basic Oscillations For su�ciently weak sinusoidal perturbations, the pendulum performs
an equally sinusoidal motion. The phase diagram, appropriately scaled, is a circle. With the
ratio µ/“ between forcing and dissipation su�ciently small, this asymptotic state is reached
quickly, within the first period. Increasing the perturbation amplitude, e.g., to µ = 0.84,
the motion becomes nonlinear and the phase diagram deviates considerably from a circle
(Figure 4.6, left frame). Notice that the angle reaches up to about 2.3, much higher than
horizontal, which is fi

2 .
The pendulum apparently executes a complicated motion before it settles for the basic

oscillation. Closer scrutiny of the trajectory reveals how it picks up momentum during this
phase – the amplitude of u2 = Ï̇ increases – until it reaches a state where the momentum
gained from the external forcing during a period 2fi

Ê equals the momentum dissipated during
this same time. We look into the physics of this particular system in some more detail
because it is representative also for other, more complicated systems. To this end, we
express (4.14) in physical term as

Ï̈¸˚˙˝
momentum change

= ≠ sin(Ï)¸ ˚˙ ˝
gravity

+µ sin(Êt)¸ ˚˙ ˝
perturbation

≠2“Ï̇¸ ˚˙ ˝
dissipation

. (4.16)

Notice on the formal part, that the denotations of the individual terms are brief, since
we focus on the structural essentials. For instance, Ï̈ is the specific angular force, per unit
mass, which results from Newton’s second law that the temporal rate of change of momentum
equals the corresponding force. Similarly for the other terms, which all may be read either
as specific forces or as specific momentum fluxes.

In the absence of any perturbation, gravity leads to a force in z-direction, of which only the
angular component sin(Ï) contributes to the motion, however. This force, which typically
remains from the initial condition, is reduced exponentially by dissipation, such that the
system quickly settles in its static equilibrium state, which is Ï = 0 and Ï̇ = 0.
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parameters:
µ = 0.5
� = 0.01
! = 0.8

initial conditions:
✓ = ✓̇ = 0
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Figure 3.3. Exemplary development of a forced pendulum as described by (3.8).
Parameters are “ = 0.01, µ = 0.5, and Ê = 0.8. Initial conditions are ◊ = ◊̇ =
0, i.e., the pendulum at rest in its static equilibrium position. Notice that ◊ is a
cyclical variable with domain [≠fi, fi]. The lines hitting the upper and the lower
boundary thus correspond to full circular motion. The solution was obtained using
the explicit Runge-Kutta Cash-Karp algorithm (Appendix A.1.2) with local error
Á = 10≠10.

smaller “, the higher the maximum amplitude, but also the longer the time
required to reach it, since the external energy flux is constant. (iii) With
decreasing “, the time required for components of the natural frequency to
decay also increases.
Large-Angle Dynamics Systems with weak external forcing that in addition
are either strongly damped or driven far away from their natural frequency
are well-represented by the small-angle approximation (3.9). With any of
these premisses failing, the full nonlinear equation (3.8) must be solved. This
in general calls for a numerical solution, which invariably means study of
individual cases.

We choose to study an exemplary system with a rather small dissipation
coe�cient “ = 0.01 and a correspondingly sharp resonance curve. In contrast,
the external forcing is strong with angular frequency Ê = 0.8 and amplitude
µ = 0.5. In the small-angle approximation this would lead to the amplitude
|–| ¥ 1.39 for the asymptotic periodic state. As initial condition, we let the
pendulum be at rest in its static equilibrium, at ◊ = 0.

For the chosen setup, the pendulum is rapidly driven into a highly irregular
motion, which includes frequent full circles around its pivot (Figure 3.3). This — fig pend-force-state0

results from three aspects: (i) The initial state is far from the asymptotic
periodic state that corresponds to the forcing. (ii) The forcing is strong and
able to accelerate the pendulum into full circles in a short time. (iii) The
damping is weak and only becomes significant on a time scale of “

≠1 = 100.
As we will find in Section 5.1 below, the pendulum may be described as
a dynamical system and this possess a periodic attractor for the parameters
chosen. The nearer the system is to this attractor, the slower its development.
This is because, by definition, the action of the external forcing on the

transition to periodic regime (state-forced)

� = 0.1 , ! = 0.8
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Figure 2.5. Exemplary evolution of a pendulum forced by a modulation of its
length as described by (2.20). Parameters are “ = 0.02, µ = 1.15, and Ê = 0.8.
Initial conditions are ◊ = 10≠5 and ◊̇ = 0, i.e., the pendulum is at rest and minutely
o�set from its static equilibrium position.

We study an exemplary system with a still small dissipation coe�cient,
“ = 0.1. The pivot is driven rather strongly, however, with µ = 1.15 at
Ê = 0.8, just a bit stronger than by gravity, which in scaled units is 1.
Starting the pendulum at its static equilibrium position as in the previous
case does not lead to any angular motion. Indeed, vertically vibrating the
pivot with the pendulum hanging straight below it cannot a�ect the angular
position. Already a minute deviation as it occurs in any experimental or
natural setting changes the situation completely, however. We thus choose a
slightly o�set initial position, ◊ = 10≠5, while still leaving ◊̇ = 0. This leads
to a very long phase during which the amplitude builds up until, around
· = 600, the first burst develops, which eventually sends the pendulum into a
few full circle around the pivot (Figure 2.5). This burst apparently evolves to — fig pend-force-param

fall out of phase with the forcing. After all the pendulum’s natural frequency
is quite far from that of the forcing. Consequently, the amplitude decays
rapidly until the forcing takes over again and leads to the next acceleration
and resulting burst. For the parameters chosen here, this sequence continues
for a very long time, possibly indefinitely. As we will find later, in Figure 5.10,
this particular system was set up at the limit of a chaotic regime. Indeed,
minute changes of the parameters, of the initial condition, and even of the
computational precision leads to quite di�erent evolutions. For instance,
decreasing the forcing from µ = 1.15 to 1.10 stops the motion of the pendulum
completely. In contrast, and at first sight counter-intuitively, increasing the
forcing considerably beyond 1.15 may asymptotical lead to perfectly harmonic
motions that are very similar to the one encountered with the state-forced
pendulum above.

In closing we notice the qualitatively di�erent impact of forcing a system’s
state as opposed to its parameters. This warrants calling them di�erent
“kinds”.

come back in some later chapter: (i) Both forcings remove the
stable fixpoint. State-forcing does it completely since there is
no fixpoint anymore in such a system. Parameter-forcing turns
the stable into an unstable fixpoint. (ii) The issue of a sensitive
dependence on the state arises with both forcings and makes
long-time predictions impossible. With forcing of the second
kind it furthermore arises with the initial condition if it is near
the fixpoint.

parameters:
µ = 1.15
� = 0.02
! = 0.8

initial conditions:
✓ = 10�5, ✓̇ = 0

intermittent non-periodic regime (parameter-forced)

parameters:
µ = 0.5
� = 0.01
! = 0.8

initial conditions:
✓ = ✓̇ = 0
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Figure 3.3. Exemplary development of a forced pendulum as described by (3.8).
Parameters are “ = 0.01, µ = 0.5, and Ê = 0.8. Initial conditions are ◊ = ◊̇ =
0, i.e., the pendulum at rest in its static equilibrium position. Notice that ◊ is a
cyclical variable with domain [≠fi, fi]. The lines hitting the upper and the lower
boundary thus correspond to full circular motion. The solution was obtained using
the explicit Runge-Kutta Cash-Karp algorithm (Appendix A.1.2) with local error
Á = 10≠10.

smaller “, the higher the maximum amplitude, but also the longer the time
required to reach it, since the external energy flux is constant. (iii) With
decreasing “, the time required for components of the natural frequency to
decay also increases.
Large-Angle Dynamics Systems with weak external forcing that in addition
are either strongly damped or driven far away from their natural frequency
are well-represented by the small-angle approximation (3.9). With any of
these premisses failing, the full nonlinear equation (3.8) must be solved. This
in general calls for a numerical solution, which invariably means study of
individual cases.

We choose to study an exemplary system with a rather small dissipation
coe�cient “ = 0.01 and a correspondingly sharp resonance curve. In contrast,
the external forcing is strong with angular frequency Ê = 0.8 and amplitude
µ = 0.5. In the small-angle approximation this would lead to the amplitude
|–| ¥ 1.39 for the asymptotic periodic state. As initial condition, we let the
pendulum be at rest in its static equilibrium, at ◊ = 0.

For the chosen setup, the pendulum is rapidly driven into a highly irregular
motion, which includes frequent full circles around its pivot (Figure 3.3). This — fig pend-force-state0

results from three aspects: (i) The initial state is far from the asymptotic
periodic state that corresponds to the forcing. (ii) The forcing is strong and
able to accelerate the pendulum into full circles in a short time. (iii) The
damping is weak and only becomes significant on a time scale of “

≠1 = 100.
As we will find in Section 5.1 below, the pendulum may be described as
a dynamical system and this possess a periodic attractor for the parameters
chosen. The nearer the system is to this attractor, the slower its development.
This is because, by definition, the action of the external forcing on the

transition to periodic regime (state-forced)
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Figure 3.1.
A mass m suspended from a pivot by a massless rigid rod of
length ¸ forms a pendulum. It may be driven externally by
either applying some angular acceleration or by accelerating
the pivot, both typically periodically. The motion of the
mass is parameterized by the angle ◊ from the vertical.

