
Part II

Chaos

for ever the nere men touchen the trewth,
more war men behoveth to be of errour

The Cloud of the Unknowing [Anonymous 1390]





3
Discrete Chaotic Systems

Discrete dynamical systems are discrete in time but not necessarily in state space. These
are convenient models for situations that develop in finite steps, which typically result from
external or internal synchronization. And discrete is di�erent. Already very simple one-
dimensional such systems can give rise to a highly irregular, eventually chaotic dynamics.
This was popularized by May [1974, 1976], which makes him a founder of the concept of
deterministic chaos, together with Lorenz [1963] who previously discovered the same for
continuous systems.

One-dimensional chaotic systems might appear to be at odds with the Poincaré-Bendixon
theorem. Realizing that trajectories in a discrete system are not continuous but sequences of
isolated states resolves the issue, however. Crossing of trajectories – the basis of the Poincaré-
Bendixon theorem – is then no longer an issue since there need not be an intersection, a
common state, to allow crossing. However, it remains true also for discrete systems that
under deterministic, Lipschitz-continuous development, no two states must be identical, lest
the two trajectories are identical.

Discrete dynamical systems are not just some low-resolution representations of their
continuous kins. They are qualitatively di�erent exactly because there is no continuity
in time. As an example, consider a single species with the simple continuous growth
model (2.13). In such a system, control on population growth is exercised instantaneously.
Hence, the system’s growth adjusts continuously to the current population density and
availability of resources, which leads to the smooth development illustrated in Figure 2.2.
This is no longer the case in systems with a discrete development. In such a case the
probability for becoming pregnant depends on the availability of resources during the short
mating phase. The later o�spring may then exceed the environment’s carrying capacity, for
instance after a very cold summer for animals that breed in spring and give birth in autumn.
This can lead to possibly wild excursions, even to the point where a population collapses and
vanishes due to minor external interferences. This general situation, and the consequence of
a delayed response, was already understood and formulated by Hutchinson [1948], although
she did not formulate it in the mathematical rigor that came with May [1974].

Examples of synchronized environmental systems include forests whose growth is con-
trolled externally by the seasons and predator-prey populations that develop self-organized
oscillations. A mechanism for internal oscillations was first proposed by Lotka [1920] in
his studies of two-species chemical reaction systems. It was soon applied also to biological
species and ecologists readily understood that oscillatory systems are in greater danger
of going extinct than stable ones [Hutchinson 1948]. A fascinating instance of internal
synchronization are cicada with their 13- and 17-year cycles. These prime-numbered cycles
are thought to prevent specific predators to develop in su�cient numbers to threaten the
cicada population [Sota et al. 2013; Berlocher 2013].
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70 3 Discrete Chaotic Systems

Systems with a discrete e�ective dynamics indeed arise in many fields also beyond bio-
logical populations. In a technical context, these include distributed computer systems with
comparatively slow communication links or continent-scale power grids. In the economic
realm these are stock markets, which open between 8 and 10 local time every workday,
periodic investments in industrial infrastructure, or the delayed transfer of knowledge from
fundamental research into products. All these examples are further complicated by the
competitive environments they operate in. Finally, we may think of the development of
awareness for di�erent public issues, which are threshold systems, and the various legislative
and political processes, all with their inherent delay times and all driven by developments
with their own characteristic times.

3.1
Iterated Functions
The development of a discrete dynamical system is described by the map

ui+1 = f(ui) , (3.1)

where f is a Lipschitz-continuous function that maps the state space onto itself (Section
2.2.3). It is sometimes called the generator or generating function of the system.

Discrete dynamical systems are studied in the context of iterated functions. Indeed, the
discrete trajectory, which we call a sequence, is obtained by iterating f starting from the
initial state u0,

un = f(un≠1) = f(f(un≠2)) = · · · = f(. . . (f(u0)))¸ ˚˙ ˝
n iterations

=: f
n(u0) , (3.2)

where f
n is introduced as shorthand for n iterations of function f (n is not a power). Time-

reversal for a discrete system corresponds to replacing f by its inverse f
≠1, and by then

iterating this new function. The discrete trajectory then is the sequence of ordered states
{un : n œ N}.

Notice that for a discrete system, there is by definition no continuous path between ui and
ui+1. The continuity of f just ascertains that a set Si is mapped continuously into set Si+1
in the sense that for su�ciently localized sets, the neighborhood relations are maintained.
For continuous systems, in contrast, such sets need not be localized because the time can
be shortened correspondingly.

3.1.1
Graphical Iteration

Calculating the trajectory of a discrete dynamical system through iteration (3.1) is very fast.
This is particularly intuitive for a one-dimensional system. It allows a graphical construction,
called a cobweb, that gives direct insight into the development of the trajectory.

To construct the cobweb, draw the function f(ui) for the range � of permissible values,
notice that f(ui) equals ui+1, and also draw the diagonal line ui = ui+1 (Figure 3.1).
The intersections of f(u) with the diagonal are the system’s fixpoints. Next consider the
iteration. Start on the ui-axis, with ui = u0, and move vertically up to the intersection
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Figure 3.1. Graphical iteration of one-dimensional function f(u) = µ sin(fiu) (red) with di�erent
values of control parameter µ. The initial value u0 = 0.9 is iterated 60 times (blue) with the last
cycle highlighted (yellow).

with f(ui), thus gaining ui+1. From this point move horizontally to the intersection with
the diagonal, thus transferring ui+1 æ ui. This is the starting point for the next iteration
step, hence again move vertically to the next intersection with f(ui).

3.1.2
Fixpoints, Linear Stability, and Periodic Points
A fixpoint u0 of (3.1) is defined in analogy to continuous systems as

f(u0) = u0 (3.3)

and also its linear stability is assessed in analogy. Specifically, let u0 + Á be a nearby state
and let f be analytic near u0 such that

f(u0 + Á) = f(u0) + aÁ +O(‘2) , with aij = ˆfi

ˆuj

---
u0

, (3.4)

where a is the Jacobian matrix of f evaluated at u0 and O(‘2) is shorthand for higher order
terms. Next, with (3.3) and neglecting the higher order terms, iteration yields

f
n(u0 + Á) = u0 + anÁ , (3.5)

where an is the nth power of the matrix a. Hence, the fixpoint u0 is linearly stable if |‡k| < 1
for all eigenvalues ‡k of a and it is linearly unstable if |‡k| > 1 for any of them. Indeed,
representing a in its eigenspace leads to a diagonal matrix with entries ‡k, the corresponding
eigenvalues, and anÁ vanishes as næŒ if |‡k| < 1, ’k.

Notice the di�erence to continuous systems, where linear stability requires Re(‡k) < 0.
This is understood readily by recalling the first order approximation ui+1 = ui + �t f(ui)
for the continuous system and comparing with ui+1 = f(ui) for the discrete system.

A periodic point with period p œ N+, a p-periodic point, is defined by

f
p(up) = up , (3.6)

with the premiss that up ”= f
q(up) for any q < p. A fixpoint is a 1-periodic point. Conversely,

a p-periodic point is a fixpoint of the function f
p. With this, the stability of a periodic point

is assessed in analogy to that of a fixpoint by replacing f in (3.3)–(3.5) by f
p. Incidentally,

a periodic point is the discrete analogon of a limit cycle in a continuous system.
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Example: Linear Stability of Iterated Sine-Function Let f(u) = µ sin(fiu) as illustrated in
Figure 3.1. There is always at least one fixpoint, uú0 = 0. The Jacobi matrix a = ˆuf(u) at uú0 is
a = fiµ. The fixpoint is stable if |a| < 1, hence |µ| < 1

fi . With µ growing larger, a second fixpoint
uú1 occurs through a transcritical bifurcation, with uú0 turning unstable and uú1 becoming stable.
Increasing µ beyond about 0.7198 also turns uú1 unstable, hence both fixpoints are now repelling
and a stable period 2 limit cycle forms around uú1. As µ increases still further, the trajectory
proceeds through a sequence of period doublings eventually into the chaotic regime. Notice that
(i) some of these states are shown in Figure 3.1, or can be reproduced easily by hand-drawing,
and that (ii) the exact values of the transitions cannot be obtained because the corresponding
equations, most importantly (3.3) have no analytic solution yet.

3.2
Logistic Map
The sine function used above is hard to handle analytically. We thus choose for the following
a more benign system. As it will turn out, this is no restriction as our findings will be
universal for a large class of functions.

We return to the dynamics of a single species population in a limiting environment. For
the continuous case, i.e., with the species breeding continuously, this leads to the develop-
ment equation (2.13), which has the smooth analytic solution (2.14) shown in Figure 2.2 on
page 38. How can we gain from this a formulation for the discrete development that is of
interest here? As a first approach we do a finite di�erences approximation and choose the
time step equal to 1 – the unit defined by the discretization of the process –, which leads to
ni+1 = ni + µni[1≠ ni].

May [1974] studied this formulation and noticed that, in contrast to the analytic solution
(2.14) of the continuous equation, the approximation exhibits a much richer spectrum of
solutions, ranging from a stable equilibrium point through a succession of 2n-periodic cycles
to chaotic behavior. For large values of µ, this model did have the disadvantage to diverge,
however, which cannot happen in a limited environment. The reason for this is that for
large values of µ, successive increments µni[1≠ ni] approach uncorrelated random variates
and the central limit theorem ascertains that their sum, ni+1, grows without bounds. This
demonstrates that such a simple replacement of a di�erential equation with an iteration
rule can lead to qualitatively wrong results. Incidentally, the above rule yields useful results
for small values of µ and indeed is an exercise in numerical analysis. This is understood
from the equality µ

disc = �tµ
cont for the values of the parameters in the discrete and in

the continuous case, respectively, and from the requirement �tæ 0 for finite di�erences to
approximate a derivative.

To get rid of the divergence, May [1976] only considered the increments. These do
not diverge but still retain the system’s key features. This leads to the logistic di�erence
equation

ui+1 = µui[1≠ ui] , µ œ [0, 4] , (3.7)
which is also called the logistic map and is a member of the family of quadratic maps. The
limit for µ results from the requirement u œ [0, 1], which is where (3.7) has an interesting
dynamics. Outside of this interval, u diverges towards ≠Œ except for a Cantor dust, a set
of isolated points.

In the original context, the logistic map describes the development of a population with
non-overlapping breeding cycles. As we will find, this system has a sustainable carrying
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Figure 3.2.
Sequences of the logistic
map for di�erent values
of the parameters µ.
Initial states for u0 are
0.9 (red) and 0.5 (blue),
except for µ = 3.96,
where u0 is 0.9 (red),
0.9 + 10≠8 (blue), and
0.9 + 10≠10 (yellow) to
highlight the sensitive
dependence on initial
conditions. Notice how
blue separates earlier
than red and yellow.
Lines between points
guide the eye and have
no further meaning in
this discrete system.

capacity of 2
3 , which it can overshoot up to its upper limit 1, however. As such it is a realistic

but still simplistic model for real single-species populations with discrete dynamics.
The logistic map is arguably the most simple model for studying a range of nonlinear

systems with the state variable u representing actual position, velocity, or system size like a
population or the price of some stock or product. Correspondingly, the control parameter µ
then represents an inverse relaxation rate or a growth rate. For instance, Frisch [1995,
Section 3.2] interprets u as velocity and proposes (3.7) as the most simple toy model for the
Navier-Stokes equation, with µ taking the role of the Reynolds number.

3.2.1
Attractor and Bifurcation Diagram

The logistic map can produce many of the phenomena found in chaotic systems, including
stable, periodic, and chaotic sequences (Figure 3.2). For an overview we look at the map’s
set of attractors for di�erent values of the system parameter µ. For short, we refer to it as the
map’s attractor. It corresponds to the stable parts of the bifurcation diagram, sometimes
also called an orbit diagram, that was introduced in Section 2.4.1. There, the focus was
also on one-dimensional one-parameter systems, albeit on continuous ones. The bifurcation
diagram for the logistic map is quite a bit more complicated, however. It exhibits three
di�erent regimes (Figure 3.3) – stationary (fixpoints), periodic (limit cycles), and chaotic –,
which we study in more detail in the following sections. Incidentally, recall that fixpoints
are the only attractors for a one-dimensional continuous dynamical system that is Lipschitz
continuous.

Operational Comments We map the attractor by starting with some state within the
basin of attraction, let it descend to the attractor, and, once it is deemed to be su�ciently
near, record its further development as it traces the attractor. This is called shadowing be-
cause the attractor is never reached albeit arbitrarily closely followed. While this procedure
appears straightforward, there are a few operational stumbling blocks.
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Figure 3.3.
Empirical attractor u(µ) of the logistic map (3.7),
which also corresponds to the stable part of the map’s
bifurcation diagram. The line at µŒ1 = 3.56995 marks
the end of the first period-doubling cascade and the
transition to the chaotic regime. To generate this
figure, for each value of µ the state is initialized,
here at u = 0.1, and f(u) is iterated 4’000 times to
approach the attractor. The subsequent 400 iterates,
which now illuminate the attractor, are marked with
a dot. 0 2 4
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Basin of Attraction The basin’s extent is in general far from obvious. Actually, many
systems contain more than one attractor and their respective basins may be intricately
intertwined. A common way to resolve this is to start the system at di�erent locations in
state space and to observe if they descend to the same attractor. For the logistic map the
situation is rather easy, though. The graphical solution using the cobweb already reveals
that there is just one attractor, at least for the non-chaotic parts of the parameter space.
Its basin of attraction is u œ]0, 1], i.e., the full state space except for u = 0.
Convergence Determining the convergence of a state on its attractor is an easy task if it is
just a fixpoint. Linear stability analysis then ascertains that the final phase of the approach
is exponential, as long as the fixpoint is not a critical one. The situation becomes more
di�cult with extended attractors on which the state continues to develop. An empirical
solution is to allow for a very long time for the descent to the attractor, knowing that
nothing can go wrong if the system has already been closely tracing the attractor for some
time before we start recording. We only lose computing time, which is not critical for the
type of simple systems we consider here. Still, we need to be on the alert for signals that
hint at remaining transients. A typical example are smeared out features that are produced
by the critical slowdown along center manifolds.

3.2.2
Stationary Regime
The iterated function of the logistic map (3.7) is

f(u) = µu[1≠ u], µ œ [0, 4] . (3.8)

Solving f(u) = u yields the two fixpoints

u
ú
0 = 0 and u

ú
1 = 1≠ 1

µ
. (3.9)

To determine the linear stability, we first calculate the single element of the Jacobian matrix,
ˆuf(u) = µ[1≠2u], which also is the eigenvalue ‡. Evaluating it at the fixpoints and recalling
the stability criterion, |‡| < 1, reveals that uú0 is stable for µ œ [0, 1[, uú1 is stable for µ œ]1, 3[,
and there are no stable fixpoint for µ œ [3, 4].



3.2 Logistic Map 75

0 1.0
0

0.5

1.0

u

f
2 (
u
)

f
(u

)

µ = 2.6

0 1.0
u

µ = 3

0 1.0
u

µ = 3.4

Figure 3.4. Function (3.8) for logistic map (black) and its second iterate (red). Fixpoints are
stable (full), unstable (open), or critical (crossed) and correspond to period-2 orbits with the same
attributes. The transition at µ = 3 is a supercritical pitchfork bifurcation. Notice that the center
fixpoint of f2(u) also belongs to the first iterate f(u). The sequence for the stable period-2 orbit is
indicated by the thin blue line in the rightmost frame.

The bifurcation at µ = 1 is transcritical (Figure 2.14 on page 55) with u
ú
0 and u

ú
1 exchang-

ing their roles as attractor and repellor. Specifically, all initial states decay exponentially
fast to u

ú
0 = 0 for µ < 1 and to u

ú
1 = 1 ≠ 1

µ <
2
3 for µ œ]1, 3[. For µ = 1, they still decay

to 0, but much slower because the fixpoint is critical.

3.2.3
Periodic Regime
At µ = 3, the fixpoint uú1 loses its stability as a = ˆuf(u)|uú

1
¿ ≠1 and grows more negative

as µ increases further. Hence, there are no stable fixpoints. However, the map is bounded,
u œ [0, 1], and the state has to oscillate somehow. We thus look for stable periodic points of
increasing order.
Period-2 Orbit The second iterate f

2(u) – recall this as shorthand for f(f(u)), not for
[f(u)]2 – is obtained from (3.8) as (Figure 3.4)

f
2(u) = µ

2
u[1≠ u]

#
1≠ µu[1≠ u]

$
. (3.10)

Its fixpoints satisfy u = f
2(u), which leads to a fourth order equation that produces four

fixpoints: u
ú
0 = 0 and u

ú
1 = 1 ≠ 1

µ – the origin and the “middle prong of the pitchfork” as
before, now both unstable – and two new ones,

u2± = 1
2µ
#
1 + µ±


[µ≠ 3][1 + µ]

$
, µ > 3 . (3.11)

The stability of u2± is determined in the same way as for regular fixpoints. After all, they
are regular fixpoints of the function f

2(u). Hence, we calculate the derivative of (3.10) and
evaluate it at the periodic points u2± to find

‡ = ˆuf
!
f(u)

"---
u2±

= 4 + µ[2≠ µ] . (3.12)

Notice that this value is the same for both points, hence they are both either stable, critical,
or unstable. The magnitude of (3.12) is less than 1 for

3 < µ < 1 +
Ô

6 ¥ 3.4495 . (3.13)
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Figure 3.5. Fourth iterate of (3.8) (red) together with the corresponding second and first
iterates (black). The fixpoints for the first and second iterate are again indicated together with
their stability. At µ = 3.4495 the ones of the second iterate turn critical and the four fixpoints of
the fourth iterate proper emerge and become stable. They are not highlighted to allow to recognize
their quantitative di�erence – look at their distance from their origin –, which is also manifest in
Figure 3.9. Notice that fixpoints of lower 2n-order also belong to the corresponding higher orders.

In this interval the fixpoints u2± of f2(u) are stable and with them also the associated period-
2 orbit. Notice that fixpoint u

ú
1 loses its stability, for both f and f

2, at the point where
u2± gain theirs. This is readily understood from the derivative duf

!
f(u)

"
= f

Õ!
f(u)

"
f
Õ(u),

where f
Õ(u) = duf(u). Evaluating this at a fixpoint uú = f(uú) yields

duf2(u)
--
uú =

#
f
Õ(uú)

$2
. (3.14)

Hence, as µ ø 3, f
Õ(uú1) ¿ ≠1 and duf2(u)

--
uú

1
ø +1, and they both lose their stability.

Concomitantly, u2± gain stability and emerge as µ grows larger than 3.
Now focus on the stability of u2± . The slope of f2 at these fixpoints decreases from +1

to ≠1 as µ increases from 3 to 1 +
Ô

6. There, they both become unstable and decay in
a supercritical pitchfork bifurcation in complete analogy to u

ú
1 before. Each of them thus

gives rise to two new fixpoints, hence to a period-4 orbit (Figure 3.5). Notice that the first
iterate of f2 is f4, not f3.
Stability of Periodic Points We found with (3.12) that the slope of f2 is the same for
both members of the emerging period-2 orbit. This indeed is a general property of periodic
fixpoints. To recognize this, consider the derivative of fp,

ˆuf
p(u) = ˆuf

!
f
p≠1(u)

"
= f

Õ!
f
p≠1(u)

"
ˆuf

p≠1(u)
= f

Õ!
f
p≠1(u)

"
f
Õ!
f
p≠2(u)

"
· · · f

Õ!
f

2(u)
"
f
Õ!
f

1(u)
"
f
Õ(u) , (3.15)

where again f
Õ(u) = duf(u). Now let uú be a p-periodic point and let uúk = f

k(uú), k < p,
be the k iterate of this point. With this, (3.15) becomes

ˆuf
p(u)

--
uú

1
= f

Õ(uúp≠1)f Õ(uúp≠2) · · · f Õ(uú1)f Õ(uú) . (3.16)

Thus, choosing any of the members of the set {uú, uú1, uú2, . . . , uúp≠1} of periodic points to
which u

ú belongs, leads to a permutation of the terms, hence to the same value for the
derivative. With this, all periodic points loose their stability at the same point. Applying
(3.14) to f

p furthermore demonstrates that as all the p-periodic points lose their stability,
the 2p-periodic points gain it.
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Figure 3.6. Renormalization step for logistic map with µ = 3.4. Left: The joint fixpoint of f
and f2 is u+. Its adjoint point, actually its precursor, is u≠. Right: u+ and u≠ define a square
that is rescaled to the unit square to recover a similar situation as for f . The red curve, which is
the rescaled part of f2 from the left frame, is now referred to as the renormalized function f , Rf ,
defined by (3.18). Notice that in general Rf(u) ”= f(u) even though their character is the same.
Iterating the renormalization procedure unfolds the period-doubling cascade as it moves to ever
higher orders f2n while zooming into the fixpoints ever more closely.

Period-Doubling Cascade Steps (3.10)–(3.13) could now be repeated for the period-4
orbit. Besides being a rather dull exercise, the practical obstacle is that the associated poly-
nomial is of order 16, well beyond analytical capabilities. Instead, we follow Devaney [2003]
and directly look at the relation between fixpoints of fn and its first iterate f

2n.
We start out with the non-zero fixpoint u+ of f(u) and notice that if the slope of f at

u+ is negative then there is an adjoint point x≠ < x+ (Figure 3.6). This actually is the
precursor of u+ since u+ = f(u≠). By construction, the two points u+ and u≠ define a
square that contains the relevant part of f2 in the qualitatively same way as the unit square
contains f . To take advantage of this, we define a renormalization operator that maps the
u+u≠-square to the unit square. As a first step, let g(u) be the scaling function that scales
and flips the interval [u≠, u+] to [1, 0] and g

≠1(u) its inverse, i.e.,

g(u) = u+ ≠ u

u+ ≠ u≠
and g

≠1(u) = u+ ≠ [u+ ≠ u≠]u . (3.17)

With this we define the renormalization operator as

R : Rf(u) := g

1
f

2!
g
≠1(u)

"2
. (3.18)

The renormalization procedure apparently can be iterated as long as there is a fixpoint u+
at which the slope of f is negative. Whether f is the original function (3.7) or some iteratively
renormalized version of it is immaterial. Since every fixpoint u+ of f that becomes unstable
decays into two fixpoints of f2, we recognize how a period-doubling cascade unfolds as the
system parameter grows beyond µ = 3 and pushes the instability to ever higher orders,
eventually to infinity.

