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Figure 9.12.
Spatial distribution of prey
(yellow), predator (blue),
and predator together with
prey (red) in 2-species
population on a 512 ◊ 256
domain for di�erent times as
simulated with the model of
Weber [2015].
At t = 0, the distributions
are random with density 0.2
for the prey and 0.286 for
the predators. Since this is
very far from the dynamic
equilibrium for this system,
both populations collapsed
almost instantaneously. By
t = 48, the predator was
on the brink of extinction
its minimum, with just
2 individuals left. By t =
100, it had recovered and
counted 43 individuals near
the lower right corner of the
domain. The development
of densities ui = ni/N
on this and on a larger
1024 ◊ 1024 domain is
shown in Figures 9.13–9.14.
Recall that the domain is a
torus, the boundaries thus
arbitrary orthogonal cuts
that are no di�erent than
any other point.
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• spatially distributed models

– model formulation & initialization
– 2-species predator-prey model
– 3-species predator-prey-grass model



beyond the elementary

2

• natural systems consist of many interlinked species (interaction web) that 
depend on many resources and are 
driven by different external forcings (climate, fires, volcanos,…, humankind)

• major challenges 
‣ obtaining structure and parameters (topology & metric) of the web 

(numerically solving such systems is a comparatively minor challenge)
‣ stochastic elements: premise of large number of individuals in well-mixed 

domain (interaction range of the species) not given for large individuals

‣ domains often much larger than interaction range of individuals

• currently explored routes (far from solid solutions) 
‣ estimate (data assimilation) “effective parameters” that emerge as long-time 

averages and include stochasticity of all sorts 
(values very different from what is directly observable; results only valid as averages)

‣ hybrid models that jointly handle stochastic and deterministic components
,! local urn-inspired models coupled to form a (many-state) CA. . . ABM
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two-species predator-prey system



model – two species
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basic design decisions
• asexual reproduction (think bacteria) 
• at most 1 individual of same species on a cell (N cells, limited environment) 
• each individual has a food reserve → (many-state automaton) 
• stochastic automaton on periodic domain

processes (run sequentially in following order)
1. cost of living: for all, reduce food reserve by 1 (if 0: dead)

4. reproduction: if food reserve exceeds minimum, with probability µ 
place offspring into neighboring empty cell and give it 2 units of food

3. eating: 
– predator + prey: prey vanishes, predator’s food reserve increases 
– prey: food reserve increases (primary producer!)

2. motion: pick random cell (repeat N times; multiple picks possible) 
– empty or prey: leave alone 
– predator: search neighborhood for prey, move there; else do random step 
– predator + prey: prey flees to empty site (if available) with probability pflee
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Figure 8.14.
Neighborhoods commonly
employed for two-dimensional
cellular automata. For d
dimensions, the neighborhoods
are classified in analogy, with
[2d + 1]- and 3d-neighborhoods as
the extreme cases. Notice that a
point always belongs to its own
neighborhood. ref ca-grid; file fig/8-cof/ca-grid

8.4
Cellular Automata

label: s-cof-ca

idx: cellular automata|textbf

idx: CA|seecellular automata
Complex systems by definition are high-dimensional and nonlinear. Their
detailed representation thus eventually calls for numerical simulations. One
traditional approach is the formulation of the system’s development by partial
di�erential equations (PDEs). It is prevalent for systems that operate in idx: PDE|seepartial di�erential equation

continuous environments, like our regular physical space, and that are well-
described in terms of conservation-, flux-, and interaction-laws. Fluid flow
and the associated passive or active scalar transport is the prime example.
A large class of environmental systems is not known to a degree that the
formulation of PDEs is warranted, however. Furthermore, the numerical
solution of PDEs is often a highly involved undertaking that is only feasible
for a small and specialized community. Cellular automata o�er a handy
solution for both di�culties.

8.4.1
Fundamentals
A cellular automaton A = {G, S, R} is a set with three disparate components:
(i) an arrangement G of cells, (ii) a finite and countable set S of states, and
(iii) a rule R that describes the development of the states. Typically, G is a
d-dimensional rectangular grid with equilateral cells, the number of states is
small, in the minimal setting just S = {0, 1}, and the rule is local such that
the state at location i = (i, j, . . . ) and time step n + 1, S

n+1
i , depends on S

n
iÕ

at the previous time step n, where iÕ is in the neighborhood of i (Figure 8.14).
We write the neighborhood of i in shorthand as iÕ

œ N (i). — fig ca-grid

A key element of an automaton is its rule. It defines for every configuration
of the neighborhood iÕ of i the state that is assigned to i in the next step.
For the minimal two-dimensional automaton, one with just the two states
0 and 1, there are 25 = 32 configurations if the 5-neighborhood is used.
For each of them, the next state of i can be either 0 or 1, hence there
are 232 = 4Õ294Õ967Õ296 di�erent rules, each of which defines a specific
automaton. The corresponding numbers for the 9-neighborhood are 29 = 512

implementations from MSc theses: 
CAlab by Juliane Weber [2015] 
CART by Alexander Schnapp [2017] 

Utopia [2019] → exercises



parameter predators prey
reproduction probability µ 0.2 0.2
movement range 1 1
probability for fleeing pflee – 0.5
gain from eating �e 3 3
max. food reserve efmax 8 8
min. food reserve (reproduction) efmin 4 4
number of o↵spring 1 1
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traditional approach is the formulation of the system’s development by partial
di�erential equations (PDEs). It is prevalent for systems that operate in idx: PDE|seepartial di�erential equation

continuous environments, like our regular physical space, and that are well-
described in terms of conservation-, flux-, and interaction-laws. Fluid flow
and the associated passive or active scalar transport is the prime example.
A large class of environmental systems is not known to a degree that the
formulation of PDEs is warranted, however. Furthermore, the numerical
solution of PDEs is often a highly involved undertaking that is only feasible
for a small and specialized community. Cellular automata o�er a handy
solution for both di�culties.

8.4.1
Fundamentals
A cellular automaton A = {G, S, R} is a set with three disparate components:
(i) an arrangement G of cells, (ii) a finite and countable set S of states, and
(iii) a rule R that describes the development of the states. Typically, G is a
d-dimensional rectangular grid with equilateral cells, the number of states is
small, in the minimal setting just S = {0, 1}, and the rule is local such that
the state at location i = (i, j, . . . ) and time step n + 1, S

n+1
i , depends on S

n
iÕ

at the previous time step n, where iÕ is in the neighborhood of i (Figure 8.14).
We write the neighborhood of i in shorthand as iÕ

œ N (i). — fig ca-grid

A key element of an automaton is its rule. It defines for every configuration
of the neighborhood iÕ of i the state that is assigned to i in the next step.
For the minimal two-dimensional automaton, one with just the two states
0 and 1, there are 25 = 32 configurations if the 5-neighborhood is used.
For each of them, the next state of i can be either 0 or 1, hence there
are 232 = 4Õ294Õ967Õ296 di�erent rules, each of which defines a specific
automaton. The corresponding numbers for the 9-neighborhood are 29 = 512

large number of parameters, each with wide range of values -> huge spectrum of storylines -> challenge to gain estimates for given situation



‣ often wrong since chaotic and complex systems may contain several 
attractors, with the initial condition selecting one, e.g, L63, Swift-Hohenberg 
‣ choosing a particular one, e.g., coexistence, is often technically challenging

initialization

6

• initial conditions often appear as a minor technical issue

• natural systems 
‣ typically need no initialization, “they just run” in a mode that 

results from their very emergence and adaptation

possibilities 
• uniform random distributions (straightforward, but prone to failure) 
• random with multi-direction gradients 
• isolated clusters with different compositions 
• guess self-organized regime and mimic it

‣ exceptions 
– lab experiments of all sorts, e.g., microbiological populations 
– agroecosystems, remodeled landscapes, nature restoration adding/removing species,…