� �

m

mg
mg sin(�)

�
ref pendulum; file fig/3-cps/pendulum

For the equation of motion Newton’s law yields

pp.8 m¸◊̈ = ≠mg sin(◊) , (3.1)

where ◊̈ is the second derivative with respect to time. While this nonlinear
ordinary di�erential equation can be solved analytically, this solution is of
limited use since it involves a little known special function, the incomplete
elliptic integral of the first kind, F (Ï, m) :=

s Ï
0

#
1 ≠ m2 sin2(Ë)

$≠ 1
2 dË. A

readily understood solution is obtained in the small-angle approximation,
where sin(◊) ¥ ◊. Then, initial conditions ◊(0) = ◊0 and ◊̇(t) = 0 lead
to

pp.9 ◊(t) = ◊0 cos(�0t) , �2
0 = g

¸
. (3.2)

We refer to �0 as the natural frequency of this system. Short of actually
looking at large angle solutions, we comment that they remain periodic, but
that the nonlinearity widens the spectral line and shifts its peak to lower
frequencies � < �0.

3.1.2

Forced Pendulum
label: pp-ss-fp

A real physical pendulum is subject to a range a forcings, as is also the case
for most systems that are structurally identical to a pendulum. There are
three types to be considered: (i) friction, in the pivot or as the pendulums
moves through a fluid like air or water, (ii) external forcing of the state, think
of the kid on a swing to which you give a small push whenever it returns,
and (iii) external forcing of the system parameters, ¸ or g, again thinking of
the kid on the swing and realizing that she can start and continue swinging
on her own by rhythmically shifting her center of gravity, although an initial
push does help. The latter brings up the question if it is save to leave a
kid alone on a swing. Apparently, the general answer is “no”, since we may
return after some time to find her going around in full circles.
Friction For simplicity, we assume slow motion with friction proportional
to the velocity ¸◊̇ of the pendulum’s mass. The frictional force thus becomes
c¸◊̇ with viscous damping coe�cient c > 0. Enhancing (3.1) accordingly and
rearranging the terms then leads to

pp.10 m¸◊̈ + c¸◊̇ + mg sin(◊) = 0 . (3.3)
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Figure 4.5.
Trajectories of damped state-forced pendu-
lum (4.14) projected into the u1-u3 plane that
represents angle and time. Parameters are
“ = 0.1 and Ê = 0.8. The pendulum’s natural
frequency is 1. At · = 0, it is at rest in the
unforced equilibrium state, i.e., at (u1, u2) =
(0, 0). Horizontal lines in the topmost frame
indicate the amplitude calculated from the
small-angle approximation (4.11). Notice
that u1 œ [≠fi,fi] is a cyclic variable. Lines
that reach the upper and lower boundary
thus represent full circles of the pendulum.
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Basic Oscillations For su�ciently weak sinusoidal perturbations, the pendulum performs
an equally sinusoidal motion. The phase diagram, appropriately scaled, is a circle. With the
ratio µ/“ between forcing and dissipation su�ciently small, this asymptotic state is reached
quickly, within the first period. Increasing the perturbation amplitude, e.g., to µ = 0.84,
the motion becomes nonlinear and the phase diagram deviates considerably from a circle
(Figure 4.6, left frame). Notice that the angle reaches up to about 2.3, much higher than
horizontal, which is fi

2 .
The pendulum apparently executes a complicated motion before it settles for the basic

oscillation. Closer scrutiny of the trajectory reveals how it picks up momentum during this
phase – the amplitude of u2 = Ï̇ increases – until it reaches a state where the momentum
gained from the external forcing during a period 2fi

Ê equals the momentum dissipated during
this same time. We look into the physics of this particular system in some more detail
because it is representative also for other, more complicated systems. To this end, we
express (4.14) in physical term as

Ï̈¸˚˙˝
momentum change

= ≠ sin(Ï)¸ ˚˙ ˝
gravity

+µ sin(Êt)¸ ˚˙ ˝
perturbation

≠2“Ï̇¸ ˚˙ ˝
dissipation

. (4.16)

Notice on the formal part, that the denotations of the individual terms are brief, since
we focus on the structural essentials. For instance, Ï̈ is the specific angular force, per unit
mass, which results from Newton’s second law that the temporal rate of change of momentum
equals the corresponding force. Similarly for the other terms, which all may be read either
as specific forces or as specific momentum fluxes.

In the absence of any perturbation, gravity leads to a force in z-direction, of which only the
angular component sin(Ï) contributes to the motion, however. This force, which typically
remains from the initial condition, is reduced exponentially by dissipation, such that the
system quickly settles in its static equilibrium state, which is Ï = 0 and Ï̇ = 0.
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Figure 3.1.
A mass m suspended from a pivot by a massless rigid rod of
length ¸ forms a pendulum. It may be driven externally by
either applying some angular acceleration or by accelerating
the pivot, both typically periodically. The motion of the
mass is parameterized by the angle ◊ from the vertical.
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mg
mg sin(�)

�
ref pendulum; file fig/3-cps/pendulum

For the equation of motion Newton’s law yields

pp.8 m¸◊̈ = ≠mg sin(◊) , (3.1)

where ◊̈ is the second derivative with respect to time. While this nonlinear
ordinary di�erential equation can be solved analytically, this solution is of
limited use since it involves a little known special function, the incomplete
elliptic integral of the first kind, F (Ï, m) :=

s Ï
0

#
1 ≠ m2 sin2(Ë)

$≠ 1
2 dË. A

readily understood solution is obtained in the small-angle approximation,
where sin(◊) ¥ ◊. Then, initial conditions ◊(0) = ◊0 and ◊̇(t) = 0 lead
to

pp.9 ◊(t) = ◊0 cos(�0t) , �2
0 = g

¸
. (3.2)

We refer to �0 as the natural frequency of this system. Short of actually
looking at large angle solutions, we comment that they remain periodic, but
that the nonlinearity widens the spectral line and shifts its peak to lower
frequencies � < �0.

3.1.2

Forced Pendulum
label: pp-ss-fp

A real physical pendulum is subject to a range a forcings, as is also the case
for most systems that are structurally identical to a pendulum. There are
three types to be considered: (i) friction, in the pivot or as the pendulums
moves through a fluid like air or water, (ii) external forcing of the state, think
of the kid on a swing to which you give a small push whenever it returns,
and (iii) external forcing of the system parameters, ¸ or g, again thinking of
the kid on the swing and realizing that she can start and continue swinging
on her own by rhythmically shifting her center of gravity, although an initial
push does help. The latter brings up the question if it is save to leave a
kid alone on a swing. Apparently, the general answer is “no”, since we may
return after some time to find her going around in full circles.
Friction For simplicity, we assume slow motion with friction proportional
to the velocity ¸◊̇ of the pendulum’s mass. The frictional force thus becomes
c¸◊̇ with viscous damping coe�cient c > 0. Enhancing (3.1) accordingly and
rearranging the terms then leads to

pp.10 m¸◊̈ + c¸◊̇ + mg sin(◊) = 0 . (3.3)
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Figure 4.5.
Trajectories of damped state-forced pendu-
lum (4.14) projected into the u1-u3 plane that
represents angle and time. Parameters are
“ = 0.1 and Ê = 0.8. The pendulum’s natural
frequency is 1. At · = 0, it is at rest in the
unforced equilibrium state, i.e., at (u1, u2) =
(0, 0). Horizontal lines in the topmost frame
indicate the amplitude calculated from the
small-angle approximation (4.11). Notice
that u1 œ [≠fi,fi] is a cyclic variable. Lines
that reach the upper and lower boundary
thus represent full circles of the pendulum.
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Basic Oscillations For su�ciently weak sinusoidal perturbations, the pendulum performs
an equally sinusoidal motion. The phase diagram, appropriately scaled, is a circle. With the
ratio µ/“ between forcing and dissipation su�ciently small, this asymptotic state is reached
quickly, within the first period. Increasing the perturbation amplitude, e.g., to µ = 0.84,
the motion becomes nonlinear and the phase diagram deviates considerably from a circle
(Figure 4.6, left frame). Notice that the angle reaches up to about 2.3, much higher than
horizontal, which is fi

2 .
The pendulum apparently executes a complicated motion before it settles for the basic

oscillation. Closer scrutiny of the trajectory reveals how it picks up momentum during this
phase – the amplitude of u2 = Ï̇ increases – until it reaches a state where the momentum
gained from the external forcing during a period 2fi

Ê equals the momentum dissipated during
this same time. We look into the physics of this particular system in some more detail
because it is representative also for other, more complicated systems. To this end, we
express (4.14) in physical term as

Ï̈¸˚˙˝
momentum change

= ≠ sin(Ï)¸ ˚˙ ˝
gravity

+µ sin(Êt)¸ ˚˙ ˝
perturbation

≠2“Ï̇¸ ˚˙ ˝
dissipation

. (4.16)

Notice on the formal part, that the denotations of the individual terms are brief, since
we focus on the structural essentials. For instance, Ï̈ is the specific angular force, per unit
mass, which results from Newton’s second law that the temporal rate of change of momentum
equals the corresponding force. Similarly for the other terms, which all may be read either
as specific forces or as specific momentum fluxes.