Sequences for the first few steps of the period-doubling cascade are shown in Figure 3.7.
It illustrates that upon a step in the cascade, which occurs at rapidly decreasing increments
of µ, each level splits into two, with correspondingly decreasing separation distances. For
instance, the topmost “line” for the 24-period (µ = 3.5655) actually consists of 4 just barely
separated levels. We further recognize that the sequence is indeed period-2n and does not,
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Figure 3.7.
Sequences {ui} on the
attractor of the logistic
map for the first few steps
of the period-doubling
cascade. Lines that
connect the states just
guide the eye through the
sequence, horizontal lines
mark the corresponding
values of u. Some levels
are hardly discernible
already for the 24-period.
The states are shown after
an initial relaxation for
400 iterations.
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Figure 3.8.
Bifurcation diagram of logistic
map in interval 3 < µ < µŒ1
(left) and crop of the red
rectangle (right), together with
quantities used for defining the
Feigenbaum constants. This is
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for instance, decay into two interlocked 2n≠1-sequences. (See Exercise 3.3 for an example
where such a decomposition occurs.)

The full cascade in the interval 3 < µ < µ
Œ
1 is shown in Figure 3.8. In addition to the

rapidly decreasing size of the branches in the cascade also notice that their shape changes
as they get compressed more in µ- than in u-direction.

Generalization So far, we only studied the logistic map. Looking at the figures and
arguments, there is nothing that depends on details of this map, however. Indeed, the
results are much more general. Metropolis et al. [1973] showed that almost all unimodal
maps with f(0) = f(1) = 0 lead to the same phenomenology of a period-doubling cascade.
This is true also for just piecewise-linear functions f and even if they have a flat top.
What is more astonishing, the sequence of how this cascade is traversed by a system is
the same for all these functions. Metropolis et al. [1973] in particular looked at solutions
of fp(umax;µ) = umax, hence asked for values of µ that lead to a p-periodic point at the
maximum umax of the function f . Below, we will recognize the associated sequences as
supercycles. Such sequences can be characterized by patterns RLR2, RL2R, RL3,. . . with L
for smaller than umax and R for larger than umax. Metropolis et al. [1973] found that these
patterns, they call them U-sequences, are the same for the large class of functions mentioned
above.
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On a related route, we notice with Figure 3.6 that with each renormalization step, the
scale decreases and we zoom deeper into the function as with a microscope. To quantify this,
Feigenbaum [1978] used two quantities, µi at bifurcation i and di, the distance of the two
bifurcation-branches as one of them intersects umax, which for the logistic map is 1

2 (right
frame of Figure 3.8). He then defined the ratios

” := lim
iæŒ

µi ≠ µi≠1
µi+1 ≠ µi

and – = ≠ lim
iæŒ

di

di+1
, (3.19)

where the minus sign signals that the branches flip with each step. He showed that asymp-
totically, successive steps indeed scale identically with ” = 4.6692016091029 and – =
≠2.5029078750957. This corroborates that the successive deformations of the pitchfork
branches are asymmetric, which we already noticed empirically with Figure 3.8.

The values for ” and – are found to be the same for a large class of functions. With the
same sequence of states and the same scaling. The period-doubling cascade, which is one of
the routes to chaos, is thus a universal property for a large class of systems. Functions that
show this same behavior are said to belong to the same universality class. Feigenbaum [1983]
provides a most readable “semipopular account of the universal scaling theory”.

Incidentally, while the period-doubling cascade and its termination in µ
Œ
1 is universal for

a large class of functions, the value of µŒ1 is not. This is an analogy to the critical point in
thermodynamics, whose characteristics are the same for large classes of substances while its
location in thermodynamic state space is not.

3.2.4
Chaotic Regime

The period-doubling cascade of supercritical pitchfork bifurcations converges rapidly to
µ
Œ
1 ¥ 3.56995. This is due to the large value of ” for the µ-scaling. Concomitantly,

the number of periodic points diverges such that upon convergence, period-2n points of
all orders n exist. As we know from their construction (Figure 3.4), for any fixed order n,
half of its fixpoints are unstable because the period-2n points lose their stability with the
emergence of those with period 2n+1.

Increasing µ beyond µ
Œ
1 turns all period-2n points unstable, hence they all become

repelling. This changes the attractor qualitatively (Figure 3.9) and motivates to call µŒ1
the onset of the chaotic regime. For small exceedances, the attractor’ appearance is not
much di�erent on both sides of µŒ1 . The set {ui} of observed states for µ

Œ
1 ± Á is similar

for small Á. What changes is the periodicity. Figure 3.10 illustrates how sequences that are
perfectly periodic for µ < µ

Œ
1 turn irregular in the chaotic regime. This is indicative of a

much deeper change, as we will find in the following.
Two Types of Attractors As a preliminary, we recall our earlier definitions that (i) an
attractor is the attracting set of states of a specific system, which in turn is determined
by its system parameters, here the value of µ, and (ii) a bifurcation diagram is the set of
attractors Aµ obtained by varying the system parameters. For instance, Figure 3.9 is a
representation of the bifurcation diagram with attractor Aµ represented by a slice at µ. We
call it empirical because it is obtained by shadowing, i.e., by following a regular state that
is attracted by and is su�ciently near to Aµ.

For µ < µ
Œ
1 , an attractor Aµ of the logistic map is a regular object that is attractive for

0 < u < 1. It consists of the stable 2n(µ)-periodic points, where the dependence of n on µ is
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Figure 3.9. Empirical bifurcation diagram of logistic map in periodic and chaotic regime. The
tiny black rectangle in the left frame is enlarged in the right frame. Colors represent density of
states, hence strength of the attractor, from red (high) through the rainbow to violet (low) with
linear scaling. The dashed curve in the right frame represents an unstable orbit. Its collision with
the system’s attractor causes the blow-up of the chaotic regime because the unstable orbit “opens
an exit path for the bound orbits”. The rectangle in the right frame is enlarged in Figure 3.15.

written for emphasis. Any initial state 0 < u < 1 will relax to Aµ and eventually traverse
the finite number of 2n(µ) states in the ever same sequence. The density is thus the same
for all states, namely 2≠n(µ).

For µ > µ
Œ
1 , the bifurcation diagram exhibits a few remarkable features. Specifically, it

consists of largely continuous domains that appear to be traversed by smooth lines. These
domains are separated by “windows” that contain just a discrete set of states. This indicates
that the attractors in the chaotic regime come in two types, (i) discrete sets Ad

µ as before
and (ii) apparently continuous sets Ac

µ in which the density of states, i.e., the strength of
the attractor, varies continuously and in addition jumps at some states.

Strange Attractors Ruelle and Takens [1971] coined the term strange attractor for the
continuous sets Ac

µ. Such an object consists of periodic points that are all unstable. More
formally, a strange attractor is the closure of a countably infinite set of unstable periodic
sequences [Ruelle 1980; Eckmann and Ruelle 1985]. It operates such that far-away states are
attracted and follow Ac

µ ever more closely while being tossed around between the unstable
periodic points, thereby exploring the object. Indeed, one can show that the sequence {ui}
visits every state in Ac

µ arbitrarily closely, with the return time inversely proportional to the
density of Ac

µ [Li and Yorke 1975]. Below, we will explore the shape and inner structure of
such strange attractors by means of so-called supertracks.

Periodic Windows Also the discrete attractors Ad
µ in the chaotic regime hold some sur-

prises as is illustrated in Figure 3.9. The windows to which they belong apparently contain
complete yet smaller copies of the period-doubling cascade and of the ensuing chaotic regime
(right frame). Matryoshka-like, these again contain windows with yet smaller complete
copies, with windows, and so on ad infinitum. This is another manifestation of the system’s
self-similarity that already allowed the renormalization employed above to understand the
period-doubling cascade.
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Figure 3.10.
Sequences {ui} of the logistic
map for di�erent regimes:
period-2n (upper), chaotic,
just a bit beyond the transition
at µŒ1 = 3.56995 (middle), and
“deep chaotic” (lower). The
upper two frames illustrate that
the transition from periodic to
chaotic has a marginal e�ect on
the values of ui but that their
sequence changes from periodic
to aperiodic. In contrast, the
deep chaotic regime covers a
contiguous domain, albeit with
a strongly varying density.
The red lines in the lower two
frames mark the supertracks
introduced in (3.21).
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Figure 3.11.
Graphical iteration to reveal the external bounds for the strange
attractor Aµ of the logistic map for µ = 3.8. Mapping the initial
state u = umax = 1

2 produces the upper bound uupper, mapping
uupper then leads to ulower. Notice that this iteration also produces
the sequence that is called a supertrack.

A further surprise comes when we recognize that the copies of the period-doubling-chaos
structures come in numbers that are not powers of 2. For instance, the largest window near
µ = 3.83 contains 3 copies of the period-doubling cascade, the next largest window near a
smaller value of µ, 3.74, contains 5 copies, the next 7, and so on. Moving to still smaller
values, we find 2 ◊ 3 = 6, then 2 ◊ 5 = 10, and so on copies. Apparently, there is some
strange structure in these windows with infinities both within the sequence of windows,
which appear to get ever closer together and to become thinner, and with the nesting.
Below, we will gain two universal insights, namely that the windows are determined by the
emergence of periodic supertracks, so-called supercycles, and that there indeed is a regular
ordering of periodicities in the chaotic regime.

Supertracks and Supercycles We focus on the shape and inner structure of Aµ as it
is determined by the iterated function f(u;µ). First notice that after some transitional
phase, the accessible state space is bounded by the images of umax, the state where f is
maximal. Specifically, all of Aµ is contained in the interval

#
f

2(umax;µ), f(umax;µ)
$
. This

is readily understood from the graphical iteration of the map (Figure 3.11) by noticing that
(i) no state larger than uupper = f(umax;µ) can be attained, (ii) this maximum state will
be mapped to a state ulower < umax, (iii) since u = 0 is repelling and there is no further
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Figure 3.12.
Supertrack functions s0, s1,. . . ,s5, and s8 for
logistic map. Blue: Fixpoints on period-doubling
cascade with u = umax = 1

2 , i.e., intersections
of s2, s4, and s8 with s0. Notice that (i) these
are not the bifurcation points and (ii) 2k-order
intersections also contain those from lower or-
ders. Yellow: 3-star point µú3, i.e., intersection
of all sk, k Ø 3. Red: Near the emergence of
the stable period-3 point. Green: Transition to
chaotic regime, µŒ1 . Values of µ for some features
are given at the upper boundary.
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fixpoint below u = umax, ulower is indeed the minimum and will be mapped into the interval
umin < u < uupper. This general behavior is universal for one-dimensional discrete systems
in the chaotic regime provided that f(u) is unimodal. It is instructive to explore more
complicated situations like multi-modal functions.

Supertrack Functions The maximum of f(u) focusses and folds the map. Indeed, at the
maximum the second order approximation of the image of ui is

ui+1 = f(ui) = f(umax) + 1
2f
ÕÕ(umax)�u

2
i , (3.20)

with �ui = ui ≠ umax. With f maximal at umax, f
Õ(umax) = 0 and f

ÕÕ(umax) < 0.
This indicates that attractors that pass through this region, i.e., sequences f

k(umax), are
particularly strong, and one-sided. Oblow [1988] called them supertracks and also introduced
the supertrack functions (Figure 3.12)

s
k(µ) = f

k(umax;µ) , (3.21)

where the dependence of f(u) on µ is written explicitly for clarity.
Supertrack functions are easy to spot in bifurcation diagrams because the density of states

is discontinuous across them. This is due to their one-sidedness, which results from umax±Á

being mapped to the same point. They are most useful for identifying features of Aµ like
its external boundaries, internal structures, and points of collapse of the chaotic regime
(Figure 3.13).

Supertrack functions can be calculated iteratively through the system’s development
function f(u) since, by construction (3.21),

s
k+1(µ) = f

!
s
k(µ);µ

"
, with s

0(µ) = umax , (3.22)

where s
0 implies no iteration and just returns the argument of f , and umax is the state for

which f is maximal. Specifically for the logistic map

s
k+1(µ) = µs

k(µ)
#
1≠ s

k(µ)
$
, with s

0(µ) = 1
2 . (3.23)
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Figure 3.13. Supertrack functions up to order 8 (left) and 16 (right) superimposed on the
attractor shown in Figure 3.9. The dashed curve on the left marks the unstable fixpoint of the first
pitchfork bifurcation. The dash-dotted line on the right indicates the location of the 3-supercycle.
The small rectangle in the right frame is enlarged in Figure 3.15.

Special points arise, so-called k-star points, at the intersection of supertrack functions.
Let sk+1(µú) = s

k(µú) for some value k, which is the case for some particular values of µ.
Then, the iteration relation (3.22) ascertains that all supertrack functions s

n with n > k

intersect at that point. Recognize that s
k(µú) is a fixpoint of f(u;µú), e.g., by defining

u
ú := s

k(µú) and inserting it into (3.22).
The same argument can also be used on the intersection of supertrack functions that are

farther apart. Specifically, sk+p(µú) = s
k(µú) for some values k and p leads to intersections

of all sk+np with n > 0. In analogy, we recognize s
k(µú) as a p-periodic point of f(u;µú)

or, correspondingly, as a fixpoint of fp(u;µú).
As an example, for the logistic map, the intersection of s3 and s

4 at µú3 = 3.67857 leads
to the most prominent start point, the 3-star (Figure 3.12). The lower orders, the 1-star at
µ = 0 and the 2-star at µ = 2 are not so interesting. Higher orders like the 4-star point
µ
ú
4 = 3.92774 are already hard to see. They stand out more prominently in Figure 3.13,

although they are not labelled there. As a higher order example, locate the intersection of
s
2 and s

5 at µ3 = 3.83187 in Figure 3.12, and recognize that this also is an intersection with
s
8, hence this is a fixpoint of f3(u;µ3).

Supercycles A special case are periodic supertracks with f
p( 1

2 ;µ) = 1
2 , hence sp(µp) = s

0.
These are called supercycles. Such period-p points with u = 1

2 in their sequence and they
only exist for specific values µ = µp. These values are found graphically in Figure 3.12 as
intersections of sp and s

0. The periodic points are stable as can be guessed graphically and
as can also be shown [Feigenbaum 1983]. Recalling (3.20), we recognize that they indeed
are particularly stable, hence they are also called superstable cycles. Some such sequences
are shown in Figure 3.14.

Supercycles relate supertracks to each other. Specifically,

s
p+q(µp) = s

q(µp) , (3.24)

which results from inserting the premise s
p(µp) = s

0 into the definition (3.21) and iterating
q times. For instance, s3(µ3) = s

0 at µ3 ¥ 3.83187. Hence s
3+1(µ3) = s

1(µ3).



84 3 Discrete Chaotic Systems

0 1.0
0

0.5

1.0

ui

u
i+

1

µ = 3.49856

0 1.0
ui

u
i+

1

µ = 3.55464

0 1.0
ui

u
i+

1

µ = 3.83187

Figure 3.14. Graphical iteration of supercycles s4, s8, and s3. Notice, by considering an initial
state u = 1

2 ± Á, that these periodic points are stable. They are attractive for all 0 < u < 1.

Windows A strange attractor Ac
µ consists of all-unstable points. Increasing the value of

µ such that a supercycle is reached, which is stable, collapses Ac
µ. This is the origin of the

“windows” that appear in the chaotic regime, i.e., of regions with stable periodic sequences.
Their period must contain at least one odd factor because beyond µ

Œ
1 all 2n-periodic fixpoints

are unstable.
We start with the most pronounced window at µ3 ¥ 3.83187, call it a 3-window as this is

the period of its lowest cycle. To find µ3, we solve s
3(µ) = 1

2 , hence, using (3.22),

1
4

Ë
1≠ µ

4

È
µ

3
Ë
1≠ 1

4

Ë
1≠ µ

4

È
µ

2
È

= 1
2 . (3.25)

This is a polynomial of order 7 and cannot be solved analytically. The numerical solution
yields just one value larger than µ

Œ
1 , µ3 = 3.83187.

Looking at the right frame of Figure 3.13, the dash-dotted line, we notice that the
supertracks that intersect there indeed do so in a single point they share with the 3-supercycle
and that also their slopes are the same. Without doing the actual calculations, we take it
from (3.20) that µ3 is the most stable point within the window. Notice that Ac

µ collapsed
already for µ < µ3. This indeed happens with the first emergence of the stable period-3
point, which is not superstable, however, hence does not include u = 1

2 , even though it is
near to it. Figure 3.16 illustrates the situation for the period-5 window.

Moving to higher periodicities quickly yields complicated expressions. The next interest-
ing one, the 5-window found with s

5(µ) = 1
2 , already leads to a polynomial of order 31.

Its solutions in the relevant interval [µŒ1 , 4] are 3.73891, 3.90571, and 3.99027, each of them
thus corresponding to a period-5 supercycle. Apparently, the lowest of these values is smaller
than µ3. The corresponding window is readily spotted in Figure 3.12. Further calculations,
which are not shown here, reveal that for all 2n + 1-supercycles, their first occurrence is
at ever smaller values of µ as n increases. Below, we will recognize Sharkovskii’s theorem
behind this remarkable ordering.

Crises As we found above, the strange attractor Ac
µ is a dense set of unstable periodic

points. A shadowing state thus wanders on Ac
µ in a sequence that appears erratic over long

distances and that is highly dependent on details. Without having shown this, there is a
characteristic recurrence time for each point in state space covered by Ac

µ. By construction,
the expectation value for this time is proportional to the inverse of the densities shown in
Figure 3.9 and its kins.
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Figure 3.15.
Detail of the set of attractors from Figures 3.9 and
3.13 focussing on structures in the chaotic regime
and on the abrupt collapse of the strange attractor
into a regular period-3 attractor. Notice that this
crop just shows one of the three periodic points.
Besides the stable period-3 orbit, there is also an
unstable one (dashed curve), which cannot be re-
alized by the simulation, however. The black lines
mark supertracks of orders up to 23.

Changing µ smoothly typically also leads to a smooth change of the attractor’s domain
and of the stability of the set of its points. However, at some values of µ, which are typically
isolated, something qualitatively di�erent happens upon crossing them (Figure 3.15): (i) Ac

µ

touches the boundary of its basin of attraction, (ii) one or more of the interior points turn
stable, or (iii) Ac

µ enters the basin of some other attractor, a regular or a strange one. Upon
such a transit, Ac

µ often collapses or at least undergoes a major reorganization. This has
been referred to as a crisis, specifically a boundary-, interior-, or symmetry-crisis, depending
on the dominating aspect [Grebogi et al. 1982, 1986, 1987a]. Sometimes it is also imagined
as a “collision” between Ac

µ and one of the other objects.
Recall that an attractor is defined such that a trajectory that approaches it su�ciently

closely remains on it for all times. Hence, upon a crisis at µcrit, the attractor in the strict
sense vanishes instantaneously and only its ghost remains. What this means is that the
states on the vanished attractor wander across the landscape of still existing unstable points
until they eventually approach the “exit point” at the basin boundary, at an emerged stable
attractor, or at a newly contacted basin. They thus leave the domain of the previously
existing closed set Ac

µ on a time-scale · that depends on µ ≠ µcrit. Furthermore, states
from within the previous basin of attraction will often continue to be attracted towards the
ghost of Ac

µ. Such trajectories that leave the ghost or approach and pass it are called chaotic
transients. They may be rather long-lived with a power-law distribution of lifetimes. Indeed,
Grebogi et al. [1986] show that, at least for two-dimensional systems, · ≥ |µ≠µcrit|‹ , where
‹ < 0 is a critical exponent.

So far, we imagined Ac
µ to disappear as µ crosses some value. Of course, µ can also change

in the opposite direction and then lead to the corresponding emergence of Ac
µ.

In the following we look at the three types of crises, with emphasis on the interior crises,
which is the dominant type for the logistic map.

Interior Crisis – Period-5 Point We consider the emergence of the stable period-5 point
with the associated 5-window at µ = 3.738172, which we denote by µ

ú
5 for easier reference

(Figure 3.16). It is just a tad smaller than µ5 = 3.73891, where the 5-supercycle exists (Fig-
ure 3.12), but well above the end of the period-doubling cascade at µŒ1 = 3.56995.

We recall that the attractor of the logistic map is the set of all periodic points fp(u) = u

of all iterates p œ N+ – imagine a narrow rectangle cut along the diagonal in Figure 3.16 –
and that fixpoint fp(u0) is stable if

--ˆufp(u)|u0

-- < 1. Notice that all the iterates are within
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Figure 3.16.
Iterates of f(u;µú5), i.e., for µ such that the period-
5 point is critically stable. Green: f5 with 5 crit-
ically stable fixpoints. Blue: f3 with no fixpoint
yet (solid), except for the trivial ones and those are
unstable, and f7 with all fixpoints again unstable
(dashed). Yellow: rough representation of f32, a
polynomial whose order is about 4.3 ·109 (232≠1).
All of its non-trivial fixpoints are unstable. The
black dashed line marks the first two iterations of
1
2 and illustrates that all iterates are within these
bounds, except near the interval boundaries.
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the bounds [f2( 1
2 ), f( 1

2 )], except for small regions near u = 0 and u = 1, both of which are
repelling, however. This illustrates the global attraction – despite the fact that all fixpoints
are local repellors – and the notion of a strange attractor.

At µú5, the attractor actually collapses because f5(u) just touches the diagonal, hence has
fixpoints with marginal stability. With this, the object shown on the diagonal of Figure 3.16
just turns into the ghost of Ac

µ. We further project from the figure that all other fixpoints
are unstable because the slopes at the intersections are too large. Specifically, this is true
for all fixpoints of f2n as the period-doubling cascade ended at much smaller values of µ.
It is also true for f

7, as illustrated in the figure. In contrast, f3 has not yet reached the
diagonal, except for the trivial point at 1 ≠ 1

µ , which is unstable, however. Notice as an
aside that, due the symmetry of f(u), the neighborhood of 1

2 is always among the points at
which the diagonal is touched first. Observe in the left frame of Figure 3.13 that indeed, all
the windows in the chaotic regime show a periodic point at 1

2 .
The above discussion can be repeated for other 2n + 1-points. We may anticipate to

thereby find the ordering µ
ú
3 > µ

ú
5 > µ

ú
7 > . . . that is also apparent in the left frame of

Figure 3.13. Notice that a detail of the collapse of Ac
µ into a period-3 point is shown in

Figure 3.15.