‣ sometimes right, e.g., sand-pile, forest fires, contagious diseases



initialization
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[using model of Juliane Weber, 2015]
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Figure 9.12.
Spatial distribution of prey
(yellow), predator (blue),
and predator together with
prey (red) in 2-species
population on a 512 ◊ 256
domain for di�erent times as
simulated with the model of
Weber [2015].
At t = 0, the distributions
are random with density 0.2
for the prey and 0.286 for
the predators. Since this is
very far from the dynamic
equilibrium for this system,
both populations collapsed
almost instantaneously. By
t = 48, the predator was
on the brink of extinction
its minimum, with just
2 individuals left. By t =
100, it had recovered and
counted 43 individuals near
the lower right corner of the
domain. The development
of densities ui = ni/N
on this and on a larger
1024 ◊ 1024 domain is
shown in Figures 9.13–9.14.
Recall that the domain is a
torus, the boundaries thus
arbitrary orthogonal cuts
that are no di�erent than
any other point.
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t = 700

ref d2s; file fig/9-pop/d2s

random initial distribution 

uniform random distributions

parameter predators prey
reproduction probability µ 0.2 0.2
movement range 1 1
probability for fleeing pflee – 0.5
gain from eating �e 3 3
max. food reserve efmax 8 8
min. food reserve (reproduction) efmin 4 4
number of o↵spring 1 1
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Figure 9.12.
Spatial distribution of prey
(yellow), predator (blue),
and predator together with
prey (red) in 2-species
population on a 512 ◊ 256
domain for di�erent times as
simulated with the model of
Weber [2015].
At t = 0, the distributions
are random with density 0.2
for the prey and 0.286 for
the predators. Since this is
very far from the dynamic
equilibrium for this system,
both populations collapsed
almost instantaneously. By
t = 48, the predator was
on the brink of extinction
its minimum, with just
2 individuals left. By t =
100, it had recovered and
counted 43 individuals near
the lower right corner of the
domain. The development
of densities ui = ni/N
on this and on a larger
1024 ◊ 1024 domain is
shown in Figures 9.13–9.14.
Recall that the domain is a
torus, the boundaries thus
arbitrary orthogonal cuts
that are no di�erent than
any other point.
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past the brink of extinction

from 2 surviving 
predators at t = 48

initial value of predator density 
fine-tuned to that of prey 
(increasing prey would lead to 
extinction of predators)



transition to self-organized regime
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predator feeding on prey
[using model of Juliane Weber, 2015]
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Figure 9.12.
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and predator together with
prey (red) in 2-species
population on a 512 ◊ 256
domain for di�erent times as
simulated with the model of
Weber [2015].
At t = 0, the distributions
are random with density 0.2
for the prey and 0.286 for
the predators. Since this is
very far from the dynamic
equilibrium for this system,
both populations collapsed
almost instantaneously. By
t = 48, the predator was
on the brink of extinction
its minimum, with just
2 individuals left. By t =
100, it had recovered and
counted 43 individuals near
the lower right corner of the
domain. The development
of densities ui = ni/N
on this and on a larger
1024 ◊ 1024 domain is
shown in Figures 9.13–9.14.
Recall that the domain is a
torus, the boundaries thus
arbitrary orthogonal cuts
that are no di�erent than
any other point.
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random initial distribution 

past the brink of extinction

rapid growth of prey
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Figure 9.12.
Spatial distribution of prey
(yellow), predator (blue),
and predator together with
prey (red) in 2-species
population on a 512 ◊ 256
domain for di�erent times as
simulated with the model of
Weber [2015].
At t = 0, the distributions
are random with density 0.2
for the prey and 0.286 for
the predators. Since this is
very far from the dynamic
equilibrium for this system,
both populations collapsed
almost instantaneously. By
t = 48, the predator was
on the brink of extinction
its minimum, with just
2 individuals left. By t =
100, it had recovered and
counted 43 individuals near
the lower right corner of the
domain. The development
of densities ui = ni/N
on this and on a larger
1024 ◊ 1024 domain is
shown in Figures 9.13–9.14.
Recall that the domain is a
torus, the boundaries thus
arbitrary orthogonal cuts
that are no di�erent than
any other point.
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approaching self-organized regime



• dashed: initialized with 
asymptotic densities

transition to self-organized regime
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Figure 9.13. Development of predator- (u1) and prey-density (u2) for short and
long times, and for a 512 ◊ 256 (thin lines) and a 1024 ◊ 1024 domain (thick lines).
The dashed lines also represent the large domain but with initial densities given
by (9.43). Spatial distributions for the small domain and for the times indicated
by thin vertical lines are shown in Figure 9.12. The phase diagrams are given in
Figure 9.14.

Initial Rapid Transient Phase At t = 0, the initial densities are very high
(Table 9.3), in particular that of the predators as we will recognize below.
These result in many local configurations with predator and prey together on
the same grid cell or in the same neighborhood, which in turn leads to a very
high eating rate. Even with the given high probability pflee = 0.5 for fleeing,
the predators’ consumption rate is considerably higher than the growth rate
of the prey. Consequently, the predator population increases all the while
the prey population collapses. Inspection of the data indeed shows that the
prey population is about halved in each time step up to t = 6. With this
rapid decline, also the growth of the predator population comes to a rapid
end, by t = 3, and it too starts to collapse, just delayed by the individuals’
food reserve.

Table 9.3. Parameters used for the 2-species predator-prey system whose
development is shown in Figures 9.12–9.14. Most parameter values are the same
for predator and prey, indicating their physiological similarity.

parameter predators prey
reproduction probability prepro 0.2 0.2
movement range 1 1
probability for fleeing pflee 0.5
gain from eating �e 3 3
max. food reserve efmax 8 8
min. food reserve (reproduction) efmin 4 4
number of o�spring 1 1
initial density ui0 0.286 0.2

ref pop.2

• thin lines: 512 x 256 grid
• thick lines: 1024 x 1024 grid

prey
predator
predator feeding on prey

trajectories
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Figure 9.13. Development of predator- (u1) and prey-density (u2) for short and
long times, and for a 512 ◊ 256 (thin lines) and a 1024 ◊ 1024 domain (thick lines).
The dashed lines also represent the large domain but with initial densities given
by (9.43). Spatial distributions for the small domain and for the times indicated
by thin vertical lines are shown in Figure 9.12. The phase diagrams are given in
Figure 9.14.

Initial Rapid Transient Phase At t = 0, the initial densities are very high
(Table 9.3), in particular that of the predators as we will recognize below.
These result in many local configurations with predator and prey together on
the same grid cell or in the same neighborhood, which in turn leads to a very
high eating rate. Even with the given high probability pflee = 0.5 for fleeing,
the predators’ consumption rate is considerably higher than the growth rate
of the prey. Consequently, the predator population increases all the while
the prey population collapses. Inspection of the data indeed shows that the
prey population is about halved in each time step up to t = 6. With this
rapid decline, also the growth of the predator population comes to a rapid
end, by t = 3, and it too starts to collapse, just delayed by the individuals’
food reserve.

Table 9.3. Parameters used for the 2-species predator-prey system whose
development is shown in Figures 9.12–9.14. Most parameter values are the same
for predator and prey, indicating their physiological similarity.

parameter predators prey
reproduction probability prepro 0.2 0.2
movement range 1 1
probability for fleeing pflee 0.5
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The dashed lines also represent the large domain but with initial densities given
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Initial Rapid Transient Phase At t = 0, the initial densities are very high
(Table 9.3), in particular that of the predators as we will recognize below.
These result in many local configurations with predator and prey together on
the same grid cell or in the same neighborhood, which in turn leads to a very
high eating rate. Even with the given high probability pflee = 0.5 for fleeing,
the predators’ consumption rate is considerably higher than the growth rate
of the prey. Consequently, the predator population increases all the while
the prey population collapses. Inspection of the data indeed shows that the
prey population is about halved in each time step up to t = 6. With this
rapid decline, also the growth of the predator population comes to a rapid
end, by t = 3, and it too starts to collapse, just delayed by the individuals’
food reserve.