In the absence of any perturbation, gravity leads to a force in z-direction, of which only the
angular component sin(Ï) contributes to the motion, however. This force, which typically
remains from the initial condition, is reduced exponentially by dissipation, such that the
system quickly settles in its static equilibrium state, which is Ï = 0 and Ï̇ = 0.
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Figure 4.5.
Trajectories of damped state-forced pendu-
lum (4.14) projected into the u1-u3 plane that
represents angle and time. Parameters are
“ = 0.1 and Ê = 0.8. The pendulum’s natural
frequency is 1. At · = 0, it is at rest in the
unforced equilibrium state, i.e., at (u1, u2) =
(0, 0). Horizontal lines in the topmost frame
indicate the amplitude calculated from the
small-angle approximation (4.11). Notice
that u1 œ [≠fi,fi] is a cyclic variable. Lines
that reach the upper and lower boundary
thus represent full circles of the pendulum.
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Basic Oscillations For su�ciently weak sinusoidal perturbations, the pendulum performs
an equally sinusoidal motion. The phase diagram, appropriately scaled, is a circle. With the
ratio µ/“ between forcing and dissipation su�ciently small, this asymptotic state is reached
quickly, within the first period. Increasing the perturbation amplitude, e.g., to µ = 0.84,
the motion becomes nonlinear and the phase diagram deviates considerably from a circle
(Figure 4.6, left frame). Notice that the angle reaches up to about 2.3, much higher than
horizontal, which is fi

2 .
The pendulum apparently executes a complicated motion before it settles for the basic

oscillation. Closer scrutiny of the trajectory reveals how it picks up momentum during this
phase – the amplitude of u2 = Ï̇ increases – until it reaches a state where the momentum
gained from the external forcing during a period 2fi

Ê equals the momentum dissipated during
this same time. We look into the physics of this particular system in some more detail
because it is representative also for other, more complicated systems. To this end, we
express (4.14) in physical term as

Ï̈¸˚˙˝
momentum change

= ≠ sin(Ï)¸ ˚˙ ˝
gravity

+µ sin(Êt)¸ ˚˙ ˝
perturbation

≠2“Ï̇¸ ˚˙ ˝
dissipation

. (4.16)

Notice on the formal part, that the denotations of the individual terms are brief, since
we focus on the structural essentials. For instance, Ï̈ is the specific angular force, per unit
mass, which results from Newton’s second law that the temporal rate of change of momentum
equals the corresponding force. Similarly for the other terms, which all may be read either
as specific forces or as specific momentum fluxes.

In the absence of any perturbation, gravity leads to a force in z-direction, of which only the
angular component sin(Ï) contributes to the motion, however. This force, which typically
remains from the initial condition, is reduced exponentially by dissipation, such that the
system quickly settles in its static equilibrium state, which is Ï = 0 and Ï̇ = 0.
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Figure 4.6. Phase diagrams corresponding to Figure 4.5. The coordinate u1 corresponds to
the angle Ï, hence is cyclic, while u2 corresponds to Ï̇ and is unbounded. Notice that these are
projections of the three-dimensional trajectories, (u1, u2, u3) ‘æ (u1, u2), hence may intersect even
if the trajectories do not. The thick red lines represents periodic attractors, i.e., limit cycles. For
µ = 1.15, no such attractor exists. Time is color-coded into the trajectories, from blue through
the spectrum to red. This is only manifest in the chaotic motion as the other two approach their
attractor too rapidly.

Next, look at the perturbation µ sin(Êt), which acts in two ways: (i) it forces the
pendulum directly and (ii) it changes the coupling to gravity, the other external force.
Again, dissipation removes momentum proportional to the angular velocity Ï̇. The interplay
between perturbation and gravity gives rise to complicated motions because the time-scales
of the two are independent of each other. With this, the actual momentum input depends on
the system state relative to the phase of the perturbation. The two driving forces gravity and
perturbation may thus either compensate or amplify each other and this changes during the
course of the system’s development. The internal time-scale of the pendulum is �≠1

0 =

¸/g,

given by (4.2), while the external time-scale is that of the perturbation, �≠1. For the
simulations, we chose Ê := �/�0 = 0.8.

For the pendulum to settle in some periodic motion, which we might call a dynamic
equilibrium, the net force integrated over the motion’s period T must vanish. Hence,s T
0 Ï̈(t) dt != 0 or, expressed in terms of state variables,

cch.2

⁄ T

0
u̇2(t) dt = 0 . (4.17)

For the basic oscillation considered here, T = 2fi
Ê . It will be much longer for more complicated

periodic orbits but will remain a multiple of 2fi
Ê .

Higher Order Periodic Orbits A stronger forcing demands a higher momentum dissi-
pation rate, hence a higher mean velocity Ï̇ = 1

T

s T
0 Ï̇(t) dt. Beyond some threshold, this

cannot be accomplished by basic oscillations anymore and the system transits into full orbital
motions, possibly through rather violent phases. Such a transition is typically rather delicate
with a stable orbit taking a long time before it is established. We encountered this already
in Figure 4.3 and will find extended intervals with such chaotic transients in Figure 4.15
below. There appear to be exceptions to this, however, for instance, in an interval around
µ = 0.91 where the trajectory rapidly approaches a period-3 limit cycle (Figure 4.6, middle
frame). This cycle indeed is reached in a very short time, in about one orbit, which is much
faster than what is required to establish the periodic oscillation with µ = 0.84.
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Figure 4.5.
Trajectories of damped state-forced pendu-
lum (4.14) projected into the u1-u3 plane that
represents angle and time. Parameters are
“ = 0.1 and Ê = 0.8. The pendulum’s natural
frequency is 1. At · = 0, it is at rest in the
unforced equilibrium state, i.e., at (u1, u2) =
(0, 0). Horizontal lines in the topmost frame
indicate the amplitude calculated from the
small-angle approximation (4.11). Notice
that u1 œ [≠fi,fi] is a cyclic variable. Lines
that reach the upper and lower boundary
thus represent full circles of the pendulum.
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Basic Oscillations For su�ciently weak sinusoidal perturbations, the pendulum performs
an equally sinusoidal motion. The phase diagram, appropriately scaled, is a circle. With the
ratio µ/“ between forcing and dissipation su�ciently small, this asymptotic state is reached
quickly, within the first period. Increasing the perturbation amplitude, e.g., to µ = 0.84,
the motion becomes nonlinear and the phase diagram deviates considerably from a circle
(Figure 4.6, left frame). Notice that the angle reaches up to about 2.3, much higher than
horizontal, which is fi

2 .
The pendulum apparently executes a complicated motion before it settles for the basic

oscillation. Closer scrutiny of the trajectory reveals how it picks up momentum during this
phase – the amplitude of u2 = Ï̇ increases – until it reaches a state where the momentum
gained from the external forcing during a period 2fi

Ê equals the momentum dissipated during
this same time. We look into the physics of this particular system in some more detail
because it is representative also for other, more complicated systems. To this end, we
express (4.14) in physical term as

Ï̈¸˚˙˝
momentum change

= ≠ sin(Ï)¸ ˚˙ ˝
gravity

+µ sin(Êt)¸ ˚˙ ˝
perturbation

≠2“Ï̇¸ ˚˙ ˝
dissipation

. (4.16)

Notice on the formal part, that the denotations of the individual terms are brief, since
we focus on the structural essentials. For instance, Ï̈ is the specific angular force, per unit
mass, which results from Newton’s second law that the temporal rate of change of momentum
equals the corresponding force. Similarly for the other terms, which all may be read either
as specific forces or as specific momentum fluxes.

In the absence of any perturbation, gravity leads to a force in z-direction, of which only the
angular component sin(Ï) contributes to the motion, however. This force, which typically
remains from the initial condition, is reduced exponentially by dissipation, such that the
system quickly settles in its static equilibrium state, which is Ï = 0 and Ï̇ = 0.
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Figure 4.6. Phase diagrams corresponding to Figure 4.5. The coordinate u1 corresponds to
the angle Ï, hence is cyclic, while u2 corresponds to Ï̇ and is unbounded. Notice that these are
projections of the three-dimensional trajectories, (u1, u2, u3) ‘æ (u1, u2), hence may intersect even
if the trajectories do not. The thick red lines represents periodic attractors, i.e., limit cycles. For
µ = 1.15, no such attractor exists. Time is color-coded into the trajectories, from blue through
the spectrum to red. This is only manifest in the chaotic motion as the other two approach their
attractor too rapidly.

Next, look at the perturbation µ sin(Êt), which acts in two ways: (i) it forces the
pendulum directly and (ii) it changes the coupling to gravity, the other external force.
Again, dissipation removes momentum proportional to the angular velocity Ï̇. The interplay
between perturbation and gravity gives rise to complicated motions because the time-scales
of the two are independent of each other. With this, the actual momentum input depends on
the system state relative to the phase of the perturbation. The two driving forces gravity and
perturbation may thus either compensate or amplify each other and this changes during the
course of the system’s development. The internal time-scale of the pendulum is �≠1

0 =

¸/g,

given by (4.2), while the external time-scale is that of the perturbation, �≠1. For the
simulations, we chose Ê := �/�0 = 0.8.

For the pendulum to settle in some periodic motion, which we might call a dynamic
equilibrium, the net force integrated over the motion’s period T must vanish. Hence,s T
0 Ï̈(t) dt != 0 or, expressed in terms of state variables,

cch.2

⁄ T

0
u̇2(t) dt = 0 . (4.17)

For the basic oscillation considered here, T = 2fi
Ê . It will be much longer for more complicated

periodic orbits but will remain a multiple of 2fi
Ê .

Higher Order Periodic Orbits A stronger forcing demands a higher momentum dissi-
pation rate, hence a higher mean velocity Ï̇ = 1

T

s T
0 Ï̇(t) dt. Beyond some threshold, this

cannot be accomplished by basic oscillations anymore and the system transits into full orbital
motions, possibly through rather violent phases. Such a transition is typically rather delicate
with a stable orbit taking a long time before it is established. We encountered this already
in Figure 4.3 and will find extended intervals with such chaotic transients in Figure 4.15
below. There appear to be exceptions to this, however, for instance, in an interval around
µ = 0.91 where the trajectory rapidly approaches a period-3 limit cycle (Figure 4.6, middle
frame). This cycle indeed is reached in a very short time, in about one orbit, which is much
faster than what is required to establish the periodic oscillation with µ = 0.84.
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Figure 4.6. Phase diagrams corresponding to Figure 4.5. The coordinate u1 corresponds to
the angle Ï, hence is cyclic, while u2 corresponds to Ï̇ and is unbounded. Notice that these are
projections of the three-dimensional trajectories, (u1, u2, u3) ‘æ (u1, u2), hence may intersect even
if the trajectories do not. The thick red lines represents periodic attractors, i.e., limit cycles. For
µ = 1.15, no such attractor exists. Time is color-coded into the trajectories, from blue through
the spectrum to red. This is only manifest in the chaotic motion as the other two approach their
attractor too rapidly.