Interior Crisis – Cascade and Collision with Unstable Point We consider the 3-window,
part of which is shown in the right frame of Figure 3.13, but now look at its upper end.
We first notice that each of the members of the emerging period-3 sequence decays into a
period-doubling cascade in complete analogy to the original situation at µ = 3. This leads
to period-3 ·2n orbits and they again converge, now at µŒ2 near 3.8495, where a new instance
of the strange attractor Ac

µ emerges. As µ increases, the domain of Ac
µ grows, as was the

case at level 1.
An interesting situation arises near µ = 3.8568. As µ approaches this value from below,

the expanding attractor touches an unstable period-3 orbit, which is indicated by the dashed
line in Figure 3.13. While this may appear as yet another unstable point in the infinity of
already existing unstable points that constitute Ac

µ, this new point opens an exit to all
other states that are accessible within [f2( 1

2 ), f( 1
2 )] ¥ [0.14, 0.9645]. Hence, Ac

µ expands
discontinuously from its previous local domains, [0.9525, 0.9645] and its two separated other
parts. Notice the lower density of states outside of the domain covered by the pre-crisis
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Figure 3.17.
Bifurcation diagram for second iterate f2 of logis-
tic map. This system has two independent period-
doubling cascades and emerging strange attractor that
merge at the 3-star point at µú3 = 3.67857 and at its
analogs in the windows. The left frame of Figure 3.9
shows the corresponding diagram for f .

attractor. This reflects the bottleneck of the exit point through which all leaving trajectories
have to pass.
Boundary Crisis The prototype example for this type of crisis is the logistic map as µ ø 4.
For µ < 4, the basin of attraction is ]0, 1[, as can be readily deduced from the graphical
iteration. At µ = 4, it touches both boundaries simultaneously. Since u = 0 is an unstable
fixpoint, nothing strange happens here. However, with µ just marginally larger than 4, the
two exit points at 0 and 1 open with both u < 0 and u > 1 rapidly diverging to ≠Œ. As
mentioned above, the reverse happens for µ ¿ 4, where the attractor emerges “out of the
blue”. Notice that the boundary crisis at µ = 4 is structurally identical to the interior crises
due to the collision at µ = 3.8568 discussed above.
Symmetry Crisis Finally, a system may permit two or more symmetric but independent
attractors. As an example, consider the second iterate f

2 of the logistic map f as the
development function. For µ < 3, f

2 has a single stable fixpoint, which undergoes a
symmetry bifurcation at µ = 3 that produces two stable fixpoints (Figure 3.4). Notice
the di�erence to f , for which the single fixpoint looses stability at µ = 3 and gives rise
to the period-doubling cascade. For f

2, this happens only with the next bifurcation, at
µ = 3.4495 (Figure 3.5), where its two fixpoints loose stability, each giving rise to a period-
doubling cascade, that eventually, at µ

Œ
1 transits into chaos. Both, the cascades and the

emerging strange attractors are independent of each other because they originate in di�erent
points. As µ increases, the two strange attractors expand – bounded by supertrack functions
of f , specifically by [s2, s4] and by [s3, s1] (Figure 3.12) in analogy to [s2, s1] bounding
the attractors of f –, until they collide and merge with each other at the 3-star point
µ
ú
3 = 3.67857, instantaneously making the full width [s2, s1] accessible to the f

2-system
(Figure 3.17).

The above approach can also be applied to higher 2n-iterates of f , to f
4, f

8,. . . to
recognize that their first n bifurcations are symmetry bifurcations with each of the branches
leading to independent period-doubling cascades and emerging strange attractors, which
then collide in respective higher order star points (Figure 3.9). This is indeed an intuitive
explanation for the following important theorem by Sharkovskii.
Sharkovskii’s Theorem The bifurcations and periodic windows of the logistic map appar-
ently follow some order. The underlying theorem was first published by Sharkovskii [1964]
and independently by Li and Yorke [1975]. Since then it has been revisited several times,
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for instance by Du [2004] and Burns and Hasselblatt [2011], the latter including a short
history.

Theorem Let f be a continuous mapping of line I µ R onto itself. Then, there is a
universal ordering of the natural numbers N+ such that if f has a periodic point of order m,
i.e., fm(u) = u, then it also has all periods n that succeed m, i.e., for which m ª n. This
ordering is

3 ª 5 ª 7 ª 9 ª . . .

2 · 3 ª 2 · 5 ª 2 · 7 ª 2 · 9 ª . . .

22
· 3 ª 22

· 5 ª 22
· 7 ª 22

· 9 ª . . .

23
· 3 ª 23

· 5 ª 23
· 7 ª 23

· 9 ª . . .

...
...

...
... . . .

. . . ª 23
ª 22

ª 2 ª 1 .

(3.26)

Hence, it starts with 3, followed by all larger odd numbers in order, continues with the
previous sequence multiplied by 2, then by 22, and so on, until finally the pure powers of 2
appear, now in decreasing order down to 1.

Before looking at the theorem’s consequences, we reconsider its prerequisites: (i) It only
demands f to be continuous, hence is quite widely applicable and includes piecewise linear
functions as well as multimodal ones. (ii) It only pertains to the mapping of a line, not even
to a circle, and it cannot be extended to higher dimensions even though some aspects can.
(iii) It states what periodic points exist but is mute on their stability. Hence, they may be
stable, i.e., visible in a bifurcation diagram, or unstable and invisible.

Two consequences of this theorem are: (i) If the number of periodic points is finite, they
are all period-2n. (ii) If there is a period-3 orbit, then periods of all orders n œ N+ exist.
The latter is one aspect of the “Period three implies chaos” by Li and Yorke [1975]. They
furthermore show that period-3 implies the existence of an uncountable set of points that
are not even asymptotically periodic, which we may thus see as truly chaotic points.

Logistic Map in the Light of Sharkovskii’s Theorem The theorem applies to (3.7) for
a fixed value of µ. Increasing µ from 0 to 4 thus generates a set of sequences with ever
more complicated phenomenologies (Figures 3.3 and 3.9). They follow the ordering given
by (3.26), starting with sequences with just a single stable period-1 fixpoint, u = 0. At
µ = 1, a second such period-1 point appears with the first one remaining, now as unstable
point.

The bifurcation at µ = 3 produces a period-2 point, and again leaves the previous period-1
point unstable. The next bifurcation leads to a period-22 point and so on up the powers
of 2 until µ = µ

Œ
1 , each bifurcation leaving the previous points unstable. The following

infinitesimal increase of µ turns all 2n-points unstable and leads to a new realm, for which,
looking at (3.26), we cannot even name the periodicity of the periodic point.

Finally, near µ = 3.83, a window with a pronounced attractive period-3 orbit opens.
Sharkovskii’s theorem ascertains that this system, and those in its environment, have pe-
riodic orbits of all orders, and Li and Yorke [1975] second that there is even an infinity of
non-periodic points. Except for the period-3 orbit, none of them shows up in Figure 3.9,
however, because they are all unstable. For an illustration of the situation look at f5, f7,
and f

3 shown in Figure 3.16 for the 5-window.
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stretch/compress fold iterate

Figure 3.18. Iteration step for horseshoe map in a physical model (upper) and the mathematical
abstraction (lower) together with the first few iterates of the latter. A deformable but incompressible
medium is stretched/compressed and folded back. For the mathematical abstraction the medium
is cut before folding. The colored parts are for orientation and also indicate the deformation and
the emerging nesting.

Horseshoe Map – Strange Attractor Revisited The horseshoe map consists of a stretch-
fold operation on an incompressible domain (Figure 3.18). For the mapping of two nearby
points, stretching leads to the reduction of their distance in the stable (compressed) di-
rection and a corresponding increase in the unstable (stretched) direction. Folding back
separates some points by a large distance in the stable direction. Upon iteration it produces
nesting.

The horseshoe map was first proposed by Smale [1967] as a model to study hyperbolic
attractors. These emerge with homoclinic points, for which the unstable manifold of the
fixpoint folds back onto the same point, now as its stable manifold (Figure 2.26 on page 64).
Such attractors are the key element of a large class of chaotic systems [Eckmann and Ruelle
1985; Ruelle 2006]. The horseshoe map nicely shows the essence of such systems, namely
that two states with some finite distance will first be separated exponentially fast until their
separation reaches the size of the system’s domain. This leads to the deterministic time
horizon for chaotic systems. For much longer times, the state space mixes thoroughly such
that any two states will get arbitrarily close to each other within a finite time.

Incidentally, a physical stretch-fold mechanism also underlies fluid turbulence with stretch-
ing due to shear in velocity gradients and folding due to vortices. Indeed, Ruelle and Takens
[1971] coined the term “strange attractor” to describe those physical phenomena.

Incomplete Horseshoe Map to Model Logistic Map We aim for a more qualitative under-
standing of the logistic map, which is then also applicable to similar other maps. To this
end, we simplify the operator to a linear map, i.e., a uniform stretch and possible flip,
supplemented with a folding that represents the interior maximum of function f .

We look at the iteration of the interval I = [f2( 1
2 ;µ), f( 1

2 ;µ)], which contains the attractor
Ac
µ as we already found with Figure 3.11. To define the linear map, we choose two relevant

points – considering the symmetry these are 1
2 and f( 1

2 ) –, define their images by the actual
nonlinear map f , and interpolate all other images linearly (Figure 3.19). The logistic map
stretches their distance such that they just span I. Under the so-defined linear map the
interval [f2( 1

2 ), 1
2 ] gets mapped beyond the maximum of I. This part is then folded back,

as it is also done by the logistic map itself.
The above simple model is essentially a horseshoe map. It is incomplete because the

interval folded back is typically smaller than the original interval. This is ameliorated, to a
degree that depends on the value of µ, through the flipping of the interval that ascertains
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Figure 3.19.
Incomplete horseshoe map mimicking the logistic map in
the chaotic regime. The attractor Aµ is contained in the
interval I = [f2( 1

2 ;µ), f( 1
2 ;µ)]. Instead of performing

the true iteration (3.7) on I, we mimic it with a two-
step procedure: (i) A linear operation defined by the true
mapping of ⇤ = f( 1

2 ;µ) and • = 1
2 flips and stretches the

interval into ⇤–— with part of it ending up outside of I.
(ii) The part •–— is then folded back in. The second step
is nonlinear and mimics the characteristic of (3.7) to map
1
2 ± Á to the same point. This stretch and fold is the key
operation of many chaotic systems, for instance of fluid
turbulence, and makes the horseshoe map a handy tool.

J

flip-stretch
fold

ui

ui+1

0 5 10 15
0

0.2

0.4
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ui µ = 3.5699

0 5 10 15
i
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Figure 3.20. Iterated mapping of interval I = [f2( 1
2 ;µ), f( 1

2 ;µ)] illustrated by an ensemble
of 200 initially uniformly distributed states. The values of µ are chosen such that one system
(left) operates towards the end of the period-doubling cascade and the other one (right) within the
chaotic regime. The corresponding sequences are shown in Figure 3.10. The ensemble members are
color- and size-coded to facilitate their tracking. The flip-stretch-fold operation and its link to the
horseshoe map is particularly clear from the first few iterations. Also notice how the ensemble in
the periodic regime becomes sorted, or layered, while it gets mixed in the chaotic regime.

the alternating folding of the two ends. With this we recognize that the logistic map, and
all similar ones, behaves qualitatively similar to the horseshoe map and in particular can
produce strange attractors with identical structures.

Iterated Interval in True Logistic Map The only di�erence between the logistic map and its
horseshoe model is that the stretching in the true map is not uniform. This only a�ects the
quantitative shape, its metric, not its qualitative structure, its topology. This is illustrated in
Figure 3.20, which shows the first few iterates of the interval I = [f2( 1

2 ;µ), f( 1
2 ;µ)] already

considered above.

What is Chaos? We stick with locally deterministic systems whose development is pre-
dictable with useful precision to some non-zero time horizon. With a focus on physical
systems, we furthermore presume that they are bounded, hence do not diverge to infinity.
For a corresponding autonomous dynamical system this implies that it shows some sort
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of recurrence, which may or may not be periodic. With the understanding gained in this
section, we then find some deeper answers to the question: What is chaos?

Our characterization of a chaotic system so far rested on its sensitive dependence on initial
conditions and with it on computational precision. With the converging period-doubling
cascade (Figure 3.9) on the one hand and Sharkovskii’s theorem (3.26) on the other, we
can be more quantitative and actually bracket chaotic dynamics. To this end, recall that
µ
Œ
1 , the end of the first period-doubling cascade, is smaller than µ3, where the supercycle

of period-3 exists. Hence, a chaotic system consists of at least the infinite set of 2n-periodic
points, with all of them being unstable. This corresponds to the “lower end” of Sharkovskii’s
theorem, up to the first infinity. Correspondingly, the upper bracket is set by requiring again
that all points are unstable and that in addition a period-3 periodic point exists. With this,
all periodic points exist and also an infinity of non-periodic points. We may call this “deep
chaos”. Notice that the notion of “lower” and “upper” with reference to µ applies to the
logistic map and to similar systems but that it is by no means universal.
Closing Comments For environmental systems, the logistic map is an important process
in its own right. However, the real beauty of the subject began to unfold when Feigen-
baum [1978] demonstrated that a large class of discrete dynamic systems exhibit the same
qualitative phenomenology and that their route to chaos is quantitatively identical.

The fact that systems share the qualitatively same phenomenology means that as some
control parameter µ increases, the system’s asymptotic state, i.e., its attractor, develops
(i) from u = 0, or some other constant value, (ii) through a single stable state u

ú(µ),
(iii) decays through a period-doubling cascade of supercritical pitchfork bifurcations, and
(iv) enters the chaotic regime, with its dense set of unstable periodic and nonperiodic orbits,
that is interrupted by periodic windows that again lead to period-doubling cascades, all
nested in an infinite hierarchy.

That systems share the quantitatively same route to chaos refers to the period-doubling
cascade. Feigenbaum [1978] demonstrated that for a large class of systems, the constants
– and ” defined by (3.19) are the same. He conjectured that this class includes all one-
dimensional discrete systems whose generating function f(u) has a single locally quadratic
maximum. Besides the logistic map, this class contains the sine-map used above, Poincaré
maps of the L63 system to be studied in the next chapter, and truncated representations
of the Navier-Stokes equation. Renormalization theory o�ers a powerful way for digging
deeper with Strogatz [1994] and Devaney [2003] providing good starting points.

Universality carries important messages for the study of environmental systems. The
obvious, and comforting one, is that after appropriate scaling we can expect to find the same
phenomenology in rather diverse systems, that it will be even quantitatively the same. A less
comforting message is that deducing underlying processes from an observed phenomenology
may not be straightforward, in some cases even impossible. We come back to this general
theme in later chapters on pattern forming systems.

3.3
Multi-Dimensional Discrete Systems
Discrete dynamical systems of course also exist in more than one dimension. As we already
realized with the logistic map, however, sequences of discrete systems can get very compli-
cated even though the underlying generators, the development equations, may be simple.
Increasing the system’s dimension exacerbates the situation.
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We first look at the importance of chaotic systems by estimating their fraction in general
classes of systems. Next, we look at two instances, the two-dimensional quadratic map and
a mapping on a torus, with the latter employed to illuminate some basic concepts.

3.3.1
How Common is Chaos?

Once the existence of chaotic systems was firmly established and a few of them had been
studied to some depth, the question arose: How common are they? One approach to an
answer, pioneered by Sprott [1993b], is to take some system, or entire classes of systems,
and determine the fraction of parameters that lead to a chaotic dynamics. Chaos is thereby
identified if (i) the sequence of states remains bounded for all times and (ii) the maximum
Lyapunov exponent along the sequence is on average positive. An empirical approach to
determine the average maximal Lyapunov exponent is obtained by rearranging the one-
dimensional formulation (2.29) for the discrete case as

‡ = 1
k

log
1
Ák

Á0

2
(3.27)

where Á0 is the initial small separation between two states, u0 and u0 + Á0, and Ák =
|f

k(u0+Á0)≠fk(u0)| is the separation after k iterations. The correct value of ‡ is approached
as Á0 and k increases such that Ák still remains local. The situation becomes somewhat
more complicated for multi-dimensional systems because then the direction of Á0 matters.
Operationally, this is readily resolved by simulating a small ensemble with each direction of
the state space covered by at least one pair of members.

The empirical setup can be improved by (i) determining the Jacobian matrix ˆuifj at
u0, (ii) calculating its eigendecomposition, (iii) choosing Á0i for ensemble member i in the
direction of eigenvector i with a magnitude that is informed by the value of the eigenvector ‡i,
and (iv) propagating the ensemble in time. This improvement actually hints at another,
less empirical but more expensive approach to calculate the average maximal Lyapunov
exponent. Instead of using an ensemble of states, (i) propagate u0, (ii) for each iterate f

k(u0)
determine the Jacobian matrix and its largest eigenvalue, and (iii) average them.

Following the empirical line, Sprott [1993b] found that for the logistic map (3.7), which
as a mathematical problem has bounded solutions for µ œ [≠2, 4], some 13% of these are
chaotic. For a range of further discrete systems with dimensions 1. . . 4 and orders 2. . . 5,
he reported chaotic fractions ranging between 27% and 2%, decreasing strongly with the
system’s dimension and weakly with its order. Incidentally, Sprott [1993b] also studied
some continuous systems – ODEs (ordinary di�erential equations) of dimensions 3 and 4
with orders 2 and 3 – and found a much lower fraction of chaotic trajectories, 0.4% to 0.7%.
However, in contrast to the discrete systems, the fraction now increases with dimension
and order. Indeed, Ispolatov et al. [2015] report that the probability of obtaining a chaotic
trajectory in a system of d coupled ODEs with quadratic and cubic terms increases from
about 10≠4 for d = 3 to practically 1 for d about 50. For their study they generated
coupled systems of ODEs of the form u̇i =

q
j –ijuj +

q
j,k —ijkujuk ≠ u

3
i with randomly

chosen parameters –ij and —ijk and random initial values. The term ≠u
3
i guarantees global

attraction. Cubic systems are formulated in analogy.
Some comments: (i) The findings support our earlier conjecture that low-dimensional

discrete dynamical systems are more conducive to chaos than corresponding continuous
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systems. (ii) Partial di�erential equations (PDEs), which are often used to describe the
dynamics of environmental systems are equivalent to large sets of ODEs, one ODE per grid
cell. Their parameters are not random, however, as neighboring grid cells are typically in
comparable states. But over su�ciently large distances, the parameters do get independent
and thus, with respect to a possible chaotic dynamics, indeed do approach large systems
of ODEs. An instance is the Navier-Stokes equation for fluid dynamics with its turbulent
regime for su�ciently large domains, as encountered inn Section 1.2.1. (iii) Interaction
networks like food webs or social networks also lead to large sets of coupled and nonlinear
ODEs. Chaotic dynamics is thus almost inevitable, if the corresponding parameters are
random. (iv) The previous comment emphasizes that the studies cited above provide but
a mathematical systematics with uniformly distributed parameters. This is just one aspect
of the actual occurrence of chaotic regimes in natural environments. Other aspects include
forcing, control, and selection of systems and regimes through their embedding. While this
may actually increase the chaos, the externally forced pendulum is an example, it seems
to more often suppress it, at least over time spans that are crucial for the functioning of
the embedding system. Interaction networks for instance are almost never random but are
typically structured rather sophisticatedly, often scale-free. This is a consequence of their
emergence from evolution and coevolution. Random networks just do not function well and
thus do not survive very long.

3.3.2
Quadratic Map

The logistic map studied in Section 3.2 may be written in the form of a one-dimensional
quadratic map as ui+1 = µui ≠ µu

2
i . In two dimensions, the map’s general form is

xi+1 = a1 + a2xi + a3x
2
i + a4xiyi + a5yi + a6y

2
i

yi+1 = b1 + b2xi + b3x
2
i + b4xiyi + b5yi + b6y

2
i , (3.28)

where a1, . . . , a6, b1, . . . , b6 are parameters. A few instances of such sequences are shown
in Figures 3.21–3.22. Sprott [1993a] used this system to estimate the fraction of chaotic
sequences in discrete dynamical systems and to illustrate the diversity of strange attractors.
Incidentally, he also explored the visual appeal of the resulting unusual geometric figures as
a function of Lyapunov exponent and fractal dimension, the latter a concept that will be
introduced in Section 5.2.

We first notice that (3.28) contains 12 parameters. The logistic map had one parameter
and we could a�ord to resolve it into 5’000 tiny steps to create the bifurcation diagram
shown by Figure 3.9. To explore the high-dimensional parameter space of (3.28), Sprott
[1993a] discretized it, from ≠1.2 to +1.2 in steps of 0.1, just 25 values for each of the
parameters. This still leads to 2512

¥ 6 · 1016 systems. Most of these, some 86% turn out
to be unbounded and just some 11.1% of the bounded ones are estimated to be chaotic.
These are still some 1015 cases, many of them with completely di�erent shapes of their
attractors as testified by the minute selection shown in Figure 3.21. These filigree structures
are robust through millions of iterations. Actually, they only emerge by them, in the ever
same shape. In contrast, the structures are delicate with respect to the system parameters.
Changing them just slightly, reducing them all by 0.6%, may lead to attractors that are still
recognized as being related, to thin line-like structures, to periodic points, some of low order,
others of quite high order, and it may even lead to the disappearance of the entire system
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Figure 3.21. Instances of the quadratic map (3.28) from Sprott [1993a]. The letters A. . . Y
encode the values of the parameters a1, . . . , a6, b1, . . . , b6 from ≠1.2 to 1.2 in steps of 0.1. The
initial state, (0, 0), was relaxed for 2 · 105 iterations. The following 5 · 106 iterations were recorded
with their index color-coded from violet to red through the rainbow. Finally, the states were scaled
to fit into the unit square. [Zoom into the graphic to see some of the intricate structure of these
attractors.]
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Figure 3.22. Same as Figure 3.21 except that parameters a1, . . . , a6, b1, . . . , b6 were multiplied
by factor 0.994. Attractors that collapsed to periodic points of order less than 512 are represented
by large symbols.
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(Figure 3.22). The latter does not happen with the systems shown here. However, increasing
the parameters in the same manner by 0.5% does destroy three of the systems.

3.3.3
Mapping on Torus

We consider the maps on a torus in three-dimensional space employed by Grebogi et al. [1985,
1987b]. We refer to them as the GOY system in order to acknowledge the creators, Grebogi,
Ott, and Yorke. This system was chosen for its sheer beauty. Many other systems would
do as well, all with similar properties, albeit with quite di�erent specific features.