Table 9.3. Parameters used for the 2-species predator-prey system whose
development is shown in Figures 9.12–9.14. Most parameter values are the same
for predator and prey, indicating their physiological similarity.

parameter predators prey
reproduction probability prepro 0.2 0.2
movement range 1 1
probability for fleeing pflee 0.5
gain from eating �e 3 3
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min. food reserve (reproduction) efmin 4 4
number of o�spring 1 1
initial density ui0 0.286 0.2
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transition to self-organized regime
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Figure 9.12.
Spatial distribution of prey
(yellow), predator (blue),
and predator together with
prey (red) in 2-species
population on a 512 ◊ 256
domain for di�erent times as
simulated with the model of
Weber [2015].
At t = 0, the distributions
are random with density 0.2
for the prey and 0.286 for
the predators. Since this is
very far from the dynamic
equilibrium for this system,
both populations collapsed
almost instantaneously. By
t = 48, the predator was
on the brink of extinction
its minimum, with just
2 individuals left. By t =
100, it had recovered and
counted 43 individuals near
the lower right corner of the
domain. The development
of densities ui = ni/N
on this and on a larger
1024 ◊ 1024 domain is
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Figure 9.14.
Phase diagram corresponding to the
trajectories shown in Figure 9.13. Thin
straight lines indicate the asymptotic
mean densities as given by (9.43).
The green dashed line represents the
development of initial uniform random
distributions with densities equal to
their respective asymptotic means. ref d2s-phase; file fig/9-pop/d2s-phase

a front is faster than the growth of the prey cluster, hence predators outrun
the prey. Such a front also tends to inhibit the predator’s reproduction since
o�spring placed behind of it is separated from the food, whereas o�spring
that is placed ahead of it separates its parent from the food. With this,
predators never enter an exponential growth phase even if prey is abundant.
We recognize that this is a consequence of the model’s design. The situa-
tion would be quite di�erent if we considered a predator species that could
form spores, for instance, which could be transported to any place in the
domain.

For the realization shown in Figure 9.12, a large-scale predator front has
developed by about t = 250 and it runs through the domain of an increasingly
compact prey distribution. By t = 700 it has travelled almost the entire
domain and has thereby eradicated all the structures that remained from
the specific initial condition. This happens because, as a consequence of the
probabilistic processes, a predator front is not compact. Hence, there are
always some prey individuals or small patches of them that are left behind,
typically associated with one or a few predators.

Dynamic Equilibrium and Self-Organization Once the transients have van-
ished, by about t = 900, the populations fluctuate in a dynamic equilibrium
(Figure 9.14). Analyzing the simulation data yields — fig d2s-phase

pop.43 u1 = 0.043 ± 0.001 (0.003)
u2 = 0.272 ± 0.005 (0.015) (9.43)

for the mean densities, where the uncertainties are standard deviations calcu-
lated for the 1024 ◊ 1024 domain, in parentheses the values for the 512 ◊ 256
domain. Notice that the uncertainties scale approximately with

Ô
8 ¥ 2.8

as expected from the ratio of the domain sizes. This indicates that the
fluctuations are of a statistical nature and that the system possesses a stable
attractor such that all states on it have the same population density.

phase diagram

predator
pr

ey
prey
predator
predator feeding on prey

trajectories

dynamic 
equilibrium

recognize 
Lotka-Volterra 
phenomenology
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Figure 9.13. Development of predator- (u1) and prey-density (u2) for short and
long times, and for a 512 ◊ 256 (thin lines) and a 1024 ◊ 1024 domain (thick lines).
The dashed lines also represent the large domain but with initial densities given
by (9.43). Spatial distributions for the small domain and for the times indicated
by thin vertical lines are shown in Figure 9.12. The phase diagrams are given in
Figure 9.14.

Initial Rapid Transient Phase At t = 0, the initial densities are very high
(Table 9.3), in particular that of the predators as we will recognize below.
These result in many local configurations with predator and prey together on
the same grid cell or in the same neighborhood, which in turn leads to a very
high eating rate. Even with the given high probability pflee = 0.5 for fleeing,
the predators’ consumption rate is considerably higher than the growth rate
of the prey. Consequently, the predator population increases all the while
the prey population collapses. Inspection of the data indeed shows that the
prey population is about halved in each time step up to t = 6. With this
rapid decline, also the growth of the predator population comes to a rapid
end, by t = 3, and it too starts to collapse, just delayed by the individuals’
food reserve.

Table 9.3. Parameters used for the 2-species predator-prey system whose
development is shown in Figures 9.12–9.14. Most parameter values are the same
for predator and prey, indicating their physiological similarity.

parameter predators prey
reproduction probability prepro 0.2 0.2
movement range 1 1
probability for fleeing pflee 0.5
gain from eating �e 3 3
max. food reserve efmax 8 8
min. food reserve (reproduction) efmin 4 4
number of o�spring 1 1
initial density ui0 0.286 0.2

ref pop.2

• thin lines: 512 x 256 grid
• thick lines: 1024 x 1024 grid
• dashed: initialized with 

asymptotic densities
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and predator together with
prey (red) in 2-species
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domain for di�erent times as
simulated with the model of
Weber [2015].
At t = 0, the distributions
are random with density 0.2
for the prey and 0.286 for
the predators. Since this is
very far from the dynamic
equilibrium for this system,
both populations collapsed
almost instantaneously. By
t = 48, the predator was
on the brink of extinction
its minimum, with just
2 individuals left. By t =
100, it had recovered and
counted 43 individuals near
the lower right corner of the
domain. The development
of densities ui = ni/N
on this and on a larger
1024 ◊ 1024 domain is
shown in Figures 9.13–9.14.
Recall that the domain is a
torus, the boundaries thus
arbitrary orthogonal cuts
that are no di�erent than
any other point.

t = 0

t = 100

t = 250

t = 700

ref d2s; file fig/9-pop/d2s

prey
predator
predator feeding on prey
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t = 1000

t = 1010

t = 1020

Figure 9.15.
Short interval snapshots
of spatial distributions of
predators and prey in the
regime of self-organized
dynamic equilibrium. The
initial development of
this system is shown in
Figure 9.12. Larger clusters
of prey survive for the
short time intervals. Small
ones vanish, together with
the associated predators.
Clusters without predators
grow rapidly until they touch
an infected cluster. ref d2s-late; file fig/9-pop/d2s-late

their dynamics depends only on the system’s parameters, not on the initial
condition. They are thus a self-organized large-scale manifestation of the
underlying small-scale processes.

For a deeper appreciation of the spatial structure, and of the relation
between spatial and non-spatial models, we consider a simulation that starts
from uniform random distributions with densities given by (9.46). Obviously,
in a non-spatial representation like the Lotka-Volterra model shown in Fig-
ure 9.10, the state (u1, u2) would just remain at this fixpoint. After all, this is
the definition of a fixpoint. The situation is very di�erent for the distributed
model as is indicated by the dashed curves in Figures 9.13–9.14. The mean
(u1, u2) indeed is not a state of the system but just a summary of the actual
high-dimensional state, which is the spatial distribution of the individuals,
as illustrated in Figure 9.12. Hence, there is no reason for (u1, u2) to remain
fixed within the band of fluctuations that result from the domain’s finite size.
The excursion of (u1, u2) far away from (u1, u2) merely reflects the spatial

self-organized 
dynamic equilibrium

• larger prey clusters 
survive longer 

• smaller ones vanish fast, 
together with associated 
predators 

• clusters without predators 
grow rapidly until they 
touch an infected cluster
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keep reproduction rate constant for predator, 
set {smaller, equal, larger} for prey

STOP

really stop! 
and ask: what to expect for 
• predator & prey densities 
• structures
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Figure 9.16.
Spatial distribution of prey
(yellow), predator (blue),
and predator together with
prey (red) in an asexual
two-species population
on a 1024 ◊ 512 domain
for di�erent reproduction
probabilities µprey simulated
with the base model
of Weber [2015]. The
reproduction probability
of the predator is constant
at µpred = 0.5. All the other
parameters are as given in
Table 9.3 on page 376. The
distributions are shown for
t = 2000, in the asymptotic
regime. The mean densities
fl are calculated for the time
interval [1000, 2000].