Next, look at the perturbation µ sin(Êt), which acts in two ways: (i) it forces the
pendulum directly and (ii) it changes the coupling to gravity, the other external force.
Again, dissipation removes momentum proportional to the angular velocity Ï̇. The interplay
between perturbation and gravity gives rise to complicated motions because the time-scales
of the two are independent of each other. With this, the actual momentum input depends on
the system state relative to the phase of the perturbation. The two driving forces gravity and
perturbation may thus either compensate or amplify each other and this changes during the
course of the system’s development. The internal time-scale of the pendulum is �≠1

0 =

¸/g,

given by (4.2), while the external time-scale is that of the perturbation, �≠1. For the
simulations, we chose Ê := �/�0 = 0.8.

For the pendulum to settle in some periodic motion, which we might call a dynamic
equilibrium, the net force integrated over the motion’s period T must vanish. Hence,s T
0 Ï̈(t) dt != 0 or, expressed in terms of state variables,

cch.2

⁄ T

0
u̇2(t) dt = 0 . (4.17)

For the basic oscillation considered here, T = 2fi
Ê . It will be much longer for more complicated

periodic orbits but will remain a multiple of 2fi
Ê .

Higher Order Periodic Orbits A stronger forcing demands a higher momentum dissi-
pation rate, hence a higher mean velocity Ï̇ = 1

T

s T
0 Ï̇(t) dt. Beyond some threshold, this

cannot be accomplished by basic oscillations anymore and the system transits into full orbital
motions, possibly through rather violent phases. Such a transition is typically rather delicate
with a stable orbit taking a long time before it is established. We encountered this already
in Figure 4.3 and will find extended intervals with such chaotic transients in Figure 4.15
below. There appear to be exceptions to this, however, for instance, in an interval around
µ = 0.91 where the trajectory rapidly approaches a period-3 limit cycle (Figure 4.6, middle
frame). This cycle indeed is reached in a very short time, in about one orbit, which is much
faster than what is required to establish the periodic oscillation with µ = 0.84.
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Figure 4.5.
Trajectories of damped state-forced pendu-
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represents angle and time. Parameters are
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(0, 0). Horizontal lines in the topmost frame
indicate the amplitude calculated from the
small-angle approximation (4.11). Notice
that u1 œ [≠fi,fi] is a cyclic variable. Lines
that reach the upper and lower boundary
thus represent full circles of the pendulum.
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Basic Oscillations For su�ciently weak sinusoidal perturbations, the pendulum performs
an equally sinusoidal motion. The phase diagram, appropriately scaled, is a circle. With the
ratio µ/“ between forcing and dissipation su�ciently small, this asymptotic state is reached
quickly, within the first period. Increasing the perturbation amplitude, e.g., to µ = 0.84,
the motion becomes nonlinear and the phase diagram deviates considerably from a circle
(Figure 4.6, left frame). Notice that the angle reaches up to about 2.3, much higher than
horizontal, which is fi

2 .
The pendulum apparently executes a complicated motion before it settles for the basic

oscillation. Closer scrutiny of the trajectory reveals how it picks up momentum during this
phase – the amplitude of u2 = Ï̇ increases – until it reaches a state where the momentum
gained from the external forcing during a period 2fi

Ê equals the momentum dissipated during
this same time. We look into the physics of this particular system in some more detail
because it is representative also for other, more complicated systems. To this end, we
express (4.14) in physical term as

Ï̈¸˚˙˝
momentum change

= ≠ sin(Ï)¸ ˚˙ ˝
gravity

+µ sin(Êt)¸ ˚˙ ˝
perturbation

≠2“Ï̇¸ ˚˙ ˝
dissipation

. (4.16)

Notice on the formal part, that the denotations of the individual terms are brief, since
we focus on the structural essentials. For instance, Ï̈ is the specific angular force, per unit
mass, which results from Newton’s second law that the temporal rate of change of momentum
equals the corresponding force. Similarly for the other terms, which all may be read either
as specific forces or as specific momentum fluxes.

In the absence of any perturbation, gravity leads to a force in z-direction, of which only the
angular component sin(Ï) contributes to the motion, however. This force, which typically
remains from the initial condition, is reduced exponentially by dissipation, such that the
system quickly settles in its static equilibrium state, which is Ï = 0 and Ï̇ = 0.
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Figure 4.6. Phase diagrams corresponding to Figure 4.5. The coordinate u1 corresponds to
the angle Ï, hence is cyclic, while u2 corresponds to Ï̇ and is unbounded. Notice that these are
projections of the three-dimensional trajectories, (u1, u2, u3) ‘æ (u1, u2), hence may intersect even
if the trajectories do not. The thick red lines represents periodic attractors, i.e., limit cycles. For
µ = 1.15, no such attractor exists. Time is color-coded into the trajectories, from blue through
the spectrum to red. This is only manifest in the chaotic motion as the other two approach their
attractor too rapidly.

Next, look at the perturbation µ sin(Êt), which acts in two ways: (i) it forces the
pendulum directly and (ii) it changes the coupling to gravity, the other external force.
Again, dissipation removes momentum proportional to the angular velocity Ï̇. The interplay
between perturbation and gravity gives rise to complicated motions because the time-scales
of the two are independent of each other. With this, the actual momentum input depends on
the system state relative to the phase of the perturbation. The two driving forces gravity and
perturbation may thus either compensate or amplify each other and this changes during the
course of the system’s development. The internal time-scale of the pendulum is �≠1

0 =

¸/g,

given by (4.2), while the external time-scale is that of the perturbation, �≠1. For the
simulations, we chose Ê := �/�0 = 0.8.

For the pendulum to settle in some periodic motion, which we might call a dynamic
equilibrium, the net force integrated over the motion’s period T must vanish. Hence,s T
0 Ï̈(t) dt != 0 or, expressed in terms of state variables,

cch.2

⁄ T

0
u̇2(t) dt = 0 . (4.17)

For the basic oscillation considered here, T = 2fi
Ê . It will be much longer for more complicated

periodic orbits but will remain a multiple of 2fi
Ê .

Higher Order Periodic Orbits A stronger forcing demands a higher momentum dissi-
pation rate, hence a higher mean velocity Ï̇ = 1

T

s T
0 Ï̇(t) dt. Beyond some threshold, this

cannot be accomplished by basic oscillations anymore and the system transits into full orbital
motions, possibly through rather violent phases. Such a transition is typically rather delicate
with a stable orbit taking a long time before it is established. We encountered this already
in Figure 4.3 and will find extended intervals with such chaotic transients in Figure 4.15
below. There appear to be exceptions to this, however, for instance, in an interval around
µ = 0.91 where the trajectory rapidly approaches a period-3 limit cycle (Figure 4.6, middle
frame). This cycle indeed is reached in a very short time, in about one orbit, which is much
faster than what is required to establish the periodic oscillation with µ = 0.84.
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Figure 4.6. Phase diagrams corresponding to Figure 4.5. The coordinate u1 corresponds to
the angle Ï, hence is cyclic, while u2 corresponds to Ï̇ and is unbounded. Notice that these are
projections of the three-dimensional trajectories, (u1, u2, u3) ‘æ (u1, u2), hence may intersect even
if the trajectories do not. The thick red lines represents periodic attractors, i.e., limit cycles. For
µ = 1.15, no such attractor exists. Time is color-coded into the trajectories, from blue through
the spectrum to red. This is only manifest in the chaotic motion as the other two approach their
attractor too rapidly.

Next, look at the perturbation µ sin(Êt), which acts in two ways: (i) it forces the
pendulum directly and (ii) it changes the coupling to gravity, the other external force.
Again, dissipation removes momentum proportional to the angular velocity Ï̇. The interplay
between perturbation and gravity gives rise to complicated motions because the time-scales
of the two are independent of each other. With this, the actual momentum input depends on
the system state relative to the phase of the perturbation. The two driving forces gravity and
perturbation may thus either compensate or amplify each other and this changes during the
course of the system’s development. The internal time-scale of the pendulum is �≠1

0 =

¸/g,

given by (4.2), while the external time-scale is that of the perturbation, �≠1. For the
simulations, we chose Ê := �/�0 = 0.8.

For the pendulum to settle in some periodic motion, which we might call a dynamic
equilibrium, the net force integrated over the motion’s period T must vanish. Hence,s T
0 Ï̈(t) dt != 0 or, expressed in terms of state variables,

cch.2

⁄ T

0
u̇2(t) dt = 0 . (4.17)

For the basic oscillation considered here, T = 2fi
Ê . It will be much longer for more complicated

periodic orbits but will remain a multiple of 2fi
Ê .