The GOY system parameterizes the location on the torus by the angles Â and ◊ and
employs the iteration

Ân+1 = [Ân + Ê1 + ÁP1(Ân, ◊n)] mod 1
◊n+1 = [◊n + Ê2 + ÁP2(Ân, ◊n)] mod 1 (3.29)

where P1 and P2 are functions with period 1, {Ê1,Ê2, Á} are system parameters, and the
modulus operator implements the periodicity of the torus. The functions Pi are superposi-
tions of the form

Pi(Â, ◊) = –i,0 sin(2fi[Â + —i,0])
+–i,1 sin(2fi[◊ + —i,1])
+–i,2 sin(2fi[Â + ◊ + —i,2])
+–i,3 sin(2fi[Â ≠ ◊ + —i,3])

where –i,j and —i,j are parameters, which in the following will be kept fixed. Of course,
other functions will do as well, as long as they are period 1.

For di�erent values of the parameters {Ê1,Ê2, Á} the GOY system produces a wide range
of trajectories and structures (Figure 3.23).

Ergodicity We consider two qualitatively di�erent instances of the GOY system and look
at a single trajectory for each of them (Figure 3.24). They both start at (0, 0) and, after a
spinup of just one iteration, 106 consecutive states are recorded. Incidentally, one can show
that every other initial state would do as well with just details of the trajectories changing,
in particular the phase.

One of the trajectories (left frame) is a period 1 orbit, which apparently only explores
a minute part of the state space. To cover the state space representatively, an entire
ensemble of trajectories would be required. These can be obtained by choosing di�erent
initial states.

The other trajectory (middle frame) apparently covers the state space complete and
practically uniformly. This is visually testified by the uniform gray appearance of the frame,
which is the result of uniformly distributed colored dots, each of which representing the
system state at a particular time. This indeed is a rather sensitive test of spatial uniformity
for all times, since already slight fluctuations would be perceived as large-scale colored
structures. Zooming into the frame with a factor of 50 (right frame) makes the small-scale
structures visible.

A system, whose trajectories completely and uniformly cover the entire state space, is
called ergodic. Studying a single one of its trajectories apparently teaches everything about
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Figure 3.23. Single trajectory for three instances of the GOY system with parameters
{Ê1,Ê2, Á} identical to those of Grebogi et al. [1987b] – except for Á, which here is di-
vided by 2fi – as {0.54657, 0.36736, 0.75/[2fi]} (left), {0.45922, 0.53968, 0.5/[2fi]} (middle), and
{0.415, 0.735, 0.6/[2fi]} (right). Each trajectory was initialized at (0, 0) and then propagated by
107 (left frame) or 108 iterations (middle and right frame). In all three cases, the states for the then
following 107 iterations were recorded with the iterations color-coded from blue to red through the
rainbow. The squares’ side length is 1, spatial resolution is 1/3’000.

Figure 3.24. Trajectories of the GOY system (3.29) for {Ê1,Ê2, Á} {0.45922, 0.53968, [10fi]≠1}
(left) and {0.54657, 0.36736, [20fi]≠1} (middle). The small square at the lower left in the middle
frame is enlarged to expose the small-scale structure (right). Dots in the left frame are enlarged by
a factor of 8 for better visibility. Iterations are again rainbow color-coded from blue to red.

the system itself. In particular, if some property g(u) is defined on state space M, evaluating
its time average on any of the system’s trajectories ui, i œ N, yields the same value as the
spatial average over the state space, the so-called ensemble average, such that g(ui) = Èg(u)Í
or, spelled out,

lim
næŒ

1
n

nÿ

i=1
g(ui) = Èg(u)ÍuœM . (3.30)

Continuity Discrete systems are by definition not continuous in time. While some of the
structures in Figures 3.23–3.24 may be mistaken as continuous paths, they are not, indeed
they are typically far from it. This may already be gathered by looking at the right frame
of Figure 3.24.

Discrete systems with Lipschitz-continuous development function f(u) are continuous
in state space. Hence, two nearby points remain so for some time during the system’s
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Figure 3.25.
Development of localized ensemble
of states (small square at center) by
GOY system with parameters from
Figure 3.24. The first 100 iterations
are shown, i.e., the translation and
deformation of the original square,
color-coded from light to dark.

Figure 3.26. Development of an initially uniformly distributed ensemble of 104 states through
400 iterations in the GOY system. The configurations are plotted every 20 iterations, color-coded
from light to dark. The initial uniform distribution thus leads to the faint yellow background.
System parameters are the same as for the corresponding frames in Figure 3.23, which, however,
shows 107 consecutive states from a single sequence.

development. This has already been used in (3.4) to assess the stability of a fixpoint. As may
be gathered from (3.29), the GOY system is continuous in state space. Figure 3.25 illustrates
the situation for the two systems already shown in Figure 3.24 through the development of
an ensemble of 212 states that are initially distributed uniformly within the small square at
the center. We first notice that the ensemble retains its proximity and remains identifiably
as an object throughout these iterations, i.e., we recognize 100 objects in each of the frames.
As indicated by the color-coding, these objects are translated by quite large distances in
a single iteration, testifying to the system’s discontinuity in time. The main di�erence
between the two systems is that the period 1 system (left frame) undergoes a strong shear
transformation, besides some initial expansion of the volume, while for the ergodic system
the deformation is moderate and the volume appears to be conserved.
Basin of Attraction The configurations shown in Figure 3.23 are the sequences of a single
state through 107 iterations. They apparently shadow attractors. Here we want to know if
these attractors are global, i.e., reached from any point of the state space, or if there are
several attractors with the state space decaying into several basins of attraction. Lacking
theoretical methods for answering this question, we address it experimentally by considering
a large ensemble of states as it develops in state space with (3.29). Let the ensemble consist of
104 states that are initially uniformly distributed. Inspection of the graphical representation,
Figure 3.26, reveals that the ensemble reaches the attractor reasonably quickly. Hence, these
are all global attractors.
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A comment concerning the size of the ensemble is in order. It is conceivable that some
highly localized structures are hiding between the points of the ensemble’s initial location and
that these would lead to another attractor. For our current system, however, the continuity
and smoothness of (3.29) prevents this. Hence, the above ascertion is valid.

Scrutinizing the middle and in particular the right frame of Figure 3.23 reveals that only
some of the structures are shown in bright red, which indicates locations in recent times.
Others show more greenish hues. This does not indicate a slow convergence. It results from
parts of the attractor that are only visited with a very low probability. Hence, the recurrence
time is long and the chance that an earlier visit is hidden by a later one is low. For both
frames, the initial state had actually been iterated 108 times before 107 consecutive states
were recorded. Incidentally, running the spinup for just 107 iterations produces a graphically
indistinguishable representation.

Exercises
Practical Hint: Depending on the approaches used, some of the following exercises can lead to huge
graphics files. This is in particular the case for bifurcation diagrams that encompass chaotic regimes
or for two-dimensional iterated maps. Such files are inconvenient to handle and they are certainly
useless to include as illustrations into some text.

A versatile approach is to setup an n ◊ m-array of integers, or of some more complicated
structures, that discretizes the domain of interest. For a bifurcation diagram, this would for instance
be [µ0, µ1]◊ [u0, u1] and it would allow to also count the number of hits in each of the cells. This
may then be drawn as a color bitmap. For instance, Figure 3.9 was produced in this way using
a 5Õ000 ◊ 5Õ000 array with a spinup of Nspinup = 4Õ000 for each value of µ and the subsequent
recording of Nmark = 80Õ000 iterates. The latter number is so large to allow a reasonable color-
resolution.

3.1 One-Dimensional Quadratic Map
The logistic map (3.7), with its limitations u œ [0, 1] and µ œ [0, 4] is an instance of the quadratic
map

ui+1 = µui ≠ µu2
i ,

where the limitations have been dropped. Discuss the possible sequences for this map.

3.2 Transient Regime of Logistic Map
The bifurcation diagrams shown in Figures 3.3, 3.9, and 3.15 are all calculated with a spin-up phase
that excludes transients from being recorded. Produce and explain at least Figure 3.9 with the
spin-up phase turned o�. Specifically

1. Implement the logistic map (3.7) for a fixed value of µ and initial value u0 and iterate it for
N = 400 steps, marking each of its states.

2. Integrate the map into a stepper that starts at µ0 and sweeps to µ1 in Nµ steps, say with
Nµ = 1Õ000, again plotting all states.

3.3 Second Iterate Logistic Map
The second iterate of the logistic map (3.7) is given by (3.10) as

f2(u) = f
!
f(u)

"
= µ2u[1≠ u]

#
1≠ µu[1≠ u]

$
.

Define a new map as ui+1 = f2(ui).
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1. Without implementing and running the iteration: What sequences do you expect? How does
the attracting set look like, actually: will there be a single attractor? How does this set
develop into the chaotic regime?

2. Implement the model and reflect your expectations.

3. Extend to higher iterates, both conceptually and by numerical simulation.

3.4 Spectrum of Logistic Map
Study the power spectrum of the sequence u(u0) = {ui, i = 1, . . .m} of the logistic map (3.7),
i.e., |Fu|, where F is the discrete Fourier transform (DFT).

1. Focus on asymptotic regimes by first spinning-up, i.e., iterating the function m times, say
m = 10Õ000, discarding the values, and generate u from the last state.

(a) For µ œ {3.3, 3.5, 3.56, 3.57, 3.826, 3.83, 3.8494} identify the corresponding regimes in
Figures 3.3 and 3.9, and generate u with m = 212, i.e., 4’096 states.

(b) Calculate the spectra |Fu|, plot them (collecting di�erent cases as appropriate), and
discuss them. Decide on linear or logarithmic scaling of the axes depending on your
focus.)

2. Focus on transient regimes and choose µ and u0 such that you expect a long transition phase,
e.g., µ = 3. Notice that these sequences by construction will be non-periodic, at least contain
an initial non-periodic phase. Whether this is significant, hence the interpretation of the
power spectrum is more di�cult, depends on the fraction of states in the transient regime.

Hints: (i) The DFT is most e�cient for m = 2n, gets a little bit slower for products of small primes
like m = 3ú 2n, and it can get very slow for arbitrary m. Keep in mind, however, DFT assumes the
data u to be periodic. If this is not the case, the jump from the last to the first element leads to
high-frequency contributions to the spectrum that do not belong to the signal proper. This happens
for instance for µ in the 3-window. A simple way to resolve this issue is to choose m accordingly,
here m = 3ú2n. Apparently, this is not generic. A still simple alternative for su�ciently long signals
is to subtract a linear trend such that the two end members match. Beyond this, more advanced
methods of signal processing are required that go under the term “windowing”. (ii) Increase m to
get more distinct peaks that are better separated from noise.

3.5 My Own Discrete Dynamical System
Construct and explore a discrete dynamical system of your choice.

1. Choose a generating function for an interesting discrete dynamical system (be creative).
What properties are required besides f : � ‘æ �, where � is the domain of generator f?
Possible aspects: smooth? symmetric? maximum in the interior of �? multiple maxima?
Suggested choice: smooth function on [0, 1] with f(0) = f(1) = 0, maxuf(u) = 1, and a
single, strongly non-symmetric maximum.
To be very specific (and not very elegant):

f(u) = µ
0.399743 [1≠ u]2 sin(fiu) , u œ [0, 1] , µ œ [0, 1] .

2. Draw a cobweb diagram, analogous to Figure 3.1. Do not spend much time on coding, may
do this by hand to just get an intuition for the system and for its regimes.

3. Calculate and draw the bifurcation diagram by

(a) choosing a discretization of µ œ [0, 1] (1’000 points and more are ok, Figure 3.9 is done
with 5’000) and then for each value of µ



3.3 Multi-Dimensional Discrete Systems 101

(b) setting u0 = 0.5, iterate for n0 steps, plot a dot at (µ, ui) for the next n1 steps of the
iteration (for Figure 3.9 n0 = 4Õ000, n1 = 400; you will have to increase n0 if your choice
of f(u) leads to a slow approach to the attractor)

The suggested numbers are from experience. Think about their impact on the final figure.
4. Zoom into some interesting regions. Qualitatively compare your finding with those for the

logistic map shown in this Chapter.
5. Plot some exemplary higher iterates to understand the windows and transitions (check the

periodicity in the bifurcation diagram to know which ones).

3.6 Transition Plot
For some su�ciently large values of µ, the logistic map (3.8) produces a series of apparently random
numbers. It indeed was used as one of the early random-number generators. Produce two sets
of such random series with range [0, 1] with, say, 1’000 members each by (i) using the random
number generator of your system – in C/C++ this could be u1[i]=(float)rand()/RAND_MAX; and
(ii) iterating (3.8) with µ = 4, starting from an arbitrary initial value.

1. Plot the two series as ordered sequences. Do you notice any di�erences?
2. Do the “transfer plots” ui+1(ui) and ui+2(ui). Explain.
Comments:
1. Random number generators provided by the system are typically optimized for speed and

have rather mediocre statistical properties. More accurate, but much slower alternatives are
for instance ran2 (more accurate) and ran3 (faster).

2. Transfer plots are a first tool to detect structures in seemingly random noise and to determine
the dimension of the generating system.

3.7 Lyapunov Exponent I
For the attractor of the logistic map (3.7), calculate and plot the average Lyapunov exponent as a
function of µ

1. theoretically, using the iterated function (3.8), and
2. experimentally, using (3.27) with your choice of k.

Hints: (i) Keep in mind that for both approaches the system must have relaxed from its initial state
and be near the attractor before starting the actual calculation. (ii) The theoretical approach can be
extended arbitrarily by continuing the iteration and thereby improving the precision of the average.
Why would you want to run the iteration anyway, and not just average ˆuf? Think ergodicity.
(iii) The experimental approach depends crucially on the choice of k. If it is too small, artifacts
from the initial choice of the deviation, Á0, may dominate since u0 + Á0 need not be su�ciently
near to the attractor. If k is too large, the two states sample the Lyapunov exponents of di�erent
regions. One solution is to choose k > 2, to stop once the two states are separated by a certain
distance, say 10% of the width of the system’s attractor (which is readily obtained from iterating
1
2 ), and to average a large number of such segments.

3.8† Quadratic Maps for the Playful
Far from an exhaustive study, play with two-dimensional quadratic maps as given by (3.28) with
indications for parameters from Figures 3.21–3.22 and with their three-dimensional kins [Sprott
1993c]

xi+1 = a1 + a2xi + a3x
2
i + a4xiyi + a5xizi + a6yi + a7y

2
i + a8yizi + a9zi + a10z

2
i

yi+1 = b1 + b2xi + b3x
2
i + b4xiyi + b5xizi + b6yi + b7y

2
i + b8yizi + b9zi + b10z

2
i

zi+1 = c1 + c2xi + c3x
2
i + c4xiyi + c5xizi + c6yi + c7y

2
i + c8yizi + c9zi + c10z

2
i .
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1. Two-dimensional systems: For a set of parameters a1, . . . , a6, b1, . . . , b6 explore the bifurcation
diagram. Notice that in contrast to the logistic map the attractor now is embedded in a two-
dimensional state space M and the parameter space P is 12-dimensional. The bifurcation
diagram, which represents the attractor as it changes with the parameters, thus is embedded
in a 14-dimensional space. Choice is mandatory! One class of choices: Take a one-dimensional
subspace of P by (i) choosing a single parameter a varying it, (ii) vary a common multiplier
for all parameters, or (iii) specify some parametric curve. The subspace is then translated
into time by producing a movie of the respective attractors. Pushing the idea, several frames
for di�erent subspaces may be displayed simultaneously, as is done in Figures 3.21–3.22.

2. Three-dimensional systems: Apparently, M now has 3 dimensions, P 30. Following Sprott
[1993a], the third dimension can be neglected, essentially drawing the attractor’s shadow, or
it can be color-coded. Further possibilities include a movie of the rotating object, projections
to be used with colored glasses, or, if you happen to have access to one, calculating input for a
VR system. Suggestions for parameters, taken from Sprott [1993c] and using the convention
introduced in Section 3.3.2, are

• GNXQDPRVJPMBASUKJCRDRWVTDRQTTD

• IPPSGTMPCELDIPWPUPJCNQNFOBCYCK

• NWJRPOXYLDYOHNEBHCQQAVNFQWJTDP

• PGPJYPMITFPTBEEDRWRTUGSXCJFTWE

3.9 Chaotic?
Is the map underlying the left frames of Figures 3.24–3.25 chaotic?

3.10 Lyapunov Exponent II
Choose one of the two- or three-dimensional quadratic maps given by (3.28) or Problem 3.8 and
do Problem 3.7 with this system. For the theoretical approach, this leads to the determination of
the largest eigenvalue of the Jacobian matrix a at each state of the iteration sequence. For the
experimental approach, it may be useful to do an eigendecomposition of a at the initial state in
order to choose the deviation Á0 in the optimal way.



4
Continuous Chaotic Systems

Environmental systems are spatially distributed, hence high-dimensional. However, some of
them operate regularly in regimes where they can be characterized by just a few degrees
of freedom. Formally, this situation is akin to that of the center manifold discussed in
Section 2.3.4. Physically, it encompasses systems for which equilibration in space is fast on
the time scale of the phenomena of interest. It then su�ces to consider only the largest
spatial modes. Examples include large-scale circulation in atmosphere and ocean, where the
underlying Navier-Stokes equation links spatial and temporal scales such that large spatial
modes have a long lifetime. This gives rise to the abstractions of geostrophic flow in high- and
low-pressure systems, of the vertical Hadley circulation in the tropics and the corresponding
polar circulation, or of the much smaller orographically determined convection systems like
the mountain-valley winds.

In this chapter, we study such low-dimensional continuous systems, first the driven
pendulum then the L63-system introduced by Lorenz [1963]. The motivation for these
abstractions comes from physical reality. We will introduce it briefly. The focus will be on
the properties of the abstract systems. This then facilitates the transfer of some of their
aspects to other systems, physical ones and others.

4.1
Driven Damped Pendulum

A pendulum is the physical prototype for an oscillating system that periodically transfers
energy between two independent forms, here mechanical energy between potential and
kinetic form. There exist many systems that are structurally identical to the pendulum albeit
their mechanisms are di�erent. Examples include electrical and electromagnetic oscillators
as well as oscillations in atmosphere and ocean.

The viscously damped and periodically driven pendulum is the most simple physical
system with a potentially chaotic dynamics. It is also a prototype model for various envi-
ronmental processes that are subject to the ubiquitous periodic perturbations experienced
by and within System Earth.

We first look at the physics of the pendulum and formulate it as a dynamical system.
Then, we pursue two goals: (i) to understand some general features of continuous chaotic
systems and to link them back to discrete systems, and (ii) to develop methods for the
graphical representation and analysis of low-dimensional dynamical systems.

103
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Figure 4.1.
A mass m suspended from a pivot by a massless rigid rod of length ¸ forms
a pendulum. It may be driven externally by either applying some angular
acceleration or by accelerating the pivot, both typically periodically. The
motion of the mass is parameterized by the angle ◊ from the vertical. The
friction is assumed to be proportional to the velocity ¸◊̇ of the mass.
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4.1.1
Physics of the Pendulum

The idealized pendulum belongs to the most simple physical systems. Nevertheless, it rapidly
leads to the limits of our mathematical capabilities through its inherent nonlinearity, and it
continues straight into the realm of chaotic systems if it is driven externally.

Consider mass m suspended from a pivot by a rod of length ¸ (Figure 4.1). The rod shall
be massless and allow full circular motion in a plane. Everything shall be frictionless. We
parameterize the position of the mass by the angle ◊ from the vertical, the latter given by
the gravitational field with acceleration g.

For the equation of motion Newton’s law yields

m¸◊̈ = ≠mg sin(◊) , (4.1)

where ◊̈ is the second derivative with respect to time. While this nonlinear ordinary
di�erential equation can be solved analytically, the solution is of limited use because it
involves a little known special function, the incomplete elliptic integral of the first kind,
F (Ï,m) :=

s Ï
0
#
1 ≠ m

2 sin2(Ë)
$≠ 1

2 dË. A readily understood solution is obtained in the
small-angle approximation, where sin(◊) ¥ ◊. Then, initial conditions ◊(0) = ◊0 and ◊̇(t) = 0
lead to

◊(t) = ◊0 cos(�0t) , �2
0 = g

¸
. (4.2)

We refer to �0 as the natural frequency of this system. Short of actually looking at large
angle solutions, we comment that they remain periodic, but that the nonlinearity widens
the spectral line – ◊(t) is no longer a pure trigonometric function – and shifts its peak to
lower frequencies � < �0.

A real physical pendulum is subject to a range of forcings, as are its analogs. Three types
are to be considered: (i) friction, in the pivot or as the pendulums moves through a fluid like
air or water, (ii) external forcing of the state, think of the kid on a swing to which you give
a small push whenever it returns, and (iii) external forcing of the system parameters, ¸ or
g, again thinking of the kid on the swing, realizing that she can start and continue swinging
on her own by rhythmically shifting her center of gravity. The latter brings up the question
if it is safe to leave a kid alone on a swing. Apparently, the general answer is “no”, since we
may return after some time to find her merrily going around in full circles.