µprey = 0.1 flpred = 0.02, flprey = 0.32

µprey = 0.5 flpred = 0.12, flprey = 0.26

µprey = 0.9 flpred = 0.21, flprey = 0.32

ref d2s-repro; file fig/9-pop/d2s-repro

rearrangement of the two species as required by their local interactions.
Apparently, after this self-organization, the system’s state remains on the
attractor and continues to develop in the corresponding subspace.

text fragments: It is worth contemplating the overall qualitative
operation of the 2-species system.
turnover determined by death rate of predators, which in turn
depends on the spatial structureMicroscopic Parameters and Macroscopic States The spatial organiza-

tion of dynamic equilibrium states as well as their macroscopic properties,
e.g., the mean densities given by (9.46), depend on the values of the pertinent
microscopic parameters. In the following, we look into the system’s function-
ing and the resulting phenomenology for some of the parameters.

— fig d2s-repro

Reproduction Probabilities (Figure 9.16) We assumed the life-time to be
performance-limited, hence individuals live indefinitely as long as they find
food. With prey as the primary producer in this two-species system, its net
growth rate determines the flow of resources through the system. Since each
living individual consumes one unit of resources per unit of time, primary pro-
duction eventually determines the density of both prey and predators.

microscopic parameters – macroscopic regimes
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prey reproduction rate
µpred = 0.5 density averages for 1000 < t < 2000

prey
predator
predator feeding on prey

domain: 
1024 x 512
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Figure 9.16.
Spatial distribution of prey
(yellow), predator (blue),
and predator together with
prey (red) in an asexual
two-species population
on a 1024 ◊ 512 domain
for di�erent reproduction
probabilities µprey simulated
with the base model
of Weber [2015]. The
reproduction probability
of the predator is constant
at µpred = 0.5. All the other
parameters are as given in
Table 9.3 on page 376. The
distributions are shown for
t = 2000, in the asymptotic
regime. The mean densities
fl are calculated for the time
interval [1000, 2000].

µprey = 0.1 flpred = 0.02, flprey = 0.32

µprey = 0.5 flpred = 0.12, flprey = 0.26

µprey = 0.9 flpred = 0.21, flprey = 0.32

ref d2s-repro; file fig/9-pop/d2s-repro

rearrangement of the two species as required by their local interactions.
Apparently, after this self-organization, the system’s state remains on the
attractor and continues to develop in the corresponding subspace.

text fragments: It is worth contemplating the overall qualitative
operation of the 2-species system.
turnover determined by death rate of predators, which in turn
depends on the spatial structureMicroscopic Parameters and Macroscopic States The spatial organiza-

tion of dynamic equilibrium states as well as their macroscopic properties,
e.g., the mean densities given by (9.46), depend on the values of the pertinent
microscopic parameters. In the following, we look into the system’s function-
ing and the resulting phenomenology for some of the parameters.

— fig d2s-repro

Reproduction Probabilities (Figure 9.16) We assumed the life-time to be
performance-limited, hence individuals live indefinitely as long as they find
food. With prey as the primary producer in this two-species system, its net
growth rate determines the flow of resources through the system. Since each
living individual consumes one unit of resources per unit of time, primary pro-
duction eventually determines the density of both prey and predators.
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Figure 9.16.
Spatial distribution of prey
(yellow), predator (blue),
and predator together with
prey (red) in an asexual
two-species population
on a 1024 ◊ 512 domain
for di�erent reproduction
probabilities µprey simulated
with the base model
of Weber [2015]. The
reproduction probability
of the predator is constant
at µpred = 0.5. All the other
parameters are as given in
Table 9.3 on page 376. The
distributions are shown for
t = 2000, in the asymptotic
regime. The mean densities
fl are calculated for the time
interval [1000, 2000].

µprey = 0.1 flpred = 0.02, flprey = 0.32

µprey = 0.5 flpred = 0.12, flprey = 0.26

µprey = 0.9 flpred = 0.21, flprey = 0.32

ref d2s-repro; file fig/9-pop/d2s-repro

rearrangement of the two species as required by their local interactions.
Apparently, after this self-organization, the system’s state remains on the
attractor and continues to develop in the corresponding subspace.

text fragments: It is worth contemplating the overall qualitative
operation of the 2-species system.
turnover determined by death rate of predators, which in turn
depends on the spatial structureMicroscopic Parameters and Macroscopic States The spatial organiza-

tion of dynamic equilibrium states as well as their macroscopic properties,
e.g., the mean densities given by (9.46), depend on the values of the pertinent
microscopic parameters. In the following, we look into the system’s function-
ing and the resulting phenomenology for some of the parameters.

— fig d2s-repro

Reproduction Probabilities (Figure 9.16) We assumed the life-time to be
performance-limited, hence individuals live indefinitely as long as they find
food. With prey as the primary producer in this two-species system, its net
growth rate determines the flow of resources through the system. Since each
living individual consumes one unit of resources per unit of time, primary pro-
duction eventually determines the density of both prey and predators.

advancing front of feeding predators

predators left behind

STOP

increase reproduction 
rate of prey 
expectation?
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Figure 9.16.
Spatial distribution of prey
(yellow), predator (blue),
and predator together with
prey (red) in an asexual
two-species population
on a 1024 ◊ 512 domain
for di�erent reproduction
probabilities µprey simulated
with the base model
of Weber [2015]. The
reproduction probability
of the predator is constant
at µpred = 0.5. All the other
parameters are as given in
Table 9.3 on page 376. The
distributions are shown for
t = 2000, in the asymptotic
regime. The mean densities
fl are calculated for the time
interval [1000, 2000].

µprey = 0.1 flpred = 0.02, flprey = 0.32

µprey = 0.5 flpred = 0.12, flprey = 0.26

µprey = 0.9 flpred = 0.21, flprey = 0.32

ref d2s-repro; file fig/9-pop/d2s-repro

rearrangement of the two species as required by their local interactions.
Apparently, after this self-organization, the system’s state remains on the
attractor and continues to develop in the corresponding subspace.

text fragments: It is worth contemplating the overall qualitative
operation of the 2-species system.
turnover determined by death rate of predators, which in turn
depends on the spatial structureMicroscopic Parameters and Macroscopic States The spatial organiza-

tion of dynamic equilibrium states as well as their macroscopic properties,
e.g., the mean densities given by (9.46), depend on the values of the pertinent
microscopic parameters. In the following, we look into the system’s function-
ing and the resulting phenomenology for some of the parameters.

— fig d2s-repro

Reproduction Probabilities (Figure 9.16) We assumed the life-time to be
performance-limited, hence individuals live indefinitely as long as they find
food. With prey as the primary producer in this two-species system, its net
growth rate determines the flow of resources through the system. Since each
living individual consumes one unit of resources per unit of time, primary pro-
duction eventually determines the density of both prey and predators.

microscopic parameters – macroscopic regimes
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prey reproduction rate
µpred = 0.5 density averages for 1000 < t < 2000

prey
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STOP
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Figure 9.16.
Spatial distribution of prey
(yellow), predator (blue),
and predator together with
prey (red) in an asexual
two-species population
on a 1024 ◊ 512 domain
for di�erent reproduction
probabilities µprey simulated
with the base model
of Weber [2015]. The
reproduction probability
of the predator is constant
at µpred = 0.5. All the other
parameters are as given in
Table 9.3 on page 376. The
distributions are shown for
t = 2000, in the asymptotic
regime. The mean densities
fl are calculated for the time
interval [1000, 2000].

µprey = 0.1 flpred = 0.02, flprey = 0.32

µprey = 0.5 flpred = 0.12, flprey = 0.26

µprey = 0.9 flpred = 0.21, flprey = 0.32

ref d2s-repro; file fig/9-pop/d2s-repro

rearrangement of the two species as required by their local interactions.
Apparently, after this self-organization, the system’s state remains on the
attractor and continues to develop in the corresponding subspace.

text fragments: It is worth contemplating the overall qualitative
operation of the 2-species system.
turnover determined by death rate of predators, which in turn
depends on the spatial structureMicroscopic Parameters and Macroscopic States The spatial organiza-

tion of dynamic equilibrium states as well as their macroscopic properties,
e.g., the mean densities given by (9.46), depend on the values of the pertinent
microscopic parameters. In the following, we look into the system’s function-
ing and the resulting phenomenology for some of the parameters.