Higher Order Periodic Orbits A stronger forcing demands a higher momentum dissi-
pation rate, hence a higher mean velocity Ï̇ = 1

T

s T
0 Ï̇(t) dt. Beyond some threshold, this

cannot be accomplished by basic oscillations anymore and the system transits into full orbital
motions, possibly through rather violent phases. Such a transition is typically rather delicate
with a stable orbit taking a long time before it is established. We encountered this already
in Figure 4.3 and will find extended intervals with such chaotic transients in Figure 4.15
below. There appear to be exceptions to this, however, for instance, in an interval around
µ = 0.91 where the trajectory rapidly approaches a period-3 limit cycle (Figure 4.6, middle
frame). This cycle indeed is reached in a very short time, in about one orbit, which is much
faster than what is required to establish the periodic oscillation with µ = 0.84.

simulation time for phase diagrams: ⌧ = 0 . . . 625
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Figure 4.6. Phase diagrams corresponding to Figure 4.5. The coordinate u1 corresponds to
the angle Ï, hence is cyclic, while u2 corresponds to Ï̇ and is unbounded. Notice that these are
projections of the three-dimensional trajectories, (u1, u2, u3) ‘æ (u1, u2), hence may intersect even
if the trajectories do not. The thick red lines represents periodic attractors, i.e., limit cycles. For
µ = 1.15, no such attractor exists. Time is color-coded into the trajectories, from blue through
the spectrum to red. This is only manifest in the chaotic motion as the other two approach their
attractor too rapidly.

Next, look at the perturbation µ sin(Êt), which acts in two ways: (i) it forces the
pendulum directly and (ii) it changes the coupling to gravity, the other external force.
Again, dissipation removes momentum proportional to the angular velocity Ï̇. The interplay
between perturbation and gravity gives rise to complicated motions because the time-scales
of the two are independent of each other. With this, the actual momentum input depends on
the system state relative to the phase of the perturbation. The two driving forces gravity and
perturbation may thus either compensate or amplify each other and this changes during the
course of the system’s development. The internal time-scale of the pendulum is �≠1

0 =

¸/g,

given by (4.2), while the external time-scale is that of the perturbation, �≠1. For the
simulations, we chose Ê := �/�0 = 0.8.

For the pendulum to settle in some periodic motion, which we might call a dynamic
equilibrium, the net force integrated over the motion’s period T must vanish. Hence,s T
0 Ï̈(t) dt != 0 or, expressed in terms of state variables,

cch.2

⁄ T

0
u̇2(t) dt = 0 . (4.17)

For the basic oscillation considered here, T = 2fi
Ê . It will be much longer for more complicated

periodic orbits but will remain a multiple of 2fi
Ê .

Higher Order Periodic Orbits A stronger forcing demands a higher momentum dissi-
pation rate, hence a higher mean velocity Ï̇ = 1

T

s T
0 Ï̇(t) dt. Beyond some threshold, this

cannot be accomplished by basic oscillations anymore and the system transits into full orbital
motions, possibly through rather violent phases. Such a transition is typically rather delicate
with a stable orbit taking a long time before it is established. We encountered this already
in Figure 4.3 and will find extended intervals with such chaotic transients in Figure 4.15
below. There appear to be exceptions to this, however, for instance, in an interval around
µ = 0.91 where the trajectory rapidly approaches a period-3 limit cycle (Figure 4.6, middle
frame). This cycle indeed is reached in a very short time, in about one orbit, which is much
faster than what is required to establish the periodic oscillation with µ = 0.84.
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Figure 4.6. Phase diagrams corresponding to Figure 4.5. The coordinate u1 corresponds to
the angle Ï, hence is cyclic, while u2 corresponds to Ï̇ and is unbounded. Notice that these are
projections of the three-dimensional trajectories, (u1, u2, u3) ‘æ (u1, u2), hence may intersect even
if the trajectories do not. The thick red lines represents periodic attractors, i.e., limit cycles. For
µ = 1.15, no such attractor exists. Time is color-coded into the trajectories, from blue through
the spectrum to red. This is only manifest in the chaotic motion as the other two approach their
attractor too rapidly.

Next, look at the perturbation µ sin(Êt), which acts in two ways: (i) it forces the
pendulum directly and (ii) it changes the coupling to gravity, the other external force.
Again, dissipation removes momentum proportional to the angular velocity Ï̇. The interplay
between perturbation and gravity gives rise to complicated motions because the time-scales
of the two are independent of each other. With this, the actual momentum input depends on
the system state relative to the phase of the perturbation. The two driving forces gravity and
perturbation may thus either compensate or amplify each other and this changes during the
course of the system’s development. The internal time-scale of the pendulum is �≠1

0 =

¸/g,

given by (4.2), while the external time-scale is that of the perturbation, �≠1. For the
simulations, we chose Ê := �/�0 = 0.8.

For the pendulum to settle in some periodic motion, which we might call a dynamic
equilibrium, the net force integrated over the motion’s period T must vanish. Hence,s T
0 Ï̈(t) dt != 0 or, expressed in terms of state variables,

cch.2

⁄ T

0
u̇2(t) dt = 0 . (4.17)

For the basic oscillation considered here, T = 2fi
Ê . It will be much longer for more complicated

periodic orbits but will remain a multiple of 2fi
Ê .

Higher Order Periodic Orbits A stronger forcing demands a higher momentum dissi-
pation rate, hence a higher mean velocity Ï̇ = 1

T

s T
0 Ï̇(t) dt. Beyond some threshold, this

cannot be accomplished by basic oscillations anymore and the system transits into full orbital
motions, possibly through rather violent phases. Such a transition is typically rather delicate
with a stable orbit taking a long time before it is established. We encountered this already
in Figure 4.3 and will find extended intervals with such chaotic transients in Figure 4.15
below. There appear to be exceptions to this, however, for instance, in an interval around
µ = 0.91 where the trajectory rapidly approaches a period-3 limit cycle (Figure 4.6, middle
frame). This cycle indeed is reached in a very short time, in about one orbit, which is much
faster than what is required to establish the periodic oscillation with µ = 0.84.
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Figure 4.5.
Trajectories of damped state-forced pendu-
lum (4.14) projected into the u1-u3 plane that
represents angle and time. Parameters are
“ = 0.1 and Ê = 0.8. The pendulum’s natural
frequency is 1. At · = 0, it is at rest in the
unforced equilibrium state, i.e., at (u1, u2) =
(0, 0). Horizontal lines in the topmost frame
indicate the amplitude calculated from the
small-angle approximation (4.11). Notice
that u1 œ [≠fi,fi] is a cyclic variable. Lines
that reach the upper and lower boundary
thus represent full circles of the pendulum.
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Basic Oscillations For su�ciently weak sinusoidal perturbations, the pendulum performs
an equally sinusoidal motion. The phase diagram, appropriately scaled, is a circle. With the
ratio µ/“ between forcing and dissipation su�ciently small, this asymptotic state is reached
quickly, within the first period. Increasing the perturbation amplitude, e.g., to µ = 0.84,
the motion becomes nonlinear and the phase diagram deviates considerably from a circle
(Figure 4.6, left frame). Notice that the angle reaches up to about 2.3, much higher than
horizontal, which is fi

2 .
The pendulum apparently executes a complicated motion before it settles for the basic

oscillation. Closer scrutiny of the trajectory reveals how it picks up momentum during this
phase – the amplitude of u2 = Ï̇ increases – until it reaches a state where the momentum
gained from the external forcing during a period 2fi

Ê equals the momentum dissipated during
this same time. We look into the physics of this particular system in some more detail
because it is representative also for other, more complicated systems. To this end, we
express (4.14) in physical term as

Ï̈¸˚˙˝
momentum change

= ≠ sin(Ï)¸ ˚˙ ˝
gravity

+µ sin(Êt)¸ ˚˙ ˝
perturbation

≠2“Ï̇¸ ˚˙ ˝
dissipation

. (4.16)

Notice on the formal part, that the denotations of the individual terms are brief, since
we focus on the structural essentials. For instance, Ï̈ is the specific angular force, per unit
mass, which results from Newton’s second law that the temporal rate of change of momentum
equals the corresponding force. Similarly for the other terms, which all may be read either
as specific forces or as specific momentum fluxes.

In the absence of any perturbation, gravity leads to a force in z-direction, of which only the
angular component sin(Ï) contributes to the motion, however. This force, which typically
remains from the initial condition, is reduced exponentially by dissipation, such that the
system quickly settles in its static equilibrium state, which is Ï = 0 and Ï̇ = 0.
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Figure 4.6. Phase diagrams corresponding to Figure 4.5. The coordinate u1 corresponds to
the angle Ï, hence is cyclic, while u2 corresponds to Ï̇ and is unbounded. Notice that these are
projections of the three-dimensional trajectories, (u1, u2, u3) ‘æ (u1, u2), hence may intersect even
if the trajectories do not. The thick red lines represents periodic attractors, i.e., limit cycles. For
µ = 1.15, no such attractor exists. Time is color-coded into the trajectories, from blue through
the spectrum to red. This is only manifest in the chaotic motion as the other two approach their
attractor too rapidly.

Next, look at the perturbation µ sin(Êt), which acts in two ways: (i) it forces the
pendulum directly and (ii) it changes the coupling to gravity, the other external force.
Again, dissipation removes momentum proportional to the angular velocity Ï̇. The interplay
between perturbation and gravity gives rise to complicated motions because the time-scales
of the two are independent of each other. With this, the actual momentum input depends on
the system state relative to the phase of the perturbation. The two driving forces gravity and
perturbation may thus either compensate or amplify each other and this changes during the
course of the system’s development. The internal time-scale of the pendulum is �≠1

0 =

¸/g,

given by (4.2), while the external time-scale is that of the perturbation, �≠1. For the
simulations, we chose Ê := �/�0 = 0.8.

For the pendulum to settle in some periodic motion, which we might call a dynamic
equilibrium, the net force integrated over the motion’s period T must vanish. Hence,s T
0 Ï̈(t) dt != 0 or, expressed in terms of state variables,

cch.2

⁄ T

0
u̇2(t) dt = 0 . (4.17)

For the basic oscillation considered here, T = 2fi
Ê . It will be much longer for more complicated

periodic orbits but will remain a multiple of 2fi
Ê .