Friction For simplicity, we assume slow motion with friction proportional to the velocity ¸◊̇

of the pendulum’s mass. The frictional force thus becomes c¸◊̇ with viscous damping coe�-
cient c > 0. Enhancing (4.1) accordingly and rearranging the terms then leads to

m¸◊̈ + c¸◊̇ + mg sin(◊) = 0 . (4.3)
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We use the pendulum’s natural frequency to introduce the dimensionless time

· := �0t (4.4)

and with this transform (4.3) into

◊̈ + 2“◊̇ + sin(◊) = 0 , “ = c

2�0m
. (4.5)

The time derivatives are now with respect to · and the dimensionless natural frequency
is Ê0 = 1. Again using the small-angle approximation sin(◊) ¥ ◊ and the initial conditions
◊(0) = ◊0 and ◊̇(t) = 0 yields

◊(·) = ◊0 exp
!
≠“·

"Ë
cos(�·) + “

� sin(�·)
È
, � :=


1≠ “2 . (4.6)

For weak damping with “ π 1, hence � ¥ 1≠ 1
2“

2, this may be approximated by

◊(·) = ◊0 exp
!
≠“·

"
cos

!#
1≠ 1

2“
2$
·
"
. (4.7)

The pendulum thus oscillates at frequency 1≠ 1
2“

2
< Ê0 and the amplitude of the oscillation

decreases exponentially with rate parameter “. For strong damping, “ > 1, the oscillatory
motion is lost and only a relaxation remains. It is then convenient to write (4.6) using
cos(ix) = cosh(≠x) and sin(ix) = sinh(≠x).
Forcing of the First Kind (State or Additive Forcing) We consider an external force
acting on the pendulum’s mass and for simplicity assume it to be periodic with angular
frequency �. We directly start out from the dimensionless formulation (4.5) and enhance
the equation for the internal dynamics with the external forcing as

◊̈ + 2“◊̇ + sin(◊) = µ sin(Ê·) , Ê := �
�0

, (4.8)

where the control parameter µ corresponds to the maximum external angular acceleration
in dimensionless units of time.
Asymptotic Small-Angle States Again, only the small-angle approximation

◊̈ + 2“◊̇ + ◊ = µ sin(Ê·) (4.9)

is amenable to an analytic solution. This would most conveniently be obtained through
a Laplace transform, in particular if also the transition from the initial condition to the
asymptotic state is of interest. Since mathematical sophistication is not our current goal,
however, we deduce the structure of the asymptotic state through physical reasoning. First,
we notice that the small-angle approximation is a linear ordinary di�erential equation for
which the principle of superposition is applicable. Then, we recognize the two components
of the motion: (i) the relaxation from the initial condition, which occurs on time scale “

≠1,
and (ii) the forced periodic motion with frequency Ê. Focussing on the asymptotic state and
assuming that “ > 0, the motion will thus be of the form ◊(·) = – exp(iÊ·), with – œ C,
and we take the imaginary part of the final result as the physically relevant part. Inserting
this form into the small-angle approximation, where the term sin(Ê·) is inflated to exp(iÊ·)
then yields for the amplitude

– = µ

1 + 2i“Ê ≠ Ê2 , (4.10)
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Figure 4.2.
Complex amplitude – given by (4.11) for
pendulum forced with µ = 0.1, together
with input energy flux je. The factor
of viscous dissipation is “ = 0.1. The
system’s natural frequency is Ê0 = 1. The
phase is expressed in radians.
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with absolute value |–| and argument arg(–) given as

|–| = µ

#
[1≠ Ê2]2 + 4“2Ê2

$ 1
2
, arg(–) = ≠ arctan

1 2“Ê
1≠ Ê2

2
, (4.11)

which is valid for “ > 0 (Figure 4.2). This is the resonance curve of the forced pendulum in
the small-angle approximation.

Next, we go for a qualitative understanding of the resonance curve from the perspective
of energy fluxes. The external forcing inputs a certain energy per unit mass and unit time.
We denote it by je and notice that it is proportional to [force density]·[pathlength]/[time],
i.e., proportional to µ|–|Ê. This energy flux is either stored as kinetic and potential energy
of the pendulum or it is dissipated by the viscous friction (2“Ê). The amplitude |–| adjusts
such that this balance is satisfied. Away from the natural frequency, most of the work goes
into accelerating and decelerating the pendulum. In contrast, at the natural frequency,
the pendulum keeps accelerating since there is no frequency mismatch that could lead to a
deceleration. Hence the pendulum accelerates at an initially constant rate until the velocity
is so high that viscous friction becomes dominant and eventually transfers all the incoming
power into heat. Concerning this apparent runaway from forcing at the natural frequency
warrants three comments: (i) The small-angle approximation soon loses its validity. Indeed,
beyond |◊| > fi the pendulum rotates in full circles. (ii) The smaller “, the higher the
maximum amplitude, but also the longer the time required to reach it, since the external
energy flux is constant. (iii) With decreasing “, the time required for components of the
natural frequency to decay also increases.
Large-Angle Dynamics Systems with weak external forcing that in addition are either
strongly damped or driven far away from their natural frequency are well-represented by
the small-angle approximation (4.9). With any of these premisses failing, the full nonlinear
equation (4.8) must be solved. This in general calls for a numerical solution, which invariably
leads to the study of individual cases.

We choose an exemplary system with a rather small dissipation coe�cient, “ = 0.01,
and a correspondingly sharp resonance curve. In contrast, the external forcing is strong
with angular frequency Ê = 0.8, recall Ê0 = 1, and amplitude µ = 0.5. In the small-angle
approximation this would lead to the amplitude |–| ¥ 1.39 for the asymptotic periodic state.
As initial condition, we let the pendulum be at rest in its static equilibrium, at ◊ = 0.

For the chosen setup, the pendulum is rapidly driven into a highly irregular motion,
which includes frequent full circles around its pivot (Figure 4.3). This results from three
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Figure 4.3.
Development of forced
pendulum described by (4.8)
for parameters “ = 0.01, µ =
0.5, and Ê = 0.8. Initial
conditions are ◊ = ◊̇ = 0,
i.e., the pendulum at rest in
its static equilibrium position.
Notice that ◊ is a cyclical
variable with domain [≠fi,fi].
The lines hitting the upper
and the lower boundary thus
correspond to full circular
motion. The solution was
obtained using the explicit
Runge-Kutta Cash-Karp
algorithm (Appendix A.1.2)
with local error Á = 10≠10

(upper) and Á = 1.1 · 10≠10

(lower), respectively. Closer
scrutiny reveals that the two
trajectories are practically
indistinguishable for · < 50.
These short times are not
clearly visible, however.

aspects: (i) the initial state is far from the asymptotic periodic state, (ii) the forcing is
strong and able to accelerate the pendulum into full circles in a short time, and (iii) the
damping is weak and only becomes significant on a time scale of “≠1 = 100. As we will
find with (4.14) below, the pendulum may be described as a dynamical system and this
possesses a periodic attractor for the parameters chosen. The nearer the system is to this
attractor, the slower its development. This is because, by definition, the action of the
external forcing on the system’s development vanishes on the attractor. Hence, once the
system happens to come close enough to the attractor during its irregular motion, such that
the characteristic time becomes comparable to that of viscous damping, it will finally relax
towards the attractor. Once relaxation sets in, it proceeds on time scale “

≠1. As may be
gathered from Figure 4.3, for the particular simulation shown there, the system happens to
get near the attractor by time · = 1Õ200 and then relaxes on a time scale of about 100, the
latter as expected. The period of the asymptotic state is determined by the external forcing,
with 2fi/Ê ¥ 7.85, and the amplitude is about 2.4, significantly higher than predicted by
the small-angle approximation, again as expected.

We anticipate that the time when the transition to the asymptotic periodic regime occurs
will depend sensitively on the system’s trajectory, which in turn depends on minute details
both in reality as well as in the simulation. These details include the initial state as well
as noise along the path. The e�ect of just slight changing the noise, here due to the finite
precision of the numerical simulation, is illustrated in the lower frame of Figure 4.3. It shows
that changing the numerical error by just 10% yields a completely di�erent time at which
the transition to the asymptotic periodic regime occurs. To be sure, these simulations do
not involve any random element and are perfectly repeatable. Notice that while the time
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of transition is highly sensitive, as are the details of the trajectory before that time, neither
the general phenomenology is a�ected nor the statistics of the trajectory before. The latter
may be guessed from the figures but would have to be shown.

The above numerical simulation demonstrates some important facts: (i) A forced pendu-
lum is capable of highly irregular motions including full circles. (ii) With a small dissipation
coe�cient, the transition from an arbitrary initial state to the asymptotic periodic state
may take a very long time. This transition time depends only indirectly on the dissipation
time “

≠1, namely through the latter’s determination of the capture zone of the embedded
attractor. (iii) The details of the system’s development are sensitive to the starting point,
hence also to accuracy and precision of the numerical simulation. Indeed, the forced
pendulum is an example for a deterministic chaotic system, whose details cannot be predicted
even though its general phenomenology can. This is an instance of the “unknowable”
mentioned in Section 1.3.4.
Forcing of the Second Kind (Parameter or Multiplicative Forcing) A second possibility
for forcing is to modulate the pivot in vertical direction, which in turn leads to a modulation
of the e�ective acceleration by gravity. Retaining the previously introduced representation
of friction and again assuming a harmonic modulation then leads to

m¸◊̈ + c¸◊̇ + m
#
g ≠ af sin(�t)

$
sin(◊) = 0 , (4.12)

where af is the maximum acceleration of the pivot. Casting this into dimensionless form as
above, we arrive at

◊̈ + 2“◊̇ +
#
1≠ µ sin(Êt)

$
sin(◊) = 0 (4.13)

with µ = af/g. Again, this is a nonlinear ordinary di�erential equation that is cumbersome
to solve analytically. Indeed, even the small-angle approximation ◊̈+2“◊̇+

#
1+µ sin(Êt)

$
◊ =

0 leads to a sum of di�erent Mathieu functions, which is too unhandy to reproduce here.
The reason for this mathematical intractability comes from the fact that with this forcing
the coe�cients of the equation are no longer constant. Physically, this means that the
system properties change in time. We thus turn directly to the numerical solution of the
full problem (4.13).

We study an exemplary system with a small dissipation coe�cient, “ = 0.1. The pivot is
driven rather strongly, with µ = 1.15 at Ê = 0.8, just a bit stronger than by gravity, which in
scaled units is 1. Starting the pendulum at its static equilibrium position as in the previous
case does not lead to any angular motion. Indeed, vertically vibrating the pivot with the
pendulum hanging straight below it cannot a�ect the angular position. Already a minute
deviation as it occurs in any experimental or natural setting changes the situation completely,
however. We thus choose a slightly o�set initial position, ◊ = 10≠5, while still leaving ◊̇ = 0.
This leads to a very long phase during which the amplitude builds up until, around · = 600,
the first burst develops, which eventually sends the pendulum into a few full circles around
the pivot (Figure 4.4). This burst apparently develops such that the pendulum falls out of
phase with the forcing. After all the natural frequency is quite far from that of the forcing.
Consequently, the amplitude decays rapidly until the forcing takes over again and leads to
the next acceleration and resulting burst. For the parameters chosen here, this sequence
continues for a very long time, possibly indefinitely. This particular system indeed was set up
at the limit of a chaotic regime. Minute changes of the parameters, of the initial condition,
and even of the computational precision leads to quite di�erent developments. For instance,
decreasing the forcing from µ = 1.15 to 1.10 stops the motion of the pendulum completely.
In contrast, and at first sight counter-intuitively, increasing the forcing considerably beyond
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Motion of a pendulum
forced by modulating its
length as described by
(4.13). Parameters are
“ = 0.02, µ = 1.15, and
Ê = 0.8. Initial conditions
are ◊ = 10≠5 and ◊̇ = 0,
i.e., the pendulum starts at
rest, just a tiny bit o�set
from its static equilibrium
position.

1.15 may asymptotical lead to perfectly harmonic motions that are very similar to those
encountered with the state-forced pendulum above.

4.1.2
Pendulum as Dynamical System and its Regimes

In order to transform the traditional formulation into that of an autonomous dynamical
system, we introduce the state variables u1 := ◊, u2 := ◊̇, and u3 = t. Thus, u3 represents
time for the external forcing, which allows to formally distinguish between time as it occurs
in u̇, i.e., the directed space T in which the system develops, and time as a component of the
system state u œ M on which the now internal forcing depends. The development equation
for the state-forced pendulum (4.8) thus becomes

u̇1 = u2

u̇2 = ≠2“u2 ≠ sin(u1) + µ sin(Êu3)
u̇3 = 1 , (4.14)

where “ is the friction coe�cient and µ is the amplitude of the harmonic external forcing
with angular frequency Ê. With forcing of the second kind, described by (4.13), the second
equation would be replaced by

u̇2 = ≠2“u2 ≠
#
1≠ µ sin(Êu3)

$
sin(u1) . (4.15)

We notice that the introduction of u3 corresponds to the incorporation of the originally
external forcing into the dynamical system.

The forced pendulum has three regimes that depend on the amplitude µ of the pertur-
bation (Figure 4.5): (i) basic oscillations, for small values of µ and with the same period
as the forcing, that become deformed as µ increases, (ii) higher order periodic orbits that
typically also include full circles, and (iii) non-periodic chaotic motions.

We look into these regimes more closely after introducing a first tool.

Tool: Phase Diagrams The study of mechanical systems led to the notion of a phase
space that is spanned by position x and velocity ẋ of some particle or of some system’s
center of gravity. In analogy, plotting any of the state variables of a dynamical system
against another is referred to as a phase diagram.
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Figure 4.5.
Trajectories of damped state-forced pendu-
lum (4.14) projected into the u1-u3 plane
that represents angle and time. Parameters
are “ = 0.1 and Ê = 0.8. The pendulum’s
natural frequency is 1. At · = 0, it is in static
equilibrium, i.e., (u1, u2) = (0, 0). Horizontal
lines in the topmost frame indicate the
amplitude calculated from the small-angle
approximation (4.11). Notice that u1 œ
[≠fi,fi] is a cyclic variable. Lines that reach
the upper and lower boundary thus represent
full circles of the pendulum.
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Plotting u2 against u1 for the forced pendulum produces phase diagrams in the phys-
ical sense as (u1, u2) corresponds to (◊, ◊̇). As examples, Figure 4.6 shows the phase
diagrams corresponding to Figure 4.5. Each trajectory starts from static equilibrium,
hence

!
u1(0), u2(0)

"
= (0, 0).

Basic Oscillations For su�ciently weak sinusoidal perturbations, the pendulum performs
an equally sinusoidal motion. The phase diagram, appropriately scaled, is a circle. With the
ratio µ/“ between forcing and dissipation su�ciently small, this asymptotic state is reached
quickly, within the first period. Increasing the perturbation amplitude, e.g., to µ = 0.84,
the motion becomes nonlinear and the phase diagram deviates considerably from a circle
(Figure 4.6, left frame). Notice that the angle reaches up to about 2.3, much higher than
horizontal, which is fi

2 .
The pendulum apparently executes a complicated motion before it settles for the basic

oscillation. Closer scrutiny of the trajectory reveals how it picks up momentum during this
phase – the amplitude of u2 = ◊̇ increases – until it reaches a state where the momentum
gained from the external forcing during a period 2fi

Ê equals the momentum dissipated during
this same time. We look into the physics of this particular system in some more detail
because it is representative also for other, more complicated systems. To this end, we
express (4.14) in physical term as

◊̈¸˚˙˝
momentum change

= ≠ sin(◊)¸ ˚˙ ˝
gravity

+µ sin(Êt)¸ ˚˙ ˝
perturbation

≠2“◊̇¸ ˚˙ ˝
dissipation

. (4.16)

Notice on the formal side, that the denotations of the individual terms are brief, since we
focus on the structural essentials. For instance, ◊̈ is the specific angular force, per unit mass,
which results from Newton’s second law that the temporal rate of change of momentum
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Figure 4.6. Phase diagrams corresponding to Figure 4.5. The coordinate u1 corresponds to
the angle ◊, hence is cyclic, while u2 corresponds to ◊̇ and is unbounded. Notice that these are
projections of the three-dimensional trajectories, (u1, u2, u3) ‘æ (u1, u2), hence may intersect even
if the trajectories do not. The thick red lines represents periodic attractors, i.e., limit cycles. For
µ = 1.15, no such attractor exists. Time is color-coded into the trajectories, from blue through
the spectrum to red, with more recent states overprinting earlier ones. For the chaotic motion, an
additional dimming is applied, linearly decreasing with time.

equals the corresponding force. Similarly for the other terms, which all may be read either
as specific forces or as specific momentum fluxes.

In the absence of any perturbation, gravity leads to a force in z-direction, of which only the
angular component sin(◊) contributes to the motion, however. This force, which typically
remains from the initial condition, is reduced exponentially by dissipation, such that the
system quickly settles in its static equilibrium state, which is ◊ = 0 and ◊̇ = 0.

Next, look at the perturbation µ sin(Êt), which acts in two ways: (i) it forces the
pendulum directly and (ii) it changes the coupling to gravity, the other external force.
Again, dissipation removes momentum proportional to the angular velocity ◊̇. The interplay
between perturbation and gravity gives rise to complicated motions because the time-scales
of the two are independent of each other. With this, the actual momentum input depends on
the system state relative to the phase of the perturbation. The two driving forces gravity and
perturbation may thus either compensate or amplify each other and this changes during the
course of the system’s development. The internal time-scale of the pendulum is �≠1

0 =

¸/g,

given by (4.2), while the external time-scale is that of the perturbation, �≠1. For the
simulations, we chose Ê := �/�0 = 0.8.

For the pendulum to settle in some periodic motion, which we might call a dynamic
equilibrium, the net force integrated over the motion’s period T must vanish. Hence,s T
0 ◊̈(t) dt != 0 or, expressed in terms of state variables,

⁄ T

0
u̇2(t) dt = 0 . (4.17)

For the basic oscillation considered here, T = 2fi
Ê . It will be much longer for more complicated

periodic orbits but will remain a multiple of 2fi
Ê .

Higher Order Periodic Orbits A stronger forcing demands a higher momentum dissi-
pation rate, hence a higher mean velocity ◊̇ = 1

T

s T
0 ◊̇(t) dt. Beyond some threshold, this

cannot be accomplished by basic oscillations anymore and the system transits into full orbital
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motions, possibly through rather violent phases. Such a transition is typically rather delicate
with a stable orbit taking a long time before it is established. We encountered this already
in Figure 4.3 and will find extended intervals with such chaotic transients in Figure 4.15
below. There appear to be exceptions to this, however, for instance, in an interval around
µ = 0.91 where the trajectory rapidly approaches a period-3 limit cycle (Figure 4.6, middle
frame). This cycle indeed is reached in a very short time, in about one orbit, which is much
faster than what is required to establish the periodic oscillation with µ = 0.84.

We notice that the limit cycle for µ = 0.91 is not symmetric, even though the underlying
system is. Hence, there must be a second limit cycle, the symmetry twin of the one shown,
and there may be even more. Questions then concern the stability of these cycles and their
basin of attraction, but also e�cient methods to nudge a system from one limit cycle to
another one. This is the starting point of stochastic control.
Non-Periodic Orbits Increasing the perturbation still further finally leads to a completely
irregular motion with the system no more reaching any periodic state, even after a very long
time (Figure 4.6, right frame). Expressing this in terms of (4.17), the net momentum
during such motions fluctuates on many time-scales, accumulates during one phase and gets
depleted during another, without ever settling on some fixed interval T , which would turn
the motion periodic. While such trajectories are highly irregular, they are not random at
all and they in fact exhibit a rather strict organization on several scales. We will explore
this in some detail below.

4.1.3
Attractors

In dissipative systems, the divergence of the flow is negative, Òu ·f(u) < 0, hence the volume
Î�Î of some small region � of the state space contracts under the flow, i.e., ˆtÎ�Î < 0. For
systems that are not tractable analytically, this may be studied by following the development
of an ensemble of states that sample � uniformly at some initial time. Once in the basin
of attraction, a dissipative system thus approaches its attractor asymptotically. Recall that
an attractor is a set of states that is invariant under the system’s development and that it
is the set, not the individual state, that is invariant. For dissipative systems, studying the
attractors is appealing because its dimension is lower than that of the state space, hence it
o�ers a more compact representation than trajectories and phase diagrams.

Exemplary simple attractors are shown in the left two frames of Figure 4.6. Apparently,
since they are periodic, we may condense their representation considerably by monitoring the
state of a system on such an attractor at finite time intervals only, preferably some fraction
of the period. This comes in particularly handy if the focus is more on the characterization
of a system and on its transitions than on details of its trajectories. We first look at two
useful tools to accomplish this.

Tool: Stroboscope A physical stroboscope periodically emits short pulses of light and
thereby optically freezes periodic motions in place. We apply this idea to dynamical sys-
tems by recording the state at a constant frequency Ês to produce the time-series

un := u(·n) , ·n = 2nfi
Ês

, n œ Z . (4.18)

This is useful if Ês is related to the periodicity of the observed system. We will in the
following use the frequency of the system’s external forcing to trigger the stroboscope,
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Figure 4.7.
Poincaré section (set of red dots) of trajectory u(·) obtained as
directed intersection of u(·) and plane MÕ with normal vector
‚n. The sequence {ui} defines the corresponding Poincaré map.
The blue dots are not considered because there the plane is
transversed in the opposite direction.

hence Ês = Ê. In other situations, some internal, self-synchronizing frequency may be
used instead or we may even use the instrument for analyzing an unknown system by
sweeping Ês through some interval. The latter is akin to what a Fourier transform is
doing.

Tool: Poincaré Section and Map Let u(·) be a trajectory obtained from some three-
dimensional dynamical system and let some plane with normal vector ‚n intersect it. Mark
those points on the plane where the trajectory intersects and leaves in the direction of ‚n
(Figure 4.7). This is the most simple instance of a Poincaré section.

More formally, a Poincaré section is the set of points {ui} that are at the intersection
between the trajectory and the plane, and for which (u̇(ui(·i)), ‚n) > 0, where (., .) is the
scalar product and ·i is the time the intersection occurs. For a state space where time is
cyclic, the stroboscope is a special Poincaré section, provided the frequency Ês is chosen
appropriately, where the fact that time is directed guarantees that the trajectories always
traverse in the same direction.

In a more general definition, a Poincaré section is a directed intersection between the
flow u̇ of a dynamical system in d-dimensional state space M and a lower-dimensional
manifold MÕ

µ M.
Given a Poincaré section, a discrete dynamical system may be defined with (i) manifold

MÕ, (ii) discrete time T = {. . . , ·i, ·i+1, . . . }, and (iii) development equation D : ui ‘æ

ui+1, where ui œ MÕ is the starting point of a trajectory and ui+1 its next intersection with
MÕ, with the trajectory passing in the same direction as it left. Such a discrete dynamical
system is called a Poincaré map. It is studied instead of the original continuous system
because it inherits many of the original statistical properties and it is simpler due to its
lower dimension. Apparently, a Poincaré map is a discrete dynamical system.

Recall that successive states ui and ui+1 of discrete dynamical systems in general are
not neighboring. This is illustrated by the left frame of Figure 4.9 below, where the large
dots represent successive states of the Poincaré map. However, for Lipschitz-continuous
development equations, nearby states u and u + Á remain nearby for some time.