— fig d2s-repro

Reproduction Probabilities (Figure 9.16) We assumed the life-time to be
performance-limited, hence individuals live indefinitely as long as they find
food. With prey as the primary producer in this two-species system, its net
growth rate determines the flow of resources through the system. Since each
living individual consumes one unit of resources per unit of time, primary pro-
duction eventually determines the density of both prey and predators.

microscopic parameters – macroscopic regimes
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µpred = 0.5 density averages for 1000 < t < 2000
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Figure 9.16.
Spatial distribution of prey
(yellow), predator (blue),
and predator together with
prey (red) in an asexual
two-species population
on a 1024 ◊ 512 domain
for di�erent reproduction
probabilities µprey simulated
with the base model
of Weber [2015]. The
reproduction probability
of the predator is constant
at µpred = 0.5. All the other
parameters are as given in
Table 9.3 on page 376. The
distributions are shown for
t = 2000, in the asymptotic
regime. The mean densities
fl are calculated for the time
interval [1000, 2000].

µprey = 0.1 flpred = 0.02, flprey = 0.32

µprey = 0.5 flpred = 0.12, flprey = 0.26

µprey = 0.9 flpred = 0.21, flprey = 0.32

ref d2s-repro; file fig/9-pop/d2s-repro

rearrangement of the two species as required by their local interactions.
Apparently, after this self-organization, the system’s state remains on the
attractor and continues to develop in the corresponding subspace.

text fragments: It is worth contemplating the overall qualitative
operation of the 2-species system.
turnover determined by death rate of predators, which in turn
depends on the spatial structureMicroscopic Parameters and Macroscopic States The spatial organiza-

tion of dynamic equilibrium states as well as their macroscopic properties,
e.g., the mean densities given by (9.46), depend on the values of the pertinent
microscopic parameters. In the following, we look into the system’s function-
ing and the resulting phenomenology for some of the parameters.

— fig d2s-repro

Reproduction Probabilities (Figure 9.16) We assumed the life-time to be
performance-limited, hence individuals live indefinitely as long as they find
food. With prey as the primary producer in this two-species system, its net
growth rate determines the flow of resources through the system. Since each
living individual consumes one unit of resources per unit of time, primary pro-
duction eventually determines the density of both prey and predators.

prey reproduction rate
predator prey

prey
predator
predator feeding on prey
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Figure 9.16.
Spatial distribution of prey
(yellow), predator (blue),
and predator together with
prey (red) in an asexual
two-species population
on a 1024 ◊ 512 domain
for di�erent reproduction
probabilities µprey simulated
with the base model
of Weber [2015]. The
reproduction probability
of the predator is constant
at µpred = 0.5. All the other
parameters are as given in
Table 9.3 on page 376. The
distributions are shown for
t = 2000, in the asymptotic
regime. The mean densities
fl are calculated for the time
interval [1000, 2000].

µprey = 0.1 flpred = 0.02, flprey = 0.32

µprey = 0.5 flpred = 0.12, flprey = 0.26

µprey = 0.9 flpred = 0.21, flprey = 0.32

ref d2s-repro; file fig/9-pop/d2s-repro

rearrangement of the two species as required by their local interactions.
Apparently, after this self-organization, the system’s state remains on the
attractor and continues to develop in the corresponding subspace.

text fragments: It is worth contemplating the overall qualitative
operation of the 2-species system.
turnover determined by death rate of predators, which in turn
depends on the spatial structureMicroscopic Parameters and Macroscopic States The spatial organiza-

tion of dynamic equilibrium states as well as their macroscopic properties,
e.g., the mean densities given by (9.46), depend on the values of the pertinent
microscopic parameters. In the following, we look into the system’s function-
ing and the resulting phenomenology for some of the parameters.

— fig d2s-repro

Reproduction Probabilities (Figure 9.16) We assumed the life-time to be
performance-limited, hence individuals live indefinitely as long as they find
food. With prey as the primary producer in this two-species system, its net
growth rate determines the flow of resources through the system. Since each
living individual consumes one unit of resources per unit of time, primary pro-
duction eventually determines the density of both prey and predators.

prey reproduction rate • reproduction of prey determines maximum 
rate of available resources for predators

•growth only at boundary 
‣ prey 
→ form dense patches 
→ patches grow larger with time 
→ macroscopic growth slower than micro.

‣ predators 
→ only at boundary of prey clusters 
→ hard to place progeny 
→ form thin lines or porous groups

prey
predator
predator feeding on prey

•operation of self-organization 
‣ predators too low: prey clusters grow, 
surface coarsens, reproduction decreases 

‣ predators too high: consume prey clusters, 
are left in open space, vanish
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Figure 9.16.
Spatial distribution of prey
(yellow), predator (blue),
and predator together with
prey (red) in an asexual
two-species population
on a 1024 ◊ 512 domain
for di�erent reproduction
probabilities µprey simulated
with the base model
of Weber [2015]. The
reproduction probability
of the predator is constant
at µpred = 0.5. All the other
parameters are as given in
Table 9.3 on page 376. The
distributions are shown for
t = 2000, in the asymptotic
regime. The mean densities
fl are calculated for the time
interval [1000, 2000].

µprey = 0.1 flpred = 0.02, flprey = 0.32

µprey = 0.5 flpred = 0.12, flprey = 0.26

µprey = 0.9 flpred = 0.21, flprey = 0.32

ref d2s-repro; file fig/9-pop/d2s-repro

rearrangement of the two species as required by their local interactions.
Apparently, after this self-organization, the system’s state remains on the
attractor and continues to develop in the corresponding subspace.

text fragments: It is worth contemplating the overall qualitative
operation of the 2-species system.
turnover determined by death rate of predators, which in turn
depends on the spatial structureMicroscopic Parameters and Macroscopic States The spatial organiza-

tion of dynamic equilibrium states as well as their macroscopic properties,
e.g., the mean densities given by (9.46), depend on the values of the pertinent
microscopic parameters. In the following, we look into the system’s function-
ing and the resulting phenomenology for some of the parameters.

— fig d2s-repro

Reproduction Probabilities (Figure 9.16) We assumed the life-time to be
performance-limited, hence individuals live indefinitely as long as they find
food. With prey as the primary producer in this two-species system, its net
growth rate determines the flow of resources through the system. Since each
living individual consumes one unit of resources per unit of time, primary pro-
duction eventually determines the density of both prey and predators.

(for simulations before pflee = 0.5)
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Figure 9.17.
Population distributions
corresponding to the middle
frame of Figure 9.16 with
µpred = µprey = 0.5 but for
di�erent probabilities for the
prey to flee from an assault.
All the other parameters are
untouched.

pflee = 0.1 flpred = 0.04, flprey = 0.15

pflee = 0.9 flpred = 0.17, flprey = 0.40

ref d2s-flee-05; file fig/9-pop/d2s-flee-05

With µprey > µpred, prey can outgrow the predators such that the size of
clusters is larger than with equal growth rates (bottom frame of Figure 9.16).
The prey’s high growth rate actually allows such high densities of the preda-
tors that they even occur in the interior of prey clusters, engulfed by the prey,
without being able to consume at a rate su�ciently high to a�ect the cluster.
Notice in passing that increasing µprey, for fixed µpred, the predator density
increases monotonically, while that of the prey remains roughly constant with
just shows a weak minimum for intermediate values.

Summarizing, the population’s spatial distribution organizes itself through
the boundary length of the prey clusters. It establishes such that the net
macroscopic growth rates of prey and predator become equal, irrespective
of their microscopic values. The key mechanisms are (i) the growth of prey
clusters and the associated coarsening of their boundary if the density of
predators becomes too low and (ii) the vanishing of predators that are cut
o� their resource if the density becomes too high.

Probability for Prey to Flee Highly e�cient predators are detrimental to
the prey, obviously. Interestingly, however, they are even more detrimental
to themselves.

With µprey = µpred = 0.5 and a low probability of 10% for the prey to
flee leads to time-averaged densities flpred = 0.04 and flprey = 0.15 and to a
spatial organization that consists of some large and isolated prey clusters with
a spread of smaller patches (upper frame of Figure 9.17). The large cluster

see pgm/9-pop/d2s-05-05-fl01/data_out/ps_data/Untitled.mov
to run the code, use bash run.sh

— fig d2s-flee-05
posses quite smooth boundaries and most of them are being consumed by a
long, sharp, and dense predator front. The smooth shape of the large clusters

probability for prey to flee
µpred = µprey = 0.5

•highly efficient predators (low escape 
probability) detrimental to prey…

2.7

•…even more so to themselves!