Higher Order Periodic Orbits A stronger forcing demands a higher momentum dissi-
pation rate, hence a higher mean velocity Ï̇ = 1

T

s T
0 Ï̇(t) dt. Beyond some threshold, this

cannot be accomplished by basic oscillations anymore and the system transits into full orbital
motions, possibly through rather violent phases. Such a transition is typically rather delicate
with a stable orbit taking a long time before it is established. We encountered this already
in Figure 4.3 and will find extended intervals with such chaotic transients in Figure 4.15
below. There appear to be exceptions to this, however, for instance, in an interval around
µ = 0.91 where the trajectory rapidly approaches a period-3 limit cycle (Figure 4.6, middle
frame). This cycle indeed is reached in a very short time, in about one orbit, which is much
faster than what is required to establish the periodic oscillation with µ = 0.84.
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Figure 4.6. Phase diagrams corresponding to Figure 4.5. The coordinate u1 corresponds to
the angle Ï, hence is cyclic, while u2 corresponds to Ï̇ and is unbounded. Notice that these are
projections of the three-dimensional trajectories, (u1, u2, u3) ‘æ (u1, u2), hence may intersect even
if the trajectories do not. The thick red lines represents periodic attractors, i.e., limit cycles. For
µ = 1.15, no such attractor exists. Time is color-coded into the trajectories, from blue through
the spectrum to red. This is only manifest in the chaotic motion as the other two approach their
attractor too rapidly.

Next, look at the perturbation µ sin(Êt), which acts in two ways: (i) it forces the
pendulum directly and (ii) it changes the coupling to gravity, the other external force.
Again, dissipation removes momentum proportional to the angular velocity Ï̇. The interplay
between perturbation and gravity gives rise to complicated motions because the time-scales
of the two are independent of each other. With this, the actual momentum input depends on
the system state relative to the phase of the perturbation. The two driving forces gravity and
perturbation may thus either compensate or amplify each other and this changes during the
course of the system’s development. The internal time-scale of the pendulum is �≠1

0 =

¸/g,

given by (4.2), while the external time-scale is that of the perturbation, �≠1. For the
simulations, we chose Ê := �/�0 = 0.8.

For the pendulum to settle in some periodic motion, which we might call a dynamic
equilibrium, the net force integrated over the motion’s period T must vanish. Hence,s T
0 Ï̈(t) dt != 0 or, expressed in terms of state variables,

cch.2

⁄ T

0
u̇2(t) dt = 0 . (4.17)

For the basic oscillation considered here, T = 2fi
Ê . It will be much longer for more complicated

periodic orbits but will remain a multiple of 2fi
Ê .

Higher Order Periodic Orbits A stronger forcing demands a higher momentum dissi-
pation rate, hence a higher mean velocity Ï̇ = 1

T

s T
0 Ï̇(t) dt. Beyond some threshold, this

cannot be accomplished by basic oscillations anymore and the system transits into full orbital
motions, possibly through rather violent phases. Such a transition is typically rather delicate
with a stable orbit taking a long time before it is established. We encountered this already
in Figure 4.3 and will find extended intervals with such chaotic transients in Figure 4.15
below. There appear to be exceptions to this, however, for instance, in an interval around
µ = 0.91 where the trajectory rapidly approaches a period-3 limit cycle (Figure 4.6, middle
frame). This cycle indeed is reached in a very short time, in about one orbit, which is much
faster than what is required to establish the periodic oscillation with µ = 0.84.

periodicity? structure in chaotic regime?
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Figure 5.3.
Poincaré section (set of red dots) of trajectory
u(·) obtained as directed intersection of u(·)
and plane MÕ with normal vector ‚n. The se-
quence {ui} defines the corresponding Poincaré
map. The blue dots are not considered because
there the plane is transversed in the opposite
direction.

M�

u(�) ui

ui�1

ui+1

�n

ref poincare-section-map; file fig/5-cch/poincare-section-map.pdf

label: chf-para-poinsec

idx: tools!Poincaré section and map|(

Tool: Poincaré Section and Map Let u(·) be a trajectory obtained
from some three-dimensional dynamical system and let some plane with
normal vector ‚n intersect it. Mark those points on the plane where the
trajectory intersects and leaves in the direction of ‚n (Figure 5.3). This is — fig poincare-section-map

the most simple instance of a Poincaré section.
More formally, a Poincaré section is the set of points {ui} that are

at the intersection between the trajectory and the plane, and for which
(u̇(ui(·i)), ‚n) > 0, where (., .) is the scalar product and ·i is the time the
intersection occurs. For a state space where time is cyclic, the stroboscope
is a special Poincaré section, provided the frequency Ês is chosen appropri-
ately, where the fact that time is directed guarantees that the trajectories
always traverse in the same direction.

In a more general definition, a Poincaré section is a directed intersection idx: Poincaré!section and map|textbf

between the flow u̇ of a dynamical system in d-dimensional state space M
and a lower-dimensional manifold MÕ µ M.

Given a Poincaré section, a discrete dynamical system may be defined
with (i) manifold MÕ, (ii) time T = {. . . , ·i, ·i+1, . . . }, and (iii) develop-
ment equation D : ui ‘æ ui+1, where ui œ MÕ is the starting point of
a trajectory and ui+1 its next intersection with MÕ, with the trajectory
passing in the same direction as it left. Such a discrete dynamical system is
called a Poincaré map. It is often studied instead of the original continuous
system because it inherits many of the original statistical properties and
it is simpler due to its lower dimension. Apparently, a Poincaré map is a
discrete dynamical system.

Recall that successive states ui and ui+1 of discrete dynamical systems
in general are not neighboring. This is illustrated by the left frame of
Figure 5.5 below, where the large dots represent successive states of the
Poincaré map. However, for Lipschitz-continuous development equations,
nearby states u and u + Á remain nearby for some time. idx: tools!Poincaré section and map|)

Regular Periodic Attractors A periodic orbit of some autonomous flow idx: periodic orbit

u̇ = f(u) is defined by
cch.21 u(·) = u(· + ·p) , (5.4)

• choose d� 1 dimensional subspace of M
with normal bn

• mark intersection u
if trajectory crosses in direction of bn
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Figure 4.6. Phase diagrams corresponding to Figure 4.5. The coordinate u1 corresponds to
the angle Ï, hence is cyclic, while u2 corresponds to Ï̇ and is unbounded. Notice that these are
projections of the three-dimensional trajectories, (u1, u2, u3) ‘æ (u1, u2), hence may intersect even
if the trajectories do not. The thick red lines represents periodic attractors, i.e., limit cycles. For
µ = 1.15, no such attractor exists. Time is color-coded into the trajectories, from blue through
the spectrum to red. This is only manifest in the chaotic motion as the other two approach their
attractor too rapidly.

Next, look at the perturbation µ sin(Êt), which acts in two ways: (i) it forces the
pendulum directly and (ii) it changes the coupling to gravity, the other external force.
Again, dissipation removes momentum proportional to the angular velocity Ï̇. The interplay
between perturbation and gravity gives rise to complicated motions because the time-scales
of the two are independent of each other. With this, the actual momentum input depends on
the system state relative to the phase of the perturbation. The two driving forces gravity and
perturbation may thus either compensate or amplify each other and this changes during the
course of the system’s development. The internal time-scale of the pendulum is �≠1

0 =

¸/g,

given by (4.2), while the external time-scale is that of the perturbation, �≠1. For the
simulations, we chose Ê := �/�0 = 0.8.

For the pendulum to settle in some periodic motion, which we might call a dynamic
equilibrium, the net force integrated over the motion’s period T must vanish. Hence,s T
0 Ï̈(t) dt != 0 or, expressed in terms of state variables,

cch.2

⁄ T

0
u̇2(t) dt = 0 . (4.17)

For the basic oscillation considered here, T = 2fi
Ê . It will be much longer for more complicated

periodic orbits but will remain a multiple of 2fi
Ê .

Higher Order Periodic Orbits A stronger forcing demands a higher momentum dissi-
pation rate, hence a higher mean velocity Ï̇ = 1

T

s T
0 Ï̇(t) dt. Beyond some threshold, this

cannot be accomplished by basic oscillations anymore and the system transits into full orbital
motions, possibly through rather violent phases. Such a transition is typically rather delicate
with a stable orbit taking a long time before it is established. We encountered this already
in Figure 4.3 and will find extended intervals with such chaotic transients in Figure 4.15
below. There appear to be exceptions to this, however, for instance, in an interval around
µ = 0.91 where the trajectory rapidly approaches a period-3 limit cycle (Figure 4.6, middle
frame). This cycle indeed is reached in a very short time, in about one orbit, which is much
faster than what is required to establish the periodic oscillation with µ = 0.84.
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Figure 5.2.
Stroboscope applied to
the regular regimes
of the sinusoidally
perturbed pendulum
shown in Figure 5.1.
The large symbols
represent the attractors,
a period-1 and a
period-3 limit cycle,
respectively. The
tiny dots stem from
transients. ref fp-period-strob-reg; file fig/5-cch/fp-period-strob-reg

Pendulum For su�ciently weak forcing, the pendulum approaches a peri-
odic limit cycle, which may still be complicated, though (Figure 5.1). What-
ever the complications of this attractor may be, applying the stroboscope
with Ês equal to the forcing frequency Ê yields its periodicity, and eventually
also its more detailed structure (Figure 5.2). — fig fp-period-strob-reg

For µ = 0.84, the pendulum performs a regular oscillation. With the
stroboscope, this leads to one major point that is revisited indefinitely and
in a number of minor points that originate from the initial transients. The
latter are typically visited just once. The single major point represents the
system’s period-1 limit cycle. Its exact location on this cycle depends on
the phase of the stroboscope relative to that of the system’s perturbation.
Sweeping this phase would allow to explore the cycle’s structure in detail,
which is not very interesting in this case but will be used later.