Regular Periodic Attractors A periodic orbit with period ·p of some autonomous flow
u̇ = f(u) is defined by

u(·) = u(· + ·p) . (4.19)

Such an orbit � is called a limit cycle if it is the –- or the Ê-limit for some trajectory that
starts away from the orbit at u0 ”œ �. The Ê-limit is the set of states that is approached
as · æ Œ. Correspondingly, the –-limit is approached for · æ ≠Œ. Notice that � is
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Figure 4.8.
Stroboscope applied to
regular regimes of perturbed
pendulum shown in Figure 4.6.
Large symbols represent
the attractors, a period-1
and a period-3 limit cycle,
respectively. Tiny dots stem
from transients.
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analogous to a stable, attractive, fixpoint if it is the Ê-limit. It is thus called a regular
attractor. Conversely for the –-limit where it becomes a repellor.

To analyze the stability of a periodic orbit �, consider a Poincaré section orthogonal to
the orbit. Let uk+1 = f(uk) be the corresponding Poincaré map. An intersection of � with
the plane is a periodic fixpoint of f . Choose one and denote it with u0. Finally, let a be the
Jacobian matrix at u0, and let ‡i be its eigenvalues. Then, as detailed in Section 3.1.2, �
is stable at u0 if |‡i| < 1 ’i. It is unstable if |‡i| > 1 for any i, repulsive in the direction
of the eigenvectors with |‡i| > 1 and stable in direction of the eigenvectors with |‡i| < 1, if
there are any. Again, we have the neutral points with their associated critical slowdown for
|‡i| = 1. Notice that each of the points uk in the periodic sequence has its own eigensystem
and each may be stable, neutral, or unstable independent of the other ones. The stability
of the entire sequence then results from the products of Jacobian matrices evaluated at
the members of the sequence. This is in analogy to the one-dimensional case (3.16) with
f
Õ(uúp≠k) replaced by a|uú

p≠k
, where a is the Jacobian matrix of f .

Finally, as already observed for the logistic map, periodic orbits undergo bifurcations in
much the same way as fixpoints do.

Pendulum For su�ciently weak forcing, the pendulum approaches a periodic limit cycle,
which may still be complicated, though (Figure 4.6). Whatever the complications of this
attractor may be, applying the stroboscope with Ês equal to the forcing frequency Ê yields
its periodicity, and eventually also its more detailed structure (Figure 4.8).

For µ = 0.84, the pendulum performs a basic oscillation. With the stroboscope, this
leads to one major point that is revisited indefinitely and to a number of minor points
that originate from the initial transients. The latter are typically visited just once. The
single major point represents the system’s period-1 limit cycle. Its exact location on this
cycle depends on the phase of the stroboscope relative to that of the system’s perturbation.
Sweeping this phase would allow to explore the cycle’s structure in detail, which is not very
interesting in this case but will be used later.

At µ = 0.91, three major points occur and represent the period-3 limit cycle, i.e., one
period of the system state takes 3 forcing cycles. Applying a stroboscope with the frequency
of the forcing to an arbitrary trajectory of a system that possesses a period-p limit cycle as
attractor indeed produces p major points that are revisited indefinitely. In addition, there
typically appear a number of minor points from transients. Their number may actually be
large but they are mostly visited just once.

Strange Attractors First recall the di�erence between a phase diagram, which is the
projection of the entire state space to some chosen subspace, and a Poincaré section or a
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Figure 4.9. Stroboscope applied to the chaotic trajectory of the forced pendulum with µ = 1.15
shown in Figure 4.6. (left) The stroboscope frequency Ês is chosen equal to that of the external
forcing. Each of the tiny dots corresponds to a state of the system at one of the discrete times ·n

and the environment of each of them is visited indefinitely. In contrast to Figure 4.8, transients
have been excluded by a spinup of 400 forcing cycles before starting to record states for some
106 cycles. Six successive states at ·n, ·n+1,. . . , ·n+5 are identified by symbols with successively
increasing radius to illustrate that successive intersections are generally not nearby in (u1, u2).
(right) Cross-sectional planes are located more closely by choosing Ês = 6Ê. Successive slices are
drawn in ever lighter color.

stroboscope view, which are both sections of the state space. Images of trajectories may
thus intersect in a phase diagram while two identical points in a section belong to a periodic
orbit. Further recall that the points that make up a section are not continuous unless part
of the trajectory happens to lie in the section.

Cyclic Dimension of State Space The state variable u3, which we introduced as time,
indeed is a cyclic variable. We needed it in order to incorporate the time-dependent
perturbation into the autonomous formulation (4.14) and chose it as a linear variable,
mainly in order to retain physical intuition. Another choice, u3 := sin(Êt), which essentially
replaces time by the phase of the sinusoidal perturbation, would transform (4.14)2 into
u̇2 = ≠2“u2 ≠ sin(u1) + µu3. This would have worked equally well, at the cost of further
introducing u̇3 = Êu4 and u̇4 = ≠Êu3, however. While admittedly clumsy, this formulation
demonstrates that the nature of the u3-direction is indeed cyclic and that a stroboscope
with Ês = Ê produces a single section, which coincides with the corresponding Poincaré
section.

Shape of Attractor The power of sections shows with chaotic trajectories. While already
the phase diagram reveals that there is no obvious periodicity (right frame of Figure 4.6),
we cannot learn much about a possible more complicated underlying structure from it. In
contrast, the stroboscope reveals that the motion indeed is highly structured and bound to
an intricately shaped manifold (Figure 4.9).

We first stick to observations and recall that the dots in Figure 4.9 mark the intersection
of the trajectory with the corresponding Poincaré plane. They are isolated because the
underlying equations are continuously di�erentiable, hence the system’s solutions are unique.
Coinciding points would thus imply a periodic orbit, which does not exist in this regime,
however.
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Figure 4.10.
Real part of essential eigenvalues (4.21) of the Jacobian matrix
(4.20) with “ = 0.1 (red) and “ = 0.5 (blue). The gray areas
indicate hyperbolic points. For “2≠cos(u1) < 0, the eigenvalues
are complex with Re(‡) = ≠“, hence the local dynamics is
attractive oscillatory.
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The set of individual dots is organized into complicated, nested and contorted very thin
sheets that wind along the u3-direction while they are twisted further (right frame of Figure
4.9). The intricate structure becomes most astonishing once we realize that successive
intersections are not near each other, as illustrated by the large dots in the left frame. This
reveals the nature of the chaotic state, namely that a trajectory will return to an arbitrarily
narrow neighborhood of any of its previous states, albeit after a possibly very long time.
Only with such a reliable and accurate return can a filigran graph as shown here emerge
from a large number of widely separated transits that are calculated with a rather modest
numerical precision. That recurrence times may be very long is manifest in the few widely
isolated dots, whose neighborhood apparently has not been revisited within the 106 transits
recorded for the figure.

The object outlined by the trajectory and sliced by the Poincaré sections is an attractor.
Notice that even though Figure 4.9 may suggest dynamics, this is actually a static object,
albeit not a regular geometric one. The trajectories deduced from the Poincaré section hint
at (i) chaotic dynamics, i.e., a rapid divergence of two nearby states and the dense exploration
of the accessible state space, and (ii) a fractal geometry, i.e., a fractional dimension. Property
(i) earns this set the name strange attractor with (ii) as a common companion.
Flow on the Attractor Inspired by the discussion in Section 3.2.4, we envisage this strange
attractor as a set of unstable periodic orbits (UPOs). More figurative, imagine a dense and
intricately intertwined bundle of “spaghettis”, each of which is attractive in at least one
direction and repelling in another. To corroborate this, we do a linear stability analysis of
the pendulum’s dynamics given by (4.14). Hence, calculate the Jacobian matrix,

a =

Q

a
0 1 0

≠ cos(u1) ≠2“ µÊ cos(Êu3)
0 0 0

R

b , (4.20)

which is singular because time (u3) just progresses constantly. Its essential eigenvalues, for
the u1u2-plane, are

‡± = ≠“ ±


“2 ≠ cos(u1) . (4.21)

These depend only on the friction coe�cient “ and on the angle u1 (Figure 4.10). For
|u1| >

fi
2 , all states are hyperbolic with a positive and a negative real eigenvalue, irrespective

of the value of “. The general shape of trajectories near such a point have already been shown
in Figure 2.7 on page 48. Their attractive direction with the negative eigenvalue, the stable
manifold, is responsible for the formation of the attractor in the first place. The antagonist
is the repelling, unstable manifold that prevents an approaching trajectory from ever settling
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and keeps it wandering across the attractor’s surface. We recall from Section 3.2.4 that such
a “wandering” trajectory extracts more information from the strange attractor than just the
locations of its “veins”. Its residence time near an unstable periodic orbit indeed reflects
the local Lyapunov exponents, the eigenvalues (4.21), hence the magnitudes of stability and
instability of that particular orbit.

For the domain with “
2
< cos(u1), the eigenvalues turn complex with constant real

part ≠“. The local dynamics thus is attractive and oscillatory.
In the context of chaotic dynamics, the domain |u1| >

fi
2 apparently is of special interest.

Notice that physically, this is the domain where the pendulum is above the horizontal plane
through its pivot.

Finally, for later reference, we also obtain the eigenvectors belonging to (4.21),

e± =
3
≠“ û


“2 ≠ cos(u1)

cos(u1)

4
, (4.22)

with examples for the monotonic region shown in Figure 4.16 (page 125).

Deterministic Time Horizon The intricate structure of the observed trajectories raises
a question: How does this fit together with (i) our understanding that the state of a
chaotic system cannot be predicted beyond its deterministic time horizon and (ii) the fact
that the numerical simulation was done for 106 forcing cycles but with a rather moderate
computational precision?

The riddle is solved by first recognizing that the structure represented in Figure 4.9 indeed
is an attractor and by recalling that in a dissipative system an attractor is approached
exponentially fast. Secondly, while the asymptotic motion is predictably restricted to the
attractor – once transients have vanished, which may take some time –, the actual location
on the attractor is subject to deterministic chaos, hence unpredictable beyond the system’s
time horizon. To be more precise, the simulated trajectory is restricted to some small
neighborhood of the attractor. The extent of this neighborhood depends on the precision
of the numerical calculations and on the attractor’s local stability, which may be expressed
in terms of Lyapunov exponents. The precision of the numerical simulation thus does not
appreciably a�ect the imaging of the attractor, i.e., the shadowing of its shape. However, it
does strongly a�ect the trajectory on the attractor, e.g., the sequence of states highlighted
in Figure 4.9.

Temporal Analysis Poincaré sections and their kins focus on the structure of a system’s
attractor in state space. An alternative that is interesting for many experiments is to look
at the temporal development of a state as it propagates on the attractor. The Poincaré map
provides a first glimpse. It is not well-resolved in time, however, and often hard to interpret.
Other instruments produce better representations of both the explicit temporal structure of
a trajectory and of its statistics. Incidentally, they also provide tools to identify and extract
UPOs, as first demonstrated by Auerbach et al. [1987].

Tool: Distance Function Let u(t≠�t) and u(t) be two states on the same trajectory
and define the distance function as

d�(t,�t) := Îu(t)≠ u(t≠�t)Î2 , (4.23)

where Î ù Î2 :=
#q

i ù
2
i

$ 1
2 is the L2-norm [Boghosian et al. 2011]. The L2-norm is often

appropriate for physical systems, but any other norm would do as well. In particular,
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Figure 4.11. Sections of the trajectories – u1(u3) corresponding to ◊(t) – of the sinusoidally
forced pendulum (upper) and corresponding distance functions (4.23) (lower) for two di�erent
perturbation amplitudes µ, both cases with “ = 0.1. Recording of the trajectories started after
a spinup time that got rid of transients. The angle ◊ is shown both as cyclic variable (blue) and
unfolded to get rid of the 2fi-jumps (red). The distance function (4.23) was applied to the unfolded
trajectories. The folded case looks very di�erent. The gray line in the lower frames separates
information that stems from the time interval shown in the upper frame (below gray line) and from
earlier times (above gray line).

one may want to balance the scales in the di�erent directions such that average distances
between them are comparable.

Instead of the asymmetric formulation (4.23) it is often convenient to use the symmetric
version of the distance function,

d(t0, t1) := Îu(t0)≠ u(t1)Î2 . (4.24)

It is particularly useful for analyzing non-periodic systems that contain periodic patches.
As we will see, graphical representations based on (4.24) are rotated and sheared versions
of those obtained with (4.23).

Periodic Motion For a perfectly periodic orbit, (4.23) is the natural choice for the analysis
(Figure 4.11, left frame). For these orbits, distance d� first increases with �t up to some
maximum value and then drops back to zero as �t approaches the orbit’s period tp. This
behavior is independent of time t, hence a graph of d�(t,�t) is rather boring, just a set
of parallel lines at �t = ktp with k œ N. With the period-3 limit cycle that prevails for
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Figure 4.12.
Distance function (4.24) in analogy to the left frames
of Figure 4.11. The contour levels are chosen such
that the distance function graphically resembles the
corresponding recurrence map introduced in (4.25).

µ = 0.93, tp = 6fi
Ê ¥ 23.6. The trajectory’s smaller peaks lead to additional structures in

the distance map with t
Õ
p = 1

3 tp ¥ 7.86.
Non-Periodic Chaotic Motion Trajectories on strange attractors often include some quasi-
periodic parts but are overall non-periodic. The later originate from UPOs that are just
weakly unstable and able to retain a nearby state for several periods. As illustrated by the
right frame of Figure 4.11 and by Figure 4.12, this situation is more easily recognized with
(4.24). To understand the two figures, we first notice that by definition, d�(t, 0) = 0 and
d�(t,�t) Ø 0 for all t and �t, similarly for d(t0, t1). As for the periodic case, increasing
�t from 0 always leads to an initial increase of d�. Then, if the orbit returns to some
neighborhood of where it set out, d� will decrease again, ideally to 0 for a closed orbit.
Hence, a periodic or quasi-periodic orbit with periodicity tp manifests itself by a small value
of d�(t, tp). Since all orbits on a strange attractor are unstable – if one of them was stable,
the entire attractor would condense on it – this will only be the case for t in some limited
time interval, which we call the orbit’s lifetime · . For · ∫ tp, there occur multiple passages
along the UPO and a corresponding bundle of parallel lines occurs, locally equal to the
periodic motion.

Instances of periodic intervals appear for t œ [400, 440] with a period-1 orbit and for
t œ [540, 590] with a period-3 orbit. They are imaged on the t-axis in Figure 4.11 and on
the diagonal in Figure 4.12. Evidently, they are more easily detected in the latter.

We furthermore recognize that periodic orbits recur irregularly and after very long times,
for instance the period-1 orbit around t = 250 and t = 500 or the period-3 orbit around t =
550 with just a single cycle at t = 225. In Figure 4.12, they lead to corresponding localized
packs on the diagonal and o�-diagonal. The corresponding features are also apparent in the
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Figure 4.13.
Unfolded angle ◊ = u1 of sinusoidally
perturbed pendulum with µ = 1.15 as in
Figure 4.12, but here for much longer times.

10000 20000
≠200

0

200

t

◊(t)

unfolded trajectory. They represent orbits that are captured by a weakly unstable periodic
orbit, eventually escape from it, and are recaptured later by the same UPO or by another
weakly unstable one with the same periodicity.

Finally, we look at the almost perfect rectangle around t = 140 in Figure 4.12. It results
from the near-perfect zigzag-trajectory between t = 70 and 210. The other nearly straight
parts of the trajectory lead to the further geometric features of the distance function.

The distance function thus reveals a rich spectrum of structures in the temporal devel-
opment of this deterministic chaotic system, structures that occur on several time-scales.
Interestingly, on very long time-scales the unfolded angle ◊ appears as a random walk
(Figure 4.13). Incidentally, this can be readily understood as a consequence of the Central
Limit Theorem.

Tool: Recurrence Map A digital variant of the distance function is the recurrence
map

R(ti, tj) := H
!
Á≠ d(ti, tj)

"
, (4.25)

where H is the Heaviside step function and Á is an appropriately chosen small number
[Marwan et al. 2007]. The function R(ti, tj) is 1 if the state at tj is within Á of the state
at time ti, thence the name recurrence.

4.1.4
Transitions
Dissipative systems are typically described by their attractors. This is because any initial
volume of state space contracts during the system’s development and eventually settles on
some attractor. In order to understand the general phenomenology of such a system it
thus su�ces to study its attractors as they change with the system parameters. For the
pendulum, these are the dissipation coe�cient “ together with frequency Ê and amplitude µ
of the sinusoidal perturbation.

While attractors yield a wealth of information, we recall as caveats that (i) an attractor
by definition represents the asymptotic behavior of a system and contains little information
on short time scales and (ii) di�erent perturbations of the “same system”, for instance the
superposition of two sinusoidal perturbations instead of one, may lead to quite di�erent
quantitative behavior.
Low-Dissipation Regime We look into the role of the dissipation parameter “ and in
particular glimpse at the dynamics of low-dissipation systems. We thus reduce the value
of “ used so far by an order of magnitude, to 0.01, and look at the resulting stroboscope
views (Figure 4.14).
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Figure 4.14. Stroboscope view of the same system as shown in Figures 4.8–4.9 except for the
damping that is an order of magnitude smaller, “ = 0.01. For the right frame, µ = 1.1 was chosen
since for µ = 1.15 the system already collapsed to a period-1 attractor. The large red dots in the
rightmost frame again indicate eight successive states at times ·n, ·n+1,. . . , ·n+7.

As expected, less dissipation leads to much longer transition times. Indeed, (4.14) shows
that the system state relaxes exponentially with characteristic time 1

2“ . Hence, for the
regular regimes, the left two frames of Figure 4.14, contain many more transient states
than the more dissipative systems displayed in Figure 4.8. Correspondingly, the attractor
in the chaotic regime is much “fatter” although fluid-like structures persist. These are just
some indicative examples, however, and the general behavior upon changing µ or “ is more
complicated. For instance, choosing µ = 1.15 like for Figure 4.9, the system would exhibit a
regular period-1 attractor, even though it does take a long time to descend to it. As another
example, increasing “ to 0.02 would not reduce the transients as might be expected but
actually increases them and brings out a structure that is analogous to the right frame of
Figure 4.9, although the stable period-3 orbit eventually prevails.
Ergodicity As introduced in Section 3.3.3, a system is ergodic if the average of some
quantity g(u) is the same whether calculated along a trajectory or over the system’s state
space M. This is formulated by (3.30). A su�cient condition for ergodicity thus is a
uniform coverage of M by the trajectory u(t). The perturbed pendulum with “ = 0.1 is
apparently non-ergodic, even in the chaotic regime (Figure 4.9). We do recall Poincaré’s
recurrence theorem though, which ascertains that trajectories on the strange attractor of
the chaotic regime do revisit an arbitrary open neighborhood of every state on the attractor.
The coverage is not uniform, however, as is for instance illustrated by the distance function
shown in Figure 4.12.

Reducing the damping to “ = 0.01 (Figure 4.14) apparently brings the trajectory much
nearer towards a uniform coverage of M, hence towards ergodicity. Going the whole way
“ æ 0 leads to the realm of volume-conserving dynamic systems, which are indeed ergodic
in appropriate sub-domains. The dynamics of such systems is quite di�erent from that of
the dissipative systems considered here, however. We do not explore them any further as
they are not of much relevance for environmental systems.
Impact of External Forcing’s Amplitude The attractor of a perturbed pendulum is more
complicated than that of the logistic map in Section 3.2.4. For a compact overview, we
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map the return points u
ú
1 as a function of µ. Formally, this corresponds to the Poincaré

section (u1, u3) at u2 = 0, subsequently projected onto the u1-axis. For illustration, we
choose the parameters “ = 0.1, Ê = 0.8, and µ œ [0, 1.3], and integrate (4.14) using the
Runge-Kutta Cash-Karp algorithm (Appendix A.1.2) with a computational precision of
Á = 10≠6 (Figure 4.15). Notice that while this image shares some features with that for the
attractor of the logistic map (Figure 3.3), it does not actually show the attractor. Even for
just the single parameter µ, this would be a three-dimensional object that consists of the set
of attracting orbits. Exemplary trajectories are shown in Figure 4.5 with phase diagrams in
Figure 4.6.

The attracting set apparently possesses all the elements encountered for the logistic
map before: continuous and smooth developments of single states – which now represent
continuous period-1 orbits –, period-doubling cascades, and chaotic regimes with density-
discontinuities and nested windows. The arrangement of these elements is more complicated,
however. Some of them are disconnected, for instance in the interval 0.68 < µ < 0.74, and
some even appear to overlap although they are disconnected, as near (µ, uú1) = (0.93, 2.35).
While we readily recognize the latter as a result of the projection, the former indicates
that several attractors coexist in certain regions of the parameter space. Apparently,
di�erent initial states end up on di�erent attractors. We may anticipate that there are
transitions between attractors and that these may be induced either by control, i.e., a
deliberate modification of the state, or by noise that stems from the numerical precision
in the simulation or from the environment in a physical setting. The probability for such
transitions depends on the structure of the di�erent basins of attraction. It is particularly
high near corresponding contact lines. We will glimpse at this below.

Operational Comments – Gaining an Overview Representing the full attracting set of a
dynamical system is computationally expensive and non-trivial. Reasons are that it is not
a priori obvious what resolution of what part of the state space is su�cient, what part of
the parameter space is interesting, how many attracting sets coexist, what their basins of
attraction are, what computational precision is su�cient for exploring all this, and what
spin-up times are required for the initial state to descend to the attractor. These issues
become more pressing for systems that are more expensive to evaluate and for increasing
dimensions of the parameter and of the state space, the latter because di�erent attractors
may exist, with correspondingly separated basins of attraction. They are already relevant
for a simple system like the pendulum we consider here, however.

The first step invariably consists of a coarse and uniform sampling of selected subspaces
of the parameter space and of the state space. The latter is important for detecting possible
coexisting attractors, which will be reached from di�erent initial states. The minimal
computational precision may be estimated from simulations of single trajectories. The initial
coarse and not very precise exploration is refined and possibly focussed in subsequent steps,
which must also include a convergence study with respect to numerical precision.

For illustration, Figure 4.15 has been obtained by selecting a one-dimensional subspace
(µ) of the parameter space, with Ê and “ both kept constant, and by similarly selecting
a one-dimensional subspace (u1) of the state space for initial states. While the parameter
space was resolved well, sampled at 4’000 points, a coarse resolution of the state space was
deemed su�cient, sampled with just 32 initial states. Computational precision was chosen
at the lower end, 10≠6. These choices demanded some 4 · 1011 Runge-Kutta Cash-Karp
steps. Increasing the precision by two orders of magnitude increases the number of time
steps by one order of magnitude. A subsequent convergence analysis indicated that the
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gained representation of the attracting set was qualitatively correct but that a computational
precision of 10≠8 would be required to be also quantitatively su�cient.