4.25

• low escape probability 
‣ large prey cluster: low reproduction 
‣ thin, dense predator lines consume 
clusters 

‣ predators transit when own cluster 
merges with another one 
(same growth rate → same speed)

•high escape probability 
‣ prey escapes through predator line, 
spawns new cluster, predator “jumps 
over” 

‣ fuzzy cluster boundary 
→ high effective reproduction rate
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Figure 9.16.
Spatial distribution of prey
(yellow), predator (blue),
and predator together with
prey (red) in an asexual
two-species population
on a 1024 ◊ 512 domain
for di�erent reproduction
probabilities µprey simulated
with the base model
of Weber [2015]. The
reproduction probability
of the predator is constant
at µpred = 0.5. All the other
parameters are as given in
Table 9.3 on page 376. The
distributions are shown for
t = 2000, in the asymptotic
regime. The mean densities
fl are calculated for the time
interval [1000, 2000].

µprey = 0.1 flpred = 0.02, flprey = 0.32

µprey = 0.5 flpred = 0.12, flprey = 0.26

µprey = 0.9 flpred = 0.21, flprey = 0.32

ref d2s-repro; file fig/9-pop/d2s-repro

rearrangement of the two species as required by their local interactions.
Apparently, after this self-organization, the system’s state remains on the
attractor and continues to develop in the corresponding subspace.

text fragments: It is worth contemplating the overall qualitative
operation of the 2-species system.
turnover determined by death rate of predators, which in turn
depends on the spatial structureMicroscopic Parameters and Macroscopic States The spatial organiza-

tion of dynamic equilibrium states as well as their macroscopic properties,
e.g., the mean densities given by (9.46), depend on the values of the pertinent
microscopic parameters. In the following, we look into the system’s function-
ing and the resulting phenomenology for some of the parameters.

— fig d2s-repro

Reproduction Probabilities (Figure 9.16) We assumed the life-time to be
performance-limited, hence individuals live indefinitely as long as they find
food. With prey as the primary producer in this two-species system, its net
growth rate determines the flow of resources through the system. Since each
living individual consumes one unit of resources per unit of time, primary pro-
duction eventually determines the density of both prey and predators.
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probability for prey to flee
µpred = 0.5, µprey = 0.1
9.3 Uniform Spatial Domain 9:16, July 18, 2017 385

pflee = 0.1 flpred = 0.01, flprey = 0.39

pflee = 0.9 flpred = 0.04, flprey = 0.46

Figure 9.18.
Analogous to Figure 9.17
but corresponding to upper
frame of Figure 9.16 with
µpred = 0.5 and µprey = 0.1. ref d2s-flee-01; file fig/9-pop/d2s-flee-01

leads to a low ratio between boundary length and area, hence to a low net
growth rate for the prey and a correspondingly low predator density.

An interesting phase is the transition of predators from one cluster to
another. With µprey = µpred both fronts, that of the prey and that of the
predator can move at the same speed. Hence, a cluster that is consumed
from one side grows outwards at the still clean boundary. It will eventually
encounter another expanding cluster, merge with it, and thus infect it with
predators, if it is not already. This is the main path through which predators
survive. A minor path arises with isolated clusters that are almost completely
destroyed by the predators and in the final final phase enter a highly stochas-
tic regime where some prey manage to split o� without associated predators
and to spawn new clusters, while other small groups of prey help the survival
of a very few predators.

The situation changes completely if the probability for fleeing increases to
90% (lower frame of Figure 9.17). Prey now can easily escape predators and

see pgm/9-pop/d2s-05-05-fl09/data_out/ps_data/Untitled.mov
spawn new clusters behind their front. They in turn need no longer form a
sharp front as prey is found easily within their reach. As a result, the mean
densities of both increase, to flpred = 0.17 and flprey = 0.40. Recall that this
happens for the same values of the microscopic reproduction rates, hence,
for a biological population, with the same physiologies, just with di�erent
escape rates. The latter may for instance be a results of some microscopic
structuring of the environment.

Finally consider the situations with µprey = 0.1 when all the other pa-
rameters as before (Figure 9.18). As realized before, the lower reproduction — fig d2s-flee-01

• low escape probability 
‣ larger prey clusters (smaller ones 

destroyed quickly, predators with them)

•predator front faster

•high escape probability 
‣ small prey clusters (quick spawning of 

new ones, predators can “jump” )

•predator density overall very low 
(effect of low prey reproduction rate)

• escape probability 
‣ small effect on prey: 15% 
‣ strong effect on predators: factor 4
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µpred = 0.5, µprey = 0.1, pflee = 0.1

µpred = µprey = 0.5, pflee = 0.9
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5- (von Neumann)
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9- (Moore)
neighborhood

Figure 8.14.
Neighborhoods commonly
employed for two-dimensional
cellular automata. For d
dimensions, the neighborhoods
are classified in analogy, with
[2d + 1]- and 3d-neighborhoods as
the extreme cases. Notice that a
point always belongs to its own
neighborhood. ref ca-grid; file fig/8-cof/ca-grid

8.4
Cellular Automata

label: s-cof-ca

idx: cellular automata|textbf

idx: CA|seecellular automata
Complex systems by definition are high-dimensional and nonlinear. Their
detailed representation thus eventually calls for numerical simulations. One
traditional approach is the formulation of the system’s development by partial
di�erential equations (PDEs). It is prevalent for systems that operate in idx: PDE|seepartial di�erential equation

continuous environments, like our regular physical space, and that are well-
described in terms of conservation-, flux-, and interaction-laws. Fluid flow
and the associated passive or active scalar transport is the prime example.
A large class of environmental systems is not known to a degree that the
formulation of PDEs is warranted, however. Furthermore, the numerical
solution of PDEs is often a highly involved undertaking that is only feasible
for a small and specialized community. Cellular automata o�er a handy
solution for both di�culties.

8.4.1
Fundamentals
A cellular automaton A = {G, S, R} is a set with three disparate components:
(i) an arrangement G of cells, (ii) a finite and countable set S of states, and
(iii) a rule R that describes the development of the states. Typically, G is a
d-dimensional rectangular grid with equilateral cells, the number of states is
small, in the minimal setting just S = {0, 1}, and the rule is local such that
the state at location i = (i, j, . . . ) and time step n + 1, S

n+1
i , depends on S

n
iÕ

at the previous time step n, where iÕ is in the neighborhood of i (Figure 8.14).
We write the neighborhood of i in shorthand as iÕ

œ N (i). — fig ca-grid

A key element of an automaton is its rule. It defines for every configuration
of the neighborhood iÕ of i the state that is assigned to i in the next step.
For the minimal two-dimensional automaton, one with just the two states
0 and 1, there are 25 = 32 configurations if the 5-neighborhood is used.
For each of them, the next state of i can be either 0 or 1, hence there
are 232 = 4Õ294Õ967Õ296 di�erent rules, each of which defines a specific
automaton. The corresponding numbers for the 9-neighborhood are 29 = 512
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parameter predators prey resource
regeneration time – – 80
reproduction probability µ 0.08 0.2 –
movement range 40 4 –
probability for fleeing pflee – 0.2 –
gain from eating �e 3 3 –
max. food reserve efmax 50 8 –
min. food reserve (reproduction) efmin 4 4 –
number of o↵spring 1 1 –
initial density ui0 0.001 0.002 1

parameters

• random initial distribution 
•very low consumer densities

initialization
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parameter predators prey resource
regeneration time – – 80
reproduction probability µ 0.08 0.2 –
movement range 40 4 –
probability for fleeing pflee – 0.2 –
gain from eating �e 3 3 –
max. food reserve efmax 50 8 –
min. food reserve (reproduction) efmin 4 4 –
number of o↵spring 1 1 –
initial density ui0 0.001 0.002 1

what to expect? 
- resource 

- immobile, slow growth 
- at first covering 

- prey 
- fastest growth, weakly mobile 

- predator 
- slower growth than prey 
- highly mobile & wide range
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Figure 9.19.
Development of densities during
initial transients of predator-
prey-resource system starting
from a uniform and low-density
distribution of consumers in
a saturated resource. Both
consumers go through a critical
phase where they are near
to extinction. Thin horizontal
lines indicate asymptotic values. ref d3s-pgt-shrt-rho; file fig/9-pop/d3s-pgt-pred-nopred-short-rho

upon birth, which however, together with their large range, still gives a decent
chance for survival even at some distance from prey.