At µ = 0.91, three major points occur and represent the period-3 limit
cycle, i.e., one period of the system state takes 3 forcing cycles. Applying a
stroboscope with the appropriate frequency to an arbitrary trajectory of a
system that possesses a period-p limit cycle as attractor indeed produces p

major points that are revisited indefinitely. In addition, there typically occur
a number of minor points from transients. Their number actually may be
large but they are mostly visited just once.

idx: strange attractor|(

strange attractors are the motivation to keep regular trajectories
also as invariant manifolds: a strange attractor may be seen as
a smooth transition between a regular trajectory and a periodic
attractor

Strange Attractors As a preliminary we recall the di�erence between a
phase diagram, which is the projection of the entire state space to some chosen

idx: phase diagramsubspace, and the stroboscope view, which is the projection of a section of
the state space. Images of trajectories thus may intersect in a phase diagram,
and they typically do, but they must not do so in an appropriate stroboscope
view of a cyclic state space, lest the system’s development equation has no
unique solution at the intersection. This becomes particularly significant if
the sectioning is through a cyclic coordinate of the state space.
Cyclic Dimension of State Space The state variable u3, which we intro-
duced as time, indeed is a cyclic variable. We needed it in order to incorporate
the time-dependent perturbation into the autonomous formulation (3.63) and

implementation of Poincaré section
(for cyclic coordinate u3)
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Figure 4.6. Phase diagrams corresponding to Figure 4.5. The coordinate u1 corresponds to
the angle Ï, hence is cyclic, while u2 corresponds to Ï̇ and is unbounded. Notice that these are
projections of the three-dimensional trajectories, (u1, u2, u3) ‘æ (u1, u2), hence may intersect even
if the trajectories do not. The thick red lines represents periodic attractors, i.e., limit cycles. For
µ = 1.15, no such attractor exists. Time is color-coded into the trajectories, from blue through
the spectrum to red. This is only manifest in the chaotic motion as the other two approach their
attractor too rapidly.

Next, look at the perturbation µ sin(Êt), which acts in two ways: (i) it forces the
pendulum directly and (ii) it changes the coupling to gravity, the other external force.
Again, dissipation removes momentum proportional to the angular velocity Ï̇. The interplay
between perturbation and gravity gives rise to complicated motions because the time-scales
of the two are independent of each other. With this, the actual momentum input depends on
the system state relative to the phase of the perturbation. The two driving forces gravity and
perturbation may thus either compensate or amplify each other and this changes during the
course of the system’s development. The internal time-scale of the pendulum is �≠1

0 =

¸/g,

given by (4.2), while the external time-scale is that of the perturbation, �≠1. For the
simulations, we chose Ê := �/�0 = 0.8.

For the pendulum to settle in some periodic motion, which we might call a dynamic
equilibrium, the net force integrated over the motion’s period T must vanish. Hence,s T
0 Ï̈(t) dt != 0 or, expressed in terms of state variables,

cch.2

⁄ T

0
u̇2(t) dt = 0 . (4.17)

For the basic oscillation considered here, T = 2fi
Ê . It will be much longer for more complicated

periodic orbits but will remain a multiple of 2fi
Ê .

Higher Order Periodic Orbits A stronger forcing demands a higher momentum dissi-
pation rate, hence a higher mean velocity Ï̇ = 1

T

s T
0 Ï̇(t) dt. Beyond some threshold, this

cannot be accomplished by basic oscillations anymore and the system transits into full orbital
motions, possibly through rather violent phases. Such a transition is typically rather delicate
with a stable orbit taking a long time before it is established. We encountered this already
in Figure 4.3 and will find extended intervals with such chaotic transients in Figure 4.15
below. There appear to be exceptions to this, however, for instance, in an interval around
µ = 0.91 where the trajectory rapidly approaches a period-3 limit cycle (Figure 4.6, middle
frame). This cycle indeed is reached in a very short time, in about one orbit, which is much
faster than what is required to establish the periodic oscillation with µ = 0.84.
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Figure 5.2.
Stroboscope applied to
the regular regimes
of the sinusoidally
perturbed pendulum
shown in Figure 5.1.
The large symbols
represent the attractors,
a period-1 and a
period-3 limit cycle,
respectively. The
tiny dots stem from
transients. ref fp-period-strob-reg; file fig/5-cch/fp-period-strob-reg

Pendulum For su�ciently weak forcing, the pendulum approaches a peri-
odic limit cycle, which may still be complicated, though (Figure 5.1). What-
ever the complications of this attractor may be, applying the stroboscope
with Ês equal to the forcing frequency Ê yields its periodicity, and eventually
also its more detailed structure (Figure 5.2). — fig fp-period-strob-reg

For µ = 0.84, the pendulum performs a regular oscillation. With the
stroboscope, this leads to one major point that is revisited indefinitely and
in a number of minor points that originate from the initial transients. The
latter are typically visited just once. The single major point represents the
system’s period-1 limit cycle. Its exact location on this cycle depends on
the phase of the stroboscope relative to that of the system’s perturbation.
Sweeping this phase would allow to explore the cycle’s structure in detail,
which is not very interesting in this case but will be used later.

At µ = 0.91, three major points occur and represent the period-3 limit
cycle, i.e., one period of the system state takes 3 forcing cycles. Applying a
stroboscope with the appropriate frequency to an arbitrary trajectory of a
system that possesses a period-p limit cycle as attractor indeed produces p

major points that are revisited indefinitely. In addition, there typically occur
a number of minor points from transients. Their number actually may be
large but they are mostly visited just once.

idx: strange attractor|(

strange attractors are the motivation to keep regular trajectories
also as invariant manifolds: a strange attractor may be seen as
a smooth transition between a regular trajectory and a periodic
attractor

Strange Attractors As a preliminary we recall the di�erence between a
phase diagram, which is the projection of the entire state space to some chosen

idx: phase diagramsubspace, and the stroboscope view, which is the projection of a section of
the state space. Images of trajectories thus may intersect in a phase diagram,
and they typically do, but they must not do so in an appropriate stroboscope
view of a cyclic state space, lest the system’s development equation has no
unique solution at the intersection. This becomes particularly significant if
the sectioning is through a cyclic coordinate of the state space.
Cyclic Dimension of State Space The state variable u3, which we intro-
duced as time, indeed is a cyclic variable. We needed it in order to incorporate
the time-dependent perturbation into the autonomous formulation (3.63) and

what do you expect 
for this strobo view?

STOP
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Figure 4.6. Phase diagrams corresponding to Figure 4.5. The coordinate u1 corresponds to
the angle Ï, hence is cyclic, while u2 corresponds to Ï̇ and is unbounded. Notice that these are
projections of the three-dimensional trajectories, (u1, u2, u3) ‘æ (u1, u2), hence may intersect even
if the trajectories do not. The thick red lines represents periodic attractors, i.e., limit cycles. For
µ = 1.15, no such attractor exists. Time is color-coded into the trajectories, from blue through
the spectrum to red. This is only manifest in the chaotic motion as the other two approach their
attractor too rapidly.

Next, look at the perturbation µ sin(Êt), which acts in two ways: (i) it forces the
pendulum directly and (ii) it changes the coupling to gravity, the other external force.
Again, dissipation removes momentum proportional to the angular velocity Ï̇. The interplay
between perturbation and gravity gives rise to complicated motions because the time-scales
of the two are independent of each other. With this, the actual momentum input depends on
the system state relative to the phase of the perturbation. The two driving forces gravity and
perturbation may thus either compensate or amplify each other and this changes during the
course of the system’s development. The internal time-scale of the pendulum is �≠1

0 =

¸/g,

given by (4.2), while the external time-scale is that of the perturbation, �≠1. For the
simulations, we chose Ê := �/�0 = 0.8.

For the pendulum to settle in some periodic motion, which we might call a dynamic
equilibrium, the net force integrated over the motion’s period T must vanish. Hence,s T
0 Ï̈(t) dt != 0 or, expressed in terms of state variables,

cch.2

⁄ T

0
u̇2(t) dt = 0 . (4.17)

For the basic oscillation considered here, T = 2fi
Ê . It will be much longer for more complicated

periodic orbits but will remain a multiple of 2fi
Ê .

Higher Order Periodic Orbits A stronger forcing demands a higher momentum dissi-
pation rate, hence a higher mean velocity Ï̇ = 1

T

s T
0 Ï̇(t) dt. Beyond some threshold, this

cannot be accomplished by basic oscillations anymore and the system transits into full orbital
motions, possibly through rather violent phases. Such a transition is typically rather delicate
with a stable orbit taking a long time before it is established. We encountered this already
in Figure 4.3 and will find extended intervals with such chaotic transients in Figure 4.15
below. There appear to be exceptions to this, however, for instance, in an interval around
µ = 0.91 where the trajectory rapidly approaches a period-3 limit cycle (Figure 4.6, middle
frame). This cycle indeed is reached in a very short time, in about one orbit, which is much
faster than what is required to establish the periodic oscillation with µ = 0.84.
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Figure 5.2.
Stroboscope applied to
the regular regimes
of the sinusoidally
perturbed pendulum
shown in Figure 5.1.
The large symbols
represent the attractors,
a period-1 and a
period-3 limit cycle,
respectively. The
tiny dots stem from
transients. ref fp-period-strob-reg; file fig/5-cch/fp-period-strob-reg

Pendulum For su�ciently weak forcing, the pendulum approaches a peri-
odic limit cycle, which may still be complicated, though (Figure 5.1). What-
ever the complications of this attractor may be, applying the stroboscope
with Ês equal to the forcing frequency Ê yields its periodicity, and eventually
also its more detailed structure (Figure 5.2). — fig fp-period-strob-reg

For µ = 0.84, the pendulum performs a regular oscillation. With the
stroboscope, this leads to one major point that is revisited indefinitely and
in a number of minor points that originate from the initial transients. The
latter are typically visited just once. The single major point represents the
system’s period-1 limit cycle. Its exact location on this cycle depends on
the phase of the stroboscope relative to that of the system’s perturbation.
Sweeping this phase would allow to explore the cycle’s structure in detail,
which is not very interesting in this case but will be used later.