This example demonstrates that already the full exploration of a simple system challenges
our current capabilities. While this is no real di�culty for the pendulum – we understand
the system su�ciently well to deduce its full operation from a few limited explorations
– it becomes a major challenge for the more complicated and less understood systems
encountered in our environment.
Operational Comments – Selecting an Attractor A representation of the attracting set
reveals interesting domains of the parameter space, for instance bifurcations. It tells little
about the nature of these features, however, and the characteristics of the corresponding
attractors. To learn more, we need to study specific trajectories.

If the attracting set was computed with a precision di�erent from what is going to be
used for the trajectories, a small window on the set around the desired feature must be
recalculated with that new, typically higher precision. This allows to correctly choose the
parameters.

In the next step, we select the attractor to be studied. A simple approach is to read
the desired u

ú
1 from the plot of the attracting set, or preferably from the underlying data

file, and to initialize the state with {u1, u2, u3} = {u
ú
1, 0, 0}. An alternative, and more

comprehensive approach is to use a su�ciently large ensemble of initial states {u1, u2, 0} to
find all attractors.
Period-1 Regime For µ . 0.2, the small-angle approximation (4.11) yields u

ú
1 Ã µ.

Beyond the linear range, the amplitude increases ever more strongly with µ until it reaches
a singularity at µ = 0.30.1 Here, an infinitesimal change of µ leads to a jump of u

ú
1.

Scrutinizing the transition reveals two aspects: (i) The transition is hysteretic, as indeed
we suspect with any jump. (ii) The succession of tiny dots within the jumps, each of which
represents one reversal, demonstrates how the respective states lose their stability as µ

crosses the threshold and the departure of the state with a rapidly increasing velocity. For
µ > 0.3, uú1 continues to increase smoothly up to µ = 0.9065, where a supercritical pitchfork
bifurcation occurs.
Fragile Regimes We call a system fragile if it can access di�erent coexisting attractors,
depending on its initial state and prevailing noise. Resolving such a situation, i.e., under-
standing what type of attracting sets coexist, how they operate, and what their basins of
attractions are, is typically di�cult and computationally expensive. Several intervals with
fragile regimes are apparent in Figure 4.15.
Perturbed Initial State As an example for the delicate situation with coexisting attractors,
we choose µ = 0.87 and look at precise simulations of three fine-tuned and nearby initial
states. We choose the base state u0 = (2.6, 0) and two perturbations, u0 +Áes and u0 +Áeu,
where es and eu are the unit eigenvectors in the stable and unstable direction, respectively.
The developments for Á = 0.01 are shown in the left frame of Figure 4.16. The trajectory of
the state perturbed along the stable manifold converges rapidly to that of the base state and
thus approaches the same primary period-1 attractor. In contrast, the state perturbed along
the unstable manifold separates quite rapidly and reaches another, more complicated period-
3 attractor. Its periodicity is revealed by a stroboscope, which is not shown, however.

We notice for later reference that both attractors are symmetric. As a comment to
those who scrutinize Figure 4.15 at µ = 0.87, notice (i) how complicated the situation is
1 This and other precise numbers are gained from inspecting the respective data files.
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Figure 4.16. Projected trajectories, some eigenvectors, and development of an ensemble of initial
states in the fragile regime with µ = 0.87. Left: The initial state (u1, u2) = (2.6, 0) was perturbed
by 0.01 along the stable (blue) and the unstable (red) manifold. The resulting trajectories are very
di�erent (thin lines) as are the approached attractors (thick lines). Eigensystem (4.21)–(4.22) for
the hyperbolic domain (gray areas) is indicated by the arrows for the initial state and a few more on
the trajectory. The arrows’ length is proportional to the magnitude of the corresponding eigenvalue.
Right: Propagation of ensemble of 1024 states (green dots) for 2.3 periods of the external forcing.
The initial distribution was uniform in the disk centered at (u1, u2) = (2.6, 0) with radius 0.032.
For reference, the development of the center state (red dots) and its trajectory (yellow) are shown.
Computational precision was Á = 10≠10, much higher than the 10≠6 used for Figure 4.15.

near that point and (ii) that the computational precisions are di�erent. Hence nothing
conclusive can be said without recalculating the attracting set near that point with a higher
precision.

Recalling the pendulum’s physics – a stable trajectory dissipates momentum that is input
during a period within that same period –, we recognize such metastable orbits as almost
optimal with additional momentum slowly accumulating or dissipating over many periods.
From a more formal perspective, it is instructive to consider the stability along the trajectory
as quantified by the eigensystem (4.21)–(4.22) of the Jacobian matrix. Calculating the
average maximum and minimum eigenvalues along the asymptotic orbits (left frame of Figure
4.16) yields ‡+ = 0.370 and ‡≠ = ≠0.570 for the period-1 orbit, and ‡+ = 0.0988 and
‡≠ = ≠0.299 for the one with period 3.

Propagation of an Ensemble Finally, imagine the trajectory u(t) as it propagates in the
u3-direction and notice that it thereby passes di�erent regions that are characterized by
their eigenvectors (Figure 4.10). Accordingly, the trajectory passes through phases of local
attraction, repulsion, and rotation. For illustration, we follow an ensemble that is initially
uniformly distributed in a small disk centered at (u1, u2) = (2.6, 0). This is the hyperbolic
region with large positive and negative eigenvalues. The ensemble is thus rapidly deformed
into a long line-like shape (right frame in Figure 4.16). As it crosses into the oscillatory region
– the monotonic region is for the current value of “ too small to have an appreciable e�ect
– it gets rotated clockwise and contracts weakly. Following the trajectory, it again enters
the hyperbolic regime, at u1 = ≠

fi
2 , but now rotated with respect to the eigenvectors and

slightly curved. This curvature gets strongly amplified by the simultaneous extension along
the unstable manifold and the compression along the stable one, forming a boomerang-like
shape, almost a fold. This distribution continues to be rotated as the trajectory heads back
into the oscillatory region.
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Figure 4.17. Projected phase diagrams below and above the bifurcation at µ = 0.9091. The
two attractors shown in the left and middle frame originate from di�erent initial states. Symbols
are placed at time intervals 2fi

Ê to indicate the periodicity. Notice that the two attractors for µ =
0.90 are both symmetric whereas the others are asymmetric, hence also their mirror twins exist
as attractors. Computational precision was 10≠6 to facilitate the identification of the situation in
Figure 4.15.

Propagating the ensemble farther than shown in Figure 4.16 leads to a wide coverage of
the state space for intermediate times. Looked at it from the perspective of chaotic control,
this demonstrates that a large fraction of the state space can be reached by an appropriate
but small manipulation of the initial state (u1, u2). For long times, one part of the ensemble
will end up on the period-1 attractor, the other part on that with period 3, as we know from
the frame on the left.

Higher Order Periodic Regimes A rich spectrum of states and transitions is manifest in
Figure 4.15, which almost invariably demand deeper scrutiny to be comprehended. Far from
being exhaustive, we here just look at three aspects.

Main Pitchfork Bifurcation The dominating bifurcation at µ = 0.9065 might be perceived
as the start of a period-doubling cascade. However, exploring some phase diagrams (Figure
4.17) reveals that this is a symmetry bifurcation where two mirror-symmetric orbits emerge,
both still with period 1. This is most pronounced for µ = 0.96, for which the right frame
shows one of the symmetric twins. There are no further attractors besides these two (Figure
4.15), hence one of them is reached robustly from any initial state.

The situation is much more complicated for µ = 0.918, for which Figure 4.15 indicates
the coexistence of several attractors. The middle frame of Figure 4.17 shows two of them, a
period-1 orbit that is reached from (u1, u2) = (2.6, 0) and a period-3 orbit that originates at
(u1, u2) = (0, 0). Both are asymmetric, hence possess a corresponding twin. It is instructive
to identify these four attractors in Figure 4.15.

For µ = 0.90, the structurally identical situation exists as at µ = 0.918, i.e., a period-1
and a period-3 attractor. However, these are now both symmetric, as may also be deduced
from Figure 4.15.

Period-Doubling Cascades through Chaos into Periodic Orbits Following the branches of
the bifurcation beyond µ = 0.9065, the next bifurcations are encountered at µ = 0.9867 and
from there they indeed go through a true period-doubling cascade. This is illustrated by
the middle frame of Figure 4.18, which reveals the splitting-up of the original period-1 orbit
that still existed at µ = 0.98. Apparently, the attractors for both µ = 0.98 and µ = 0.9867
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Figure 4.18. Projected phase diagrams just below and above the onset of the period-doubling
cascade on the main bifurcation branches. The two rightmost frames show coexisting attractors.
They can be reached by choosing di�erent initial states. Computational precision was 10≠6 to
correspond to Figure 4.15. The symbols again mark time intervals 2fi

Ê on the attractors and indicate
periods 1, 2, and 5 from left to right.

are asymmetric, hence each belongs to a mirror-symmetric pair. The respective twin can be
selected by choosing a di�erent initial state. For the current case these could be u1 = 2.1
for µ = 0.98 and u1 = 2.0 for µ = 0.9867, both with u2 = u3 = 0.

The period-doubling cascade on both main branches converges near µ = 1.005. Beyond,
chaotic regimes open, which are restricted to two rather narrow and non-overlapping ranges
of uú1, however. Their separation and di�erent widths reflect the ranges of the respective
mirror-symmetric orbits. These chaotic regimes both collapse abruptly into some more
complicated orbit, which is robust as the entire ensemble converges on it.

Before looking at the emerging robust orbit in more detail, we notice that there occur
many more period-doubling cascades. The main ones start near µ = 1.075, from a period-5
orbit, and erupt into a chaotic continuum near µ = 1.095. Closer scrutiny reveals that these
five branches are structurally similar to the branch starting near µ = 0.9867, i.e., a symmetry
bifurcation followed by a true period-doubling cascade. This is not shown here, however.
We further gather from Figure 4.15 that such cascades also exist in the fragile regime and
we even find them unfolding in the direction of decreasing values of µ, for instance in the
fragile regime near µ = 0.7.
Periodicity of Attractors The need for a more precise definition is highlighted by two
di�ering values for “period of the motion” for µ = 0.9867. Indeed, Figure 4.15 hints at a
period of 3 while the right frame of Figure 4.18 yields period 5. The discrepancy obviously
comes from the fact that the motion has just 3 positive return points u

ú
1 but that it takes

5 external cycles to complete. Periodicity apparently needs a reference. This may be given
internally, e.g., the regular recurrence of some feature, or externally, e.g., time, here the
period of the forcing. Di�erent such references may lead to di�erent values of the periodicity
and there are justifications for both of them. The former focusses on the sequence of events,
the latter on timing. With the focus on events, an appropriately chosen Poincaré section
is the instrument of choice. Figure 4.15 is an instance of this. With the focus on timing,
the optimal instrument is a stroboscope that is synchronized to the external periodicity and
phase-shifted to the feature of interest. Figure 4.21 below is an instance of that.
“Out of the Blue” Bifurcations The period-5 attractor that absorbs the chaotic regime
near µ = 1.005 actually already came into being together with the period-doubling cascade
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Figure 4.19.
Projected phase diagrams just
below and above the apparent
“out of the blue” bifurcation
near µ = 1.03. Both orbits
are rather robust as is testified
by the fast transition from the
initial state (0, 0).
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near µ = 0.9867. They then coexisted until the chaotic regime collapsed. Again, one of the
two attractors at µ = 0.9867 can be selected with the initial state, period 5 with u1 = 0.1,
period 2 with either u1 = 2.1 or 2.9. Notice that the period-5 attractor is symmetric.

The period-5 attractor emerged near µ < 0.9867 in a true “out of the blue” bifurcation as
there are no apparent structures from which it could develop. Hence, the actual motion of
the pendulum gains an additional and qualitatively di�erent option as the forcing amplitude
crosses the critical value of µ ¥ 0.9867 (middle and right frame of Figure 4.18).

There is also the possibility that the “out of the blue” bifurcation just occurs in the
representation, here in the particular choice of the Poincaré section to define u

ú
1, but not in

the motion. An instance of this arises near µ = 1.0328 where a single and robust period-5
orbit exists (Figure 4.19). For µ = 1.025, its has 3 positive intersections with the u1-axis,
hence 3 return points u

ú
1. As µ increases, two cusps develop towards the u1-axis and into

loops. This leads to a total of 4 new intersections, hence to 2 additional return points u
ú
1

that emerge in the representation of Figure 4.15 “out of the blue”.

Chaotic Regime The continuum that emerges at µ = 1.095 collapses again at µ = 1.230,
with the appearance of two mirror-symmetric stable orbits. These remain robust up to
µ = 1.3. Further simulations, not shown here, reveal that the pendulum enters a few more
bifurcation sequences with their ensuing chaotic bands before these regimes are eventually
ended by the dominating external forcing for µ > 4.3.

The chaotic continuum and also the transitions into and out of it show striking structural
analogies to what we found for the logistic map (Figures 3.9 and 3.15). Indeed, peeking a bit
deeper into the chaotic continuum again reveals windows with stable periodic orbits, with
ensuing period-doubling cascades, and with tale-telling density variations in the continuum
(Figure 4.20). These features have the same explanations. The opening and closing of
periodic windows in the attractor manifest crises that result from a stability transition of
some periodic orbit or from the collision of the attractor with some boundary or with an
unstable orbit that does not belong to the attractor. Similarly, the density fluctuations
reflect UPOs that are just marginally unstable.

Representations The attracting set of the pendulum is a complicate three-dimensional
structure in state space and it depends on three parameters. It apparently cannot be shown
in its full glory and we have to choose some representation. So far, this was mainly the
set of return points u

ú
1 as a function of µ. As we found, this is a representation with an

internal focus, one on the sequence of events. While this allows to identify and structurally
characterize the various regimes and phenomena, it does not permit the identification of
temporal periodicities.
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Figure 4.20. Interval enlarged from Figure 4.15 with the rectangle outlined in the left frame
in turn enlarged on the right. Notice the nesting of chaotic and non-chaotic intervals, with the
sequence of period-doublings, transition to chaos, and opening of periodic windows at ever smaller
hierarchical levels.

With the focus on temporal periodicities, the tool of choice is the stroboscope. This
opens an alternative perspective in which the return points u

ú
1 are replaced by states that

are separated in time by 2fi
Ê . To gain an optimal correspondence with Figure 4.15, the phase

is chosen such that for each value of µ at least one of the return points uú1 belongs to the set
of displayed states. We realize that for the periodic regimes, the set {uú1} is a subset of the
then displayed states. The resulting representation of the attracting set is considerable more
detailed (Figure 4.21), and indeed more di�cult to interpret than the set {uú1}.

4.1.5
Extensions
The perturbation so far was a sinusoidal function with fixed frequency and amplitude. Such
a situation is hardly ever encountered in environmental systems, where more complicated
forcings are typical. They include at least modulation and multiple frequencies. A prototype
origin of such variation are the daily and annual cycles of solar radiation that are modulated
by the activity of plants, which in turn depends on the mean temperature with annual
cycle Êa and on the availability of light with daily cycle Êd. In contrast, an additive forcing
would be used for Earth’s surface temperature in response to annual and daily cycles.

While more complicated perturbations are a trivial matter in linear systems – courtesy
of the principle of superposition – this is a major di�culty for nonlinear systems. For them,
the action of the sum of two systems is di�erent from the sum of the actions of the individual
systems. This is readily seen, for instance in Figure 4.21, by comparing the attractors at µ1
and µ2 with that at µ1 + µ2. Indeed, in the nonlinear regime, every new forcing demands a
new analysis, typically an entirely new simulation.
Multiplicative Perturbation Consider the exemplary case where the amplitude of the
sinusoidal perturbation with frequency Ê is no more constant but varies periodically with
Êµ. This leads to the perturbation

1
2µmax

#
1 + cos(Êµt)

$
sin(Êt) , (4.26)

where µmax now is the maximum amplitude. Apparently, there are two contrasting regimes,
Ê ∫ Êµ and Ê π Êµ.
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Figure 4.22. Dynamics of the damped pendulum perturbed with the multiplicative periodic
forcing (4.26). Parameters are “ = 0.1, Ê = 0.8, and Êµ. As a reference, continuous simulations
that correspond to Figure 4.15 are shown as gray symbols. With µÕ = 1

2µmax
#
1 + cos(Êµt)

$
this

representation is actually a mix between a bifurcation and a phase diagram.

The case Ê ∫ Êµ corresponds to the original intention of slowly varying the amplitude of
the Ê-perturbation. This just sweeps the parameter range [0, µmax] and, using the previously
studied base configuration – Ê = 0.8 and “ = 0.1 –, essentially reproduces the diagram shown
in Figure 4.15.

In contrast, Ê π Êµ leads to a quite di�erent situation in that the frequency of the per-
turbation now is larger than Ê and the sweeping of the parameter range is very much faster
than before, with frequency Ê actually comparable to the pendulum’s natural frequency.
Nevertheless, the bifurcation diagram, Figure 4.22, is visibly a�ected only near sensitive
regions. These are (i) the jump near µÕ = 0.28 and the associated hysteresis, which become
increasingly continuous and wider, (ii) the bifurcation points, which indeed are neutral
points for Êµ = 0 and now become smeared out with the unstable branch of the pitchfork
bifurcation in addition turning stable for quite a distance after the bifurcation point, and
(iii) the fragile intervals around µ

Õ = 0.7 and 0.9, which have all but vanished although close
scrutiny reveals a random “dust” of states mostly beneath the main branches. Incidentally,
the simulations with Êµ = 0 (gray symbols) di�er slightly from those shown in Figure 4.15.
Here, a single initial state u = 0 is stepped through parameter space such that the final state
at step µi is the initial step at µi+1. This e�ectively suppresses fragile regimes. Actually,
two such sequences have been simulated, one starting at µ = 0 and stepping upwards, the
other one stepping downwards from µ = 1.3. In contrast, for Figure 4.15 an ensemble of
initial states was chosen to explore the system’s full phenomenology.

Di�erent Forcing or Di�erent System? The simulations with di�erent values of Êµ
Ê illus-

trate the conceptual transition from a set of simple systems to a single more complicated
system. Indeed, the continuous simulations that lead to the gray symbols in Figure 4.22,
represent a case with a very small ratio Êµ

Ê , some 2 ·10≠6. It essentially corresponds to a set
of independent systems, each member with a di�erent and constant value of µ. In contrast,
the forcing (4.26) is not only formally but also conceptually integrated into the development
equation. The larger the ratio Êµ

Ê the more we think of a single autonomous system where
(4.14)2 is replaced by

u̇2 = ≠2“u2 ≠ sin(u1) + 1
2µmax

#
1 + cos(Êµu3)

$
sin(Êu3) . (4.27)
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Figure 4.23.
Damped pendulum perturbed
with sum of two sine
functions with rational
frequency ratio, µ[sin(Êt) +
1
5 sin( 3

5Êt)], simulated and
drawn for increasing (red)
and decreasing (blue) values
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Figure 4.24.
Damped pendulum perturbed
with sum of two sine functions
with irrational frequency
ratio, µ[sin(Êt) + 1

5 sin( fi
5Êt)].

Everything else is as in Figure
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Additive Perturbation We explore the situation by superposing just two nearby modes,
a dominating one at Ê = 0.8, and another one with a lower frequency and just 20% of the
amplitude. We look at two cases for the frequency ratio: a rational one, 3

5 = 0.6, and an
irrational one, fi

5 ¥ 0.6283.
Rational Dual-Frequency Choose the perturbation µ[sin(Êt) + 1

5 sin( 3
5Êt)], which has a

periodicity of 5, i.e., after 5 periods, the signals are in phase. This is reflected for small
amplitudes µ . 0.45 (Figure 4.23), which is exactly what we expect for very small values
of µ for which the small-angle approximation is valid, the short dashed line in Figure 4.23.
There, the system is approximately linear and the principle of superposition applies. As the
simulation reveals, however, the resulting five branches remain stable across the jump at
µ = 0.3 and well into the strongly nonlinear realm. Each of them then undergoes a sequence
of bifurcations as seen before, which leads to a rather complicated but perfectly periodic
regime. They reach the convergence limit simultaneously and transit into the non-periodic
chaotic regime near µ = 0.455. Other than the five-fold periodicity, the phenomenology
is qualitatively equal to that of the sinusoidally forced pendulum shown in Figure 4.15.
Quantitatively, the di�erences are significant, though, with wide bands of chaotic regimes
and with the hysteresis at the jump all but disappeared.
Irrational Dual-Frequency Modifying the forcing seemingly slightly – from frequency ratio
3
5 = 0.6 to approximately 0.6283 –, but removing the periodicity, changes the system’s
phenomenology significantly (Figure 4.24). While the general properties remain unchanged:
(i) the quasi-linear realm is just widened by about 20%, the amplitude ratio of the added
term, (ii) the jump near µ = 0.3 still leads to a regime of apparently well-defined periodic
orbits, and (iii) there is the transit into the chaotic regime near µ = 0.455.

Beyond the most general properties, the changes are significant, however. The periodic
orbits are sharply defined, but now there is a large number of them. We may actually con-
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jecture that they are dense within the corresponding interval and that their separation stems
from the short simulation time. It prevents higher periodicities, and correspondingly lower
frequencies, from becoming manifest. This is corroborated by simulations of still shorter time
intervals (not shown here) that indeed produce fewer branches, which still spread across the
entire interval, however. Moving to the chaotic regime, we notice that the periodic windows
are absent, that the internal structure is actually practically lacking.

4.2
The Lorenz-63 System
Fluids are the dominating means of transport in our environment. Their dynamics is
governed by the Navier-Stokes equation, which is notorious for its nonlinearity and pos-
sible chaotic regimes. This is a partial di�erential equation, however, hence an infinite-
dimensional system and o� limits for the low-dimensional situations we explore here.