Prey in contrast reproduces quite rapidly but has a small radius of action
for finding food and also a small reserve. It thus depends on proximity to the
resource and cannot cover wide gaps. This is even more true for its progeny,
which again receives two units of resources upon birth but has a rather small
radius of action.
Initialization Getting a spatially distributed multi-species system going
can be a delicate issue as we already found above. This is true even if the
system is very robust in the vicinity of its dynamic equilibrium. We start
from a state that corresponds to a completely vegetated domain with very
low densities of both prey and predators. As expected, the system undergoes
two violent initial transients during which prey and predators both come
close to extinction (Figure 9.19). — fig d3s-pgt-shrt-rho

The first phase is associated with the massive growth of the prey and the
concomitant near-collapse of the resource. The data show that the prey passes

pgm/9-pop/d3s-08-2-80-1k-
pred/data_out/pop_size/population.txtits maximum at t = 47 with the resource continuing to decrease until t = 83.

By that time, the prey density has already decreased by almost an order of
magnitude and continues to decline. Resource consumption is thus very small
and starts to be surpassed by the resources’ spontaneous regeneration quickly
once it sets in after lag time �t = 80. This regeneration happens first far
away from the prey, which continues to decline until, by t = 114, it is down
to 346 individuals in a few small groups and near to extinction. Near some
of these groups the resource happens to grow su�ciently quickly such that
some prey can colonize and from there, now associated with the resources
and its development, conquer the entire domain again. This is the decisive
stochastic phase for the entire system. If the resource started to regenerate
in just slightly di�erent places, the prey would go extinct and the resource
would regrow to maximal density with no further species surviving.

The predators’ development follows that of the prey in essentially the same
manner as the prey follows the resource, just with an additional delay and

minima 
stochastic regimes

asymptotic values

transition from initial uniform into asymptotic 
self-organized dynamic equilibrium state
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resource & prey
t = 1 … 1’000

prey & predators
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t = 1’000 … 200’000 
(in steps of 1’000)

grass
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prey feeding on grass
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t = 1’000 … 200’000 
(in steps of 1’000)

grass
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t = 1’000 … 10’000

resource & prey with
predators

prey & predators
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t = 10’000 … 100’000

resource & prey with
predators

prey & predators
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t = 2000 t = 20000 t = 200000

ref d3s-pgt-pred-nopred; file fig/9-pop/d3s-pgt-pred-nopred

Figure 9.20. Spatial structures in prey-resource (upper) and predator-prey-
resource system (lower) in a uniform 10242 domain with period boundaries. The
resource (green) regenerates with a fixed time delay of �t = 80. Prey (yellow)
consumes the resource and reproduces with rate µprey = 0.2 (·prey = 5). The
predators (red) consume the prey, are by a factor of 10 more mobile than the prey,
and reproduce with rate µpred = 0.08 (·pred = 12.5). Since there exist only a few
of them, typically between 150 and 250, they are marked with large red dots for
better visibility. Further parameters are given in Table 9.4.

generally slower response because the prey density is always much smaller
than that of the resource. Specifically, the predators first peak at t = 67,
neglecting the minor initial peak at t = 2, and go through their critical phase
at the brink of extinction with less than 20 individuals, lows of 13, between
t = 150 and 180. Numbers increase very slowly until t ¥ 500, by which
time the predators could disperse su�ciently into di�erent regions and there
start to break up the distributions of the resource and the prey into smaller
pockets. This is illustrated in Figure 9.20 for t = 2000. — fig d3s-pgt-pred-nopred

Notice that the numbers given above are specific to the chosen parameters,
obviously, but more importantly also to the domain size and to the particular
realization. The decisive phases are the stochastic regimes where any one of
the consuming species can go extinct. Depending on this, the system will then
approach one of the several asymptotic regimes, which often are quite robust
in that neither their organization nor the corresponding densities depend on
the initial configuration and a wide range of disturbances is absorbed with
no structural impact.

⇢res = 0.123± 0.007 ,

⇢prey = 0.0255± 0.0003 ,

⇢pred = 0.00023± 0.00007

⇢res = 0.119± 0.006 ,

⇢prey = 0.0255± 0.0002no predators

with predators
predators (150…250) marked by large red dots

different structures 
but 
equal densities
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t = 2000 t = 20000 t = 200000

ref d3s-pgt-pred-nopred; file fig/9-pop/d3s-pgt-pred-nopred

Figure 9.20. Spatial structures in prey-resource (upper) and predator-prey-
resource system (lower) in a uniform 10242 domain with period boundaries. The
resource (green) regenerates with a fixed time delay of �t = 80. Prey (yellow)
consumes the resource and reproduces with rate µprey = 0.2 (·prey = 5). The
predators (red) consume the prey, are by a factor of 10 more mobile than the prey,
and reproduce with rate µpred = 0.08 (·pred = 12.5). Since there exist only a few
of them, typically between 150 and 250, they are marked with large red dots for
better visibility. Further parameters are given in Table 9.4.

generally slower response because the prey density is always much smaller
than that of the resource. Specifically, the predators first peak at t = 67,
neglecting the minor initial peak at t = 2, and go through their critical phase
at the brink of extinction with less than 20 individuals, lows of 13, between
t = 150 and 180. Numbers increase very slowly until t ¥ 500, by which
time the predators could disperse su�ciently into di�erent regions and there
start to break up the distributions of the resource and the prey into smaller
pockets. This is illustrated in Figure 9.20 for t = 2000. — fig d3s-pgt-pred-nopred

Notice that the numbers given above are specific to the chosen parameters,
obviously, but more importantly also to the domain size and to the particular
realization. The decisive phases are the stochastic regimes where any one of
the consuming species can go extinct. Depending on this, the system will then
approach one of the several asymptotic regimes, which often are quite robust
in that neither their organization nor the corresponding densities depend on
the initial configuration and a wide range of disturbances is absorbed with
no structural impact.
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Figure 9.19.
Development of densities during
initial transients of predator-
prey-resource system starting
from a uniform and low-density
distribution of consumers in
a saturated resource. Both
consumers go through a critical
phase where they are near
to extinction. Thin horizontal
lines indicate asymptotic values. ref d3s-pgt-shrt-rho; file fig/9-pop/d3s-pgt-pred-nopred-short-rho

upon birth, which however, together with their large range, still gives a decent
chance for survival even at some distance from prey.

Prey in contrast reproduces quite rapidly but has a small radius of action
for finding food and also a small reserve. It thus depends on proximity to the
resource and cannot cover wide gaps. This is even more true for its progeny,
which again receives two units of resources upon birth but has a rather small
radius of action.
Initialization Getting a spatially distributed multi-species system going
can be a delicate issue as we already found above. This is true even if the
system is very robust in the vicinity of its dynamic equilibrium. We start
from a state that corresponds to a completely vegetated domain with very
low densities of both prey and predators. As expected, the system undergoes
two violent initial transients during which prey and predators both come
close to extinction (Figure 9.19). — fig d3s-pgt-shrt-rho

The first phase is associated with the massive growth of the prey and the
concomitant near-collapse of the resource. The data show that the prey passes

pgm/9-pop/d3s-08-2-80-1k-
pred/data_out/pop_size/population.txtits maximum at t = 47 with the resource continuing to decrease until t = 83.

By that time, the prey density has already decreased by almost an order of
magnitude and continues to decline. Resource consumption is thus very small
and starts to be surpassed by the resources’ spontaneous regeneration quickly
once it sets in after lag time �t = 80. This regeneration happens first far
away from the prey, which continues to decline until, by t = 114, it is down
to 346 individuals in a few small groups and near to extinction. Near some
of these groups the resource happens to grow su�ciently quickly such that
some prey can colonize and from there, now associated with the resources
and its development, conquer the entire domain again. This is the decisive
stochastic phase for the entire system. If the resource started to regenerate
in just slightly di�erent places, the prey would go extinct and the resource
would regrow to maximal density with no further species surviving.