At µ = 0.91, three major points occur and represent the period-3 limit
cycle, i.e., one period of the system state takes 3 forcing cycles. Applying a
stroboscope with the appropriate frequency to an arbitrary trajectory of a
system that possesses a period-p limit cycle as attractor indeed produces p

major points that are revisited indefinitely. In addition, there typically occur
a number of minor points from transients. Their number actually may be
large but they are mostly visited just once.

idx: strange attractor|(

strange attractors are the motivation to keep regular trajectories
also as invariant manifolds: a strange attractor may be seen as
a smooth transition between a regular trajectory and a periodic
attractor

Strange Attractors As a preliminary we recall the di�erence between a
phase diagram, which is the projection of the entire state space to some chosen

idx: phase diagramsubspace, and the stroboscope view, which is the projection of a section of
the state space. Images of trajectories thus may intersect in a phase diagram,
and they typically do, but they must not do so in an appropriate stroboscope
view of a cyclic state space, lest the system’s development equation has no
unique solution at the intersection. This becomes particularly significant if
the sectioning is through a cyclic coordinate of the state space.
Cyclic Dimension of State Space The state variable u3, which we intro-
duced as time, indeed is a cyclic variable. We needed it in order to incorporate
the time-dependent perturbation into the autonomous formulation (3.63) and
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Figure 5.3. Stroboscope applied to the chaotic trajectory of the forced
pendulum with µ = 1.15 shown in Figure 5.1. (left) The stroboscope frequency Ês

is chosen equal to that of the external forcing. Each of the tiny dots corresponds
to a state of the system at one of the discrete times ·n and each of them is visited
indefinitely. In contrast to Figure 5.2 transients have been excluded by a spinup
of 400 forcing cycles before starting to record states. Six successive states at
·n, ·n+1,. . . , ·n+5 are identified by symbols with successively increasing radius
to illustrate that nearby points in (u1, u2) are generally not nearby in time. (right)
Cross-sectional planes are located more closely by choosing Ês = 6Ê. Successive
slices are drawn in ever lighter color.

chose it as a linear variable, mainly in order to retain physical intuition.
Another choice, u3 := sin(Êt), which essentially replaces time by the phase
of the sinusoidal perturbation, would transform (3.63)2 into u̇2 = ≠2“u2 ≠

sin(u1) + µu3. This would have worked equally well, at the cost of further
introducing u̇3 = Êu4 and u̇4 = ≠Êu3, however. While admittedly clumsy,
this formulation demonstrates that the nature of the u3-direction is indeed
cyclic and that a stroboscope with Ês = Ê produces a single section, which
coincides with the corresponding Poincaré section.

Chaotic Trajectory The power of such sections mainly comes to bear on
chaotic trajectories (Figure 5.1). While the phase diagram may hint at some
underlying structure, it is not clearly discernible beyond the fact that it has no
perceptible periodicity. In contrast, the stroboscope reveals that the motion
indeed is not random but highly structured. It apparently proceeds on an
intricately structured manifold that is embedded in the system’s state space
(Figure 5.3). It is manifest in the folded bundles of thin filaments that come — fig fp-chaos-strob

very close to each other without ever touching (left frame), a structure that
apparently is contorted as it winds along the u3-direction (right frame). This
filamentous structure might easily be mistaken as a flow on its own, which
is not the case, however. It consists entirely of isolated dots, although the
limited graphical resolution hides this, which indicate the intersection of the
trajectory with the corresponding Poincaré plane. Indeed, the larger dots in
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Figure 4.6. Phase diagrams corresponding to Figure 4.5. The coordinate u1 corresponds to
the angle Ï, hence is cyclic, while u2 corresponds to Ï̇ and is unbounded. Notice that these are
projections of the three-dimensional trajectories, (u1, u2, u3) ‘æ (u1, u2), hence may intersect even
if the trajectories do not. The thick red lines represents periodic attractors, i.e., limit cycles. For
µ = 1.15, no such attractor exists. Time is color-coded into the trajectories, from blue through
the spectrum to red. This is only manifest in the chaotic motion as the other two approach their
attractor too rapidly.

Next, look at the perturbation µ sin(Êt), which acts in two ways: (i) it forces the
pendulum directly and (ii) it changes the coupling to gravity, the other external force.
Again, dissipation removes momentum proportional to the angular velocity Ï̇. The interplay
between perturbation and gravity gives rise to complicated motions because the time-scales
of the two are independent of each other. With this, the actual momentum input depends on
the system state relative to the phase of the perturbation. The two driving forces gravity and
perturbation may thus either compensate or amplify each other and this changes during the
course of the system’s development. The internal time-scale of the pendulum is �≠1

0 =

¸/g,

given by (4.2), while the external time-scale is that of the perturbation, �≠1. For the
simulations, we chose Ê := �/�0 = 0.8.

For the pendulum to settle in some periodic motion, which we might call a dynamic
equilibrium, the net force integrated over the motion’s period T must vanish. Hence,s T
0 Ï̈(t) dt != 0 or, expressed in terms of state variables,

cch.2

⁄ T

0
u̇2(t) dt = 0 . (4.17)

For the basic oscillation considered here, T = 2fi
Ê . It will be much longer for more complicated

periodic orbits but will remain a multiple of 2fi
Ê .

Higher Order Periodic Orbits A stronger forcing demands a higher momentum dissi-
pation rate, hence a higher mean velocity Ï̇ = 1

T

s T
0 Ï̇(t) dt. Beyond some threshold, this

cannot be accomplished by basic oscillations anymore and the system transits into full orbital
motions, possibly through rather violent phases. Such a transition is typically rather delicate
with a stable orbit taking a long time before it is established. We encountered this already
in Figure 4.3 and will find extended intervals with such chaotic transients in Figure 4.15
below. There appear to be exceptions to this, however, for instance, in an interval around
µ = 0.91 where the trajectory rapidly approaches a period-3 limit cycle (Figure 4.6, middle
frame). This cycle indeed is reached in a very short time, in about one orbit, which is much
faster than what is required to establish the periodic oscillation with µ = 0.84.
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Figure 5.3. Stroboscope applied to the chaotic trajectory of the forced
pendulum with µ = 1.15 shown in Figure 5.1. (left) The stroboscope frequency Ês

is chosen equal to that of the external forcing. Each of the tiny dots corresponds
to a state of the system at one of the discrete times ·n and each of them is visited
indefinitely. In contrast to Figure 5.2 transients have been excluded by a spinup
of 400 forcing cycles before starting to record states. Six successive states at
·n, ·n+1,. . . , ·n+5 are identified by symbols with successively increasing radius
to illustrate that nearby points in (u1, u2) are generally not nearby in time. (right)
Cross-sectional planes are located more closely by choosing Ês = 6Ê. Successive
slices are drawn in ever lighter color.

chose it as a linear variable, mainly in order to retain physical intuition.
Another choice, u3 := sin(Êt), which essentially replaces time by the phase
of the sinusoidal perturbation, would transform (3.63)2 into u̇2 = ≠2“u2 ≠

sin(u1) + µu3. This would have worked equally well, at the cost of further
introducing u̇3 = Êu4 and u̇4 = ≠Êu3, however. While admittedly clumsy,
this formulation demonstrates that the nature of the u3-direction is indeed
cyclic and that a stroboscope with Ês = Ê produces a single section, which
coincides with the corresponding Poincaré section.

Chaotic Trajectory The power of such sections mainly comes to bear on
chaotic trajectories (Figure 5.1). While the phase diagram may hint at some
underlying structure, it is not clearly discernible beyond the fact that it has no
perceptible periodicity. In contrast, the stroboscope reveals that the motion
indeed is not random but highly structured. It apparently proceeds on an
intricately structured manifold that is embedded in the system’s state space
(Figure 5.3). It is manifest in the folded bundles of thin filaments that come — fig fp-chaos-strob

very close to each other without ever touching (left frame), a structure that
apparently is contorted as it winds along the u3-direction (right frame). This
filamentous structure might easily be mistaken as a flow on its own, which
is not the case, however. It consists entirely of isolated dots, although the
limited graphical resolution hides this, which indicate the intersection of the
trajectory with the corresponding Poincaré plane. Indeed, the larger dots in
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of the sinusoidal perturbation, would transform (3.63)2 into u̇2 = ≠2“u2 ≠

sin(u1) + µu3. This would have worked equally well, at the cost of further
introducing u̇3 = Êu4 and u̇4 = ≠Êu3, however. While admittedly clumsy,
this formulation demonstrates that the nature of the u3-direction is indeed
cyclic and that a stroboscope with Ês = Ê produces a single section, which
coincides with the corresponding Poincaré section.
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indeed is not random but highly structured. It apparently proceeds on an
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very close to each other without ever touching (left frame), a structure that
apparently is contorted as it winds along the u3-direction (right frame). This
filamentous structure might easily be mistaken as a flow on its own, which
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