The predators’ development follows that of the prey in essentially the same
manner as the prey follows the resource, just with an additional delay and
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t = 50 t = 500 t = 5000

ref d3s-pgr; file fig/9-pop/d3s-pgr

Figure 9.22. Spatial structures in prey-resource (upper) and predator-prey-
resource system (lower) similar to Figure 9.20 with the di�erence that regeneration
of the resource (green) now is continuous, given by a random process with
probability p = [�t]≠1 = 0.0125. All the other parameters are identical and given
in given in Table 9.4. Again, the predators are marked with large red dots for
better visibility even though there are many more of them, between 1150 at t = 50
and some 1600 at later times.

yields
pop.49 flres = 0.106 ± 0.001 and flprey = 0.0291 ± 0.0002 (9.49)

for the two-species system and

pop.50 flres = 0.207 ± 0.005 ,

flprey = 0.0232 ± 0.0006 ,

flpred = 0.00157 ± 0.00005 (9.50)

for the three-species system. Apparently, the impact of the predator is much
higher now. Its density is higher by a factor of about 7, even though it still is
by a factor of about 15 smaller than that of the prey. Not astonishing then,
the prey density is higher without prey, just by some 25%, however. This
in turn leads to a resource density that is almost twice as high as without
predators. — fig d3s-pgr

regeneration time

regeneration probability
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Figure 9.21.
Development of densities
during initial transients of
predator-prey-resource system
with continuous regeneration
of the resource. All the
other parameters are as for
Figure 9.19. In contrast to
the situation with a fixed
regeneration time, none of the
species comes anywhere near to
extinction.
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prey which in turn goes through the brink of extinction and survives at just
a few places. However, with the resource-prey waves stabilizing so does the
predator population. By t = 2000, it forms localized packs of quite widely
separated individuals at very low densities (bottom row of Figure 9.20).
While their number is small, the predators still destroy the regular waves
in their surroundings. This in turn leads to the formation of many more
radiating centers, the reach of which is much shorter, however.

Once formed, by t ¥ 20Õ000, the structures again remain stable for a very
long time, constantly forming and vanishing. The mean densities for the
three species during this phase are found as

pop.48 flres = 0.123 ± 0.007 ,

flprey = 0.0255 ± 0.0003 ,

flpred = 0.00023 ± 0.00007 . (9.48)

Interestingly, despite the quite di�erent spatial organization, the densities
of the resources and of the prey are about the same as in the two-species
situation.

Continuous Regeneration Instead of the resource regeneration after a
fixed time �t, we consider in the following a system where regeneration is
a uniform random process such that at an empty site, the resource appears
with probability p. For comparability, we choose p = [�t]≠1 = 0.0125 and
keep all the other parameters as in Table 9.4. A real situation would probably
be somewhere between the extreme scenarios with fixed �t on the one end
and constant p on the other.

With continuous regeneration, an essential element of the system’s self-
organization vanishes, namely the wide gap between subsequent generations
of resources. As a result the system operates quite di�erently and, for a
start, reaches the asymptotic regime much more quickly and with di�erent
mean densities (Figure 9.21). Analyzing the data for 1000 < t < 5000 indeed — fig d3s-pgr-shrt-rho

probability

STOP

expectation?
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t = 50 t = 500 t = 5000

ref d3s-pgr; file fig/9-pop/d3s-pgr

Figure 9.22. Spatial structures in prey-resource (upper) and predator-prey-
resource system (lower) similar to Figure 9.20 with the di�erence that regeneration
of the resource (green) now is continuous, given by a random process with
probability p = [�t]≠1 = 0.0125. All the other parameters are identical and given
in given in Table 9.4. Again, the predators are marked with large red dots for
better visibility even though there are many more of them, between 1150 at t = 50
and some 1600 at later times.

yields
pop.49 flres = 0.106 ± 0.001 and flprey = 0.0291 ± 0.0002 (9.49)

for the two-species system and

pop.50 flres = 0.207 ± 0.005 ,

flprey = 0.0232 ± 0.0006 ,

flpred = 0.00157 ± 0.00005 (9.50)

for the three-species system. Apparently, the impact of the predator is much
higher now. Its density is higher by a factor of about 7, even though it still is
by a factor of about 15 smaller than that of the prey. Not astonishing then,
the prey density is higher without prey, just by some 25%, however. This
in turn leads to a resource density that is almost twice as high as without
predators. — fig d3s-pgr
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t = 50 t = 500 t = 5000

ref d3s-pgr; file fig/9-pop/d3s-pgr

Figure 9.22. Spatial structures in prey-resource (upper) and predator-prey-
resource system (lower) similar to Figure 9.20 with the di�erence that regeneration
of the resource (green) now is continuous, given by a random process with
probability p = [�t]≠1 = 0.0125. All the other parameters are identical and given
in given in Table 9.4. Again, the predators are marked with large red dots for
better visibility even though there are many more of them, between 1150 at t = 50
and some 1600 at later times.

yields
pop.49 flres = 0.106 ± 0.001 and flprey = 0.0291 ± 0.0002 (9.49)

for the two-species system and

pop.50 flres = 0.207 ± 0.005 ,

flprey = 0.0232 ± 0.0006 ,

flpred = 0.00157 ± 0.00005 (9.50)

for the three-species system. Apparently, the impact of the predator is much
higher now. Its density is higher by a factor of about 7, even though it still is
by a factor of about 15 smaller than that of the prey. Not astonishing then,
the prey density is higher without prey, just by some 25%, however. This
in turn leads to a resource density that is almost twice as high as without
predators. — fig d3s-pgr

35

390 9:16, July 18, 2017 9 Population Dynamics

Figure 9.21.
Development of densities
during initial transients of
predator-prey-resource system
with continuous regeneration
of the resource. All the
other parameters are as for
Figure 9.19. In contrast to
the situation with a fixed
regeneration time, none of the
species comes anywhere near to
extinction.
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prey which in turn goes through the brink of extinction and survives at just
a few places. However, with the resource-prey waves stabilizing so does the
predator population. By t = 2000, it forms localized packs of quite widely
separated individuals at very low densities (bottom row of Figure 9.20).
While their number is small, the predators still destroy the regular waves
in their surroundings. This in turn leads to the formation of many more
radiating centers, the reach of which is much shorter, however.

Once formed, by t ¥ 20Õ000, the structures again remain stable for a very
long time, constantly forming and vanishing. The mean densities for the
three species during this phase are found as

pop.48 flres = 0.123 ± 0.007 ,

flprey = 0.0255 ± 0.0003 ,

flpred = 0.00023 ± 0.00007 . (9.48)

Interestingly, despite the quite di�erent spatial organization, the densities
of the resources and of the prey are about the same as in the two-species
situation.

Continuous Regeneration Instead of the resource regeneration after a
fixed time �t, we consider in the following a system where regeneration is
a uniform random process such that at an empty site, the resource appears
with probability p. For comparability, we choose p = [�t]≠1 = 0.0125 and
keep all the other parameters as in Table 9.4. A real situation would probably
be somewhere between the extreme scenarios with fixed �t on the one end
and constant p on the other.

With continuous regeneration, an essential element of the system’s self-
organization vanishes, namely the wide gap between subsequent generations
of resources. As a result the system operates quite di�erently and, for a
start, reaches the asymptotic regime much more quickly and with di�erent
mean densities (Figure 9.21). Analyzing the data for 1000 < t < 5000 indeed — fig d3s-pgr-shrt-rho

⇢res = 0.207± 0.005 ,

⇢prey = 0.0232± 0.0006 ,

⇢pred = 0.00157± 0.00005

⇢res = 0.106± 0.001 ,

⇢prey = 0.0291± 0.0002
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with predators
predators marked by large red dots

⇢res = 0.123± 0.007 ,

⇢prey = 0.0255± 0.0003 ,

⇢pred = 0.00023± 0.00007

⇢res = 0.119± 0.006 ,

⇢prey = 0.0255± 0.0002