Strongly reduced representations lead to a qualitative understanding of fluid flow, despite
the forbidding di�culty of the full system. A massive such reduction, proposed by Frisch
[1995], is the logistic map studied in Section 3.2. Here, we go for a less abstract approach, a
low-dimensional spectral approximation that is continuous in space and time but discrete and
low-dimensional in spatial frequency as it was developed by Lorenz [1963] for characterizing
the dynamics of Rayleigh-Bénard circulation. He thereby created the first example of a
physically relevant dissipative dynamical system that shows a wide range of chaotic features.
The L63 system, as we will call it for short, indeed is a prototype that shows most if not all
features encountered in deterministic chaotic systems, and it continues to be the workhorse
in this field [Ghys 2013]. A simplified version has been introduced by Rössler [1976]. On
the other end, Carrillo and Rodríguez [2011] coupled many L63 systems to explore self-
organization and pattern formation.

4.2.1
Rayleigh-Bénard Convection

A linear flow process coupled with a linear transport process leads to a nonlinear system as
given by (1.1)–(1.2). Such a coupled process is referred to as active transport. Already such
a simple process can exhibit diverse phenomena that range from static stationarity through
periodic motion to quasi-turbulent flow. In reality, the situation is yet more di�cult as
velocities can become so high that the flow enters the nonlinear Navier-Stokes regime.

A prototype of an active transport system is thermal convection in a closed cell, so-called
Rayleigh-Bénard convection (Figure 4.25). This process was first studied by Rayleigh [1916]
in an attempt to understand the experiments of Bénard in 1900. As it turned out later
[Pearson 1958], the observed phenomenon was not caused by density flow, as assumed by
Rayleigh, but by surface tension. It is today referred to as Marangoni convection with
Rayleigh-Bénard convection still referring to density flow [Manneville 2006]. Incidentally,
there is also the related phenomenon of Rayleigh-Taylor instability. It refers to the relaxation
of a fluid from some unstable stratification, for instance cold air overlying warm air, through
turbulent flow [Sharp 1984; Chertkov 2003].

Rayleigh-Bénard convection may serve as a highly simplified representation of fluid cir-
culation in the environment. Applications range from stratocumulus clouds through Hadley
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Figure 4.25.
Closed thermal convection cell transporting heat from the lower
to the upper plane across distance ¸. The fluid flow with
velocity v is driven by the temperature di�erence �T > 0
through the dependence of the fluid density on temperature.
This leads to an additional convective heat flux jh. For a
symmetric setup, the probabilities for the two flow directions
are the same. As the external flow qe is increased, multiple
cells emerge (period-doubling) on the path to fully developed
turbulence.
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circulation in the tropics and all the way to the Atlantic meridional overturning current.
Convection is possible whenever the temperature-induced density gradient is opposite to
the direction of gravity. The system thus conducts heat e�ciently in one direction only.
In addition, there is a threshold below which fluid convection is suppressed by viscous
dissipation. The overall behavior thus corresponds to a hydrothermal diode.
Dynamics In the following, we formulate the coupled process of fluid flow and heat
transport, the core of which is the coupling of the Navier-Stokes and the the heat conduction
equation. To keep the di�culties at bay, we need a few assumptions: (i) Coupling is
mainly through density fl(T ), while the contribution of viscosity µ(T ) is negligible. (ii) The
variation of fl(T ) is negligible in all terms except for gravity (Boussinesq approximation).
(iii) Velocities are so small that the heat produced by viscous dissipation is negligible. (iv) A
linear approximation su�ces for the density, hence fl(T ) = fl0

#
1≠ ŸT [T ≠ T0]

$
, where ŸT is

the thermal expansion coe�cient. With these approximations, the dynamics of a Lagrangian
fluid element is described by

dtv = ≠g
#
1≠ ŸT [T ≠ T0]

$
‚z≠ 1

fl0
Òp + ‹Ò

2
v ,

dtT = DhÒ
2
T , (4.28)

where ‚z is the upward-pointing unit vector and Dh is the thermal di�usion coe�cient.
Next, we employ the Reynolds decomposition to separate the state variables into time-

independent mean values ù and fluctuations ùú,

v = v
ú
, T = T + T

ú
, p = p + p

ú
, (4.29)

where v = 0 and where T and p are functions of z only. Inserting into (4.28) yields

0 = ≠g
#
1≠ ŸT [T ≠ T0]

$
≠

1
fl0

ˆzp ,

0 = DhˆzzT (4.30)

for the mean state, hence the linear temperature profile

T (z) = T0 ≠
�T

¸
z (4.31)

with �T > 0 for the setup that eventually leads to convection.
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To focus on the fluctuations, insert (4.29) into (4.28) and subtract the mean state (4.30)
to obtain

dtvú = gŸTT
ú‚z≠ 1

fl0
Òp

ú + ‹Ò
2
v
ú
,

dtT ú = �T

¸
v
ú
z + DhÒ

2
T
ú
, (4.32)

where the term �T
¸ v

ú
z stems from v

ú
·ÒT and uses that T is a linear function of z. Notice that

these equations are coupled and nonlinear in v, the latter hidden in dt = ˆt + v ·Ò.

Dimensionless Formulation Introduce dimensionless variables and the related di�erential
operators,

t
Õ = Dh

¸2
t , ˆt = Dh

¸2
ˆtÕ , x

Õ = 1
¸

x , Ò = 1
¸
Ò
Õ
, T

Õ = T
ú

T0
, (4.33)

where time is measured in units of the thermal di�usion time on the characteristic length ¸,
which here is the height of the cell. Inserting this into (4.32) motivates the choices

v
Õ = �T

T0

¸

Dh
v
ú and p

Õ = 1
fl0

�T

T0

¸
2

D
2
h

p
ú
, (4.34)

which transform (4.32) into

dtÕv
Õ = Pr Ra T Õ ‚zÕ ≠ÒÕpÕ + PrÒÕ2v

Õ
,

dtÕT
Õ = v

Õ
z +Ò

Õ2
T
Õ
, (4.35)

where

Pr = ‹

Dh
, Ra = gŸT�T ¸

3

‹Dh
(4.36)

are the Prandtl number and the Rayleigh number, respectively, and T
Õ and v

Õ are the
dimensionless fluctuations of temperature and velocity, the latter with vertical component
v
Õ
z. The Prandtl number, the ratio between the di�usion coe�cients for velocity and

temperature, determines the time scale between the respective processes. Indeed, it could be
absorbed into a second dimensionless time t

ÕÕ = Pr tÕ, which transforms (4.35)1 into

dtÕÕv
Õ = Ra T Õ ‚zÕ ≠ÒÕpÕÕ +Ò

Õ2
v
Õ
, (4.37)

where p
ÕÕ is defined accordingly. Notice that the definition of p has no side-e�ect on other

terms, hence can always be chosen in the most convenient form. The Rayleigh number is the
ratio between the driving force, here the temperature-induced buoyancy, and the dissipation
forces, here viscosity and thermal di�usivity.

Coupling the already complicated Navier-Stokes equation (4.28)1 with the heat transport
equation (4.28)2 makes for a challenging system with multiple types of instabilities that
include flow fingering, regular convection cells, and, eventually, the scale-free cascades of
fully developed turbulence.
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Simplifications and Applications Various approximations may be used for simplified
representations in di�erent regimes. One is the regime of low Reynolds numbers for which
dtv may be replaced by the linear term ˆtv. This is appropriate for low convection velocities
where turbulence cannot arise. Such situations are for instance encountered in studies of
the deep-water formation in the ocean or CO2 sequestration in groundwater. To be sure,
(4.35) is still nonlinear, due to the convection term v · ÒT in dtT , and in particular can
produce scale-free patterns [Slim 2014]. A still more severe approximation is to completely
neglect all higher order terms, which simplifies dt to ˆt and leads to a linear system. This
is for instance the starting point for studying the onset of instabilities.

As a final comment, density-driven active transport may also be induced by fl(ws), a
density dependence on solute mass fraction ws, or by a combination of temperature and
solute concentration, fl(T,ws). Incidentally, the latter is the key mechanisms for deep-water
formation in the North Atlantic.

4.2.2
Reduced Representation of Thermal Convection
We first glimpse at the path from the physical system to its abstraction in the L63 system.
An early step was taken by Saltzman [1962], who considered two-dimensional situations only
and did a spectral decomposition of the original equations. This yielded a set of ordinary
di�erential equations for the temporal development of the corresponding Fourier coe�cients.
Numerically studying truncated systems, he found that in all his cases, a steady state was
approached after some transient phase. As a way forward, he proposed to expand the
model to three dimensions and to include ever higher orders of Fourier coe�cients. Lorenz
[1963] closely followed Saltzman’s work but then took the opposite route, stayed with two
dimensions, and reduced the number of Fourier coe�cients to the minimum. We now follow
this path in some more detail. If you wish to skip this part, jump to (4.42).

Saltzman [1962] started from a two-dimensional version of (4.28) in the xz-plane, with
z in the direction of g. This allows for significant simplifications. Taking the rotation of
(4.28)1 – introducing the vorticity Ê = Ò◊v and using that, for two-dimensional flow, Ê is
orthogonal to the flow plane, hence reduces to the scalar Ê – gets rid of the pressure term
and leads to

dtÊ = gŸTˆxT + ‹Ò
2
Ê , (4.38)

where gŸTˆxT stems from Ò◊
#
gŸT [T ≠T0]‚z

$
. The original vector equation is thus reduced

to a scalar equation. Next, recall that a two-dimensional velocity field with vanishing
divergence can be expressed in terms of the streamfunction Â(x) as (vx, vz) = (≠ˆzÂ, ˆxÂ).
Furthermore find for the vorticity Ê = ≠Ò

2
Â. The temperature is then decomposed into

its mean, T = T0 ≠
z
¸�T as given by (4.31), and a fluctuation T

ú around this mean, hence
T (x, z) = T (z) + T

ú(x, z) and ˆxT = ˆxT
ú. This finally leads to

dtÒ2
Â = ≠gŸTˆxT

ú + ‹Ò
4
Â

dtT ú = ˆxÂ
�T

¸
+ DhÒ

2
T
ú (4.39)

with dt = ˆt + v · Ò = ˆt ≠ ˆzÂˆx + ˆxÂˆz. The two equations are coupled and forced
by �T

¸ .
In a first step, Saltzman [1962] expressed the two functions Â(x, z, t) and T

ú(x, z, t) in an
appropriate basis of spatial functions fi as

q
i ui(t)fi(x, z), where the temporally varying



4.2 The Lorenz-63 System 137

0 1
0

1
„xz(›, ’)’

0 1

gxz(›, ’)’

0 1

gz(’)’

›

Figure 4.26.
Basis (4.40) of the
function space used
for the L63 system,
i.e., its spatial modes.
Positive values are
red, negative ones
ones blue, and the
contour levels are the
same for gxz and gz.

coe�cients ui(t) are the amplitudes of the corresponding spatial modes. He chose exp(iki ·x)
as the basis with the discrete set {ki} determined by the boundary conditions. Hence,
Â(x, z, t) and T

ú(x, z, t) are decomposed into Fourier modes.
Lorenz [1963] then made the drastic approximation to only retain the lowest order terms,

and to only consider rectangular domains. As dimensionless basis he chose

„xz(›, ’) :=
Ô

2 sin(fia›) sin(fi’)
gxz(›, ’) :=

Ô
2 cos(fia›) sin(fi’)

gz(’) := sin(2fi’) (4.40)

where › = x
¸ , ’ = z

¸ , and a = ¸h
¸ is the aspect ratio with ¸h the horizontal length, and with

the subscripts indicating the mode (Figure 4.26). These functions vanish at the lower and
upper boundaries as required for the fixed boundary conditions. Rearrangement yields the
fluctuations as

Â(x, z, t) = –u1(t)„xz(›, ’)
T
ú(x, z, t) = —

#
u2(t)gxz(›, ’)≠ u3(t)gz(’)

$
, (4.41)

where – = 1+a2

a Dh and — = Racrit
Ra

�T
fi are dimensional constants, „xz(›, ’) is understood

as „xz(x¸ ,
z
¸ ), and gxz and gz in analogy. Further, Dh is the thermal di�usion coe�cient,

and Ra the Rayleigh number defined in (4.36) with the critical number, beyond which
convection sets in, given by Racrit = fi

4 [1+a2]3
a2 . Inserting (4.41) into (4.39) finally produces

the amplitude equations

u̇1 = Pr[u2 ≠ u1] ,
u̇2 = ≠u1u3 + r u1 ≠ u2 ,

u̇3 = u1u2 ≠ b u3 (4.42)

with system parameters {Pr, r, b}, where Pr := ‹
Dh

> 0 is the Prandtl number (4.36), r > 0
is the ratio Ra

Racrit
of Rayleigh numbers, with critical value Racrit, and b > 0 is a geometry

parameter. Today, these equations are referred to as the original Lorenz equations or, for
short, as the L63 system.

In the following, we look at (4.42) primarily as a chaotic system and touch its physical
meaning only occasionally. Still, we recognize that for studying transitions of this system’s
phenomenology the natural parameter is r, the ratio of Rayleigh numbers, which is also
easily modified in an experiment by changing �T .
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4.2.3
Fixpoints of L63 and Regular Regimes

We first notice that (4.42) is invariant under the symmetry transform (u1, u2) æ (≠u1,≠u2).
Also, the system is dissipative for all physically meaningful parameters, Pr > 0 and b > 0,
and for all states since

Ò · u̇ = ≠[1 + Pr + b] < 0 . (4.43)

With this, an extended ensemble of states that occupies some domain � of the state space will
contract and Î�Î æ 0. Recall that this does not imply that � shrinks to a point but merely
that it contracts to a domain whose dimension is smaller than that of the embedding state
space. As we will find below, depending on its parameters, the L63 system can contract to
one or two fixpoints, to two limit cycles, or to a strange attractor with dimension 2 < d < 3.
One can furthermore show that the system is bounded [e.g., Strogatz 1994]. Hence, for a
su�ciently large but finite sphere, all trajectories that start inside will remain inside.

As the first step to approach the L63 system quantitatively, we determine its fixpoints,
by solving u̇ = 0. To this end, obtain u1 = u2 from (4.42)1, insert this in (4.42)2 to find
u3 = r ≠ 1, and finally insert both in (4.42)3 to gain u1 = ±


b[r ≠ 1]. Adding the trivial

point u = 0, there are three fixpoints,

u0 =

Q

ca
0
0
0

R

db and u± =

Q

ca
±

b[r ≠ 1]

±

b[r ≠ 1]
r ≠ 1

R

db . (4.44)

Notice that they depend on r and b, but not on Pr.

Physical Interpretation of Fixpoints Referring back to the spatial modes shown in Figure
4.26 we recall the meaning of the state u = {u2, u2, u3}: (i) The amplitude u1 of the
streamfunction Â gives magnitude and direction of the velocity field. This is a single and
symmetric vortex that circulates clock-wise for u1 > 0, and vice versa. (ii) The amplitude u2
refers to the x-asymmetry of the temperature fluctuation. This has to be a second order
term because it must vanish at the upper and lower boundary. Combining that with the
flow field, we recognize that u2 determines the temperature di�erence between ascending and
descending flow. The fluctuation of the heat flux is upwards if u1 and u2 have the same sign.
(iii) The amplitude u3 quantifies the z-asymmetry of the temperature fluctuation, with the
sign chosen such that u3 > 0 means steeper temperature gradients at the upper and lower
boundaries, hence a higher heat flux across the boundary than in the static state.

With the above, fixpoint u0 corresponds to Â(x, z) = 0 and T
ú(x, z) = 0, hence to the fluid

at rest and no deviation from the mean temperature profile from conduction. Fixpoints u±
correspond to clock-wise (u+) and counter clock-wise (u≠) circulation with correspondingly
deformed temperature fields (Figure 4.27).

Incidentally, the transition from a static fluid (u0) to a constant convection (u±) is a
typical example for a supercritical pitchfork bifurcation. As a control parameter crosses
some limit – here, this parameter is the dimensionless Rayleigh number r = Ra

Racrit
that

is controlled by the temperature di�erence �T – the uniform state becomes unstable and
decays into two symmetric convection states. The following stability analysis demonstrates
this physical understanding more formally.
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Figure 4.27.
Streamfunction Â(›, ’) (left) and temperature
fluctuation T ú(›, ’) (right) at fixpoint u+ (up-
per) and u≠ (lower) given by (4.44), with › =
x
¸ and ’ = z

¸ . Notice that these are stationary
patterns with the fluid in constant motion.
Positive numbers are red, negative ones blue.

Notice Sign and magnitude of u1 describe the fluid’s velocity field (Figure 4.27). Specifi-
cally, a constant value u1 ”= 0 corresponds to a constant circulation of the fluid. Later, we
will also encounter oscillatory trajectories of u. These then represent modulations of the
fluid’s circulation.

Static Regime The Jacobian matrix of (4.42) at arbitrary state u is

a =

Q

ca
≠Pr Pr 0
r ≠ u3 ≠1 ≠u1

u2 u1 ≠b

R

db . (4.45)

Evaluating it at fixpoint u0 = (0, 0, 0) for the static regime yields

a0 =

Q

ca
≠Pr Pr 0
r ≠1 0
0 0 ≠b

R

db . (4.46)

In the linear approximation, the dynamics near u0 thus decays into two parts: (i) motion
in the 12-plane and (ii) exponential approach to u0 along the 3-direction, for which the
eigenvalue is always negative, namely ≠b. Calculating the eigenvalues for the 12-plane
yields

‡0± = 1
2

Ë
≠[Pr + 1]±


[Pr + 1]2 + 4Pr[r ≠ 1]

È
. (4.47)

They are both negative for r < 1, the static regime is thus stable. Recalling the definition
of r, this corresponds to Ra < Racrit, which is the very definition of Racrit as the onset of
convection. For r > 1, the square root becomes larger than Pr + 1 and with this u0 turns
into a hyperbolic point with ‡0+ positive and ‡0≠ negative. The eigenspace corresponding
to ‡0+ > 0 is in the even quadrants (u1u2 > 0) and that for ‡0≠ < 0 is in the odd quadrants
(u1u2 < 0). The magnitude of both eigenvectors grows with r.
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Figure 4.28.
Real (left) and imaginary (right) parts of the
complex eigenvalues ‡±i of the L63 system’s
fixpoints u± for b = 8

3 . The eigenvalues are
the same for both fixpoints u+ and u≠, the
eigenvectors are not. One of them is real
(upper) the other two are conjugate complex
with only one of them shown (lower). The
red dot marks the classical parameters Pr =
10 and r = 28, and the red curves separate
stable and unstable regions as given by
(4.48). The third eigenvalue is the conjugate
complex of the second one and is not shown.
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Summarizing, for r < 1 all three eigenvalues at u0 are negative, the fixpoint is thus
attracting. It can actually be shown to be globally attracting. For r > 1, there are two
attracting directions, the 3-axis and a direction in the odd quadrants of the 12-plane, while
one direction in the even quadrants of the 12-plane is repelling. The static regime is thus
unstable for r > 1.

Convection – Periodic Regime As r grows beyond 1, u0 decays into u± in a supercritical
pitchfork bifurcation. Indeed, (4.44) reveals that u± emerge out of u0 at r = 1 and move
apart proportional to

Ô
r ≠ 1.

Calculating the stability of u± involves the full matrix (4.45) and is quite a bit more
tedious than that of u0. In addition, the resulting expressions are too unwieldy and
uninformative to be reproduced here. We thus look at their graphical representation and
for simplicity choose a fixed b-plane (Figure 4.28).

One finds that of the three eigenvalues one is always real and negative. The fixpoints u±
thus always possess at least a one-dimensional stable and monotonic manifold. The other
two eigenvalues are always conjugate complex, the corresponding eigenvectors thus span an
orbital manifold. Recall that this is an orbital motion of the Fourier amplitudes, not of the
fluid. One finds that the fixpoints u± are stable, i.e., Re(‡) < 0, for

1 < r < rc := PrPr + b + 3
Pr≠ b≠ 1 , (4.48)

with trajectories thus spiraling in [Yorke and Yorke 1979]. For r > rc, the fixpoints u± are
hyperbolic saddle points and trajectories in the unstable manifold spiral out (Figure 4.29).
For the “classical” values Pr = 10 and b = 8

3 , one finds rc ¥ 24.7368.
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Figure 4.29.
Sketch of the local manifolds of the fixpoints u± with 1 < r < rc

(blue) or r > rc (red) as deduced from Figure 4.28. Notice that this is
a local description only. The monotonic stable manifold corresponds
to the real eigenvalue and the spiraling paths represent the complex
conjugates.

4.2.4
Transitory Regimes

So far, we focussed on the local stability of fixpoints u0 and u±, which is lost as r grows
beyond rc. The situation actually becomes interesting much earlier as two issues arise:
(i) chaotic transients that bespeak a looming strange attractor and (ii) coexisting multiple
attractors that are reached from di�erent regions of the parameter space. This is reminiscent
of the fragile regimes encountered with the pendulum (Figure 4.15).

We follow the detailed analysis of Kaplan and Yorke [1979] who identified two further
regimes between the static stability for r < 1 and the fully developed chaos for r > rc.
These are separated by the transition values r0, r1, and rc. For providing explicit numbers
and examples, we will continue to use the “classical” parameters Pr = 10 and b = 8

3 . The
regimes are generic, however, with just the values of ri changing.

As a preliminary, recall that the local stability is valid in an environment of the respective
fixpoint and that this environment may be small. Hence, the following statements that
ascertain that periodic and even non-periodic trajectories exist for r < rc = 24.7368 do not
contradict the above finding that u± are stable fixpoints for r < rc.

Globally Stable Regime For r < r0 ¥ 13.926, all trajectories approach one of the fixpoints
– u0 for r < 1, one of u± for 1 < r < r0 – and they do so exponentially fast.

At the transition point r = r0, two homoclinic orbits emerge from u0. They leave the
fixpoint along one of the directions of its unstable manifold and approach it again along the
u3-direction, which is one of the stable manifolds. A trajectory that shadows the homoclinic
orbit is shown in Figure 4.30. Zooming into the trajectory’s projection in the 13-plane reveals
how it turns o� abruptly very near to u0. What is readily visible in the figure is actually
the turn-o� of the second return. The first two loops are practically indistinguishable and
are just manifest in the somewhat thicker line. Evidently, the homoclinic orbit is unstable
and the chosen shadowing trajectory is eventually absorbed by u≠.

To recognize the nature of the transition at r0, follow the trajectory that leaves u0 into
the negative quadrant. Since it traces a homoclinic orbit and the two fixpoints u± are
symmetric, the trajectory returns exactly on the u3-axis. For r < r0, the trajectory would
lie inside the homoclinic orbit and by necessity have to approach u≠. In contrast, for r > r0,
the trajectory would overshoot and would enter the basin of attraction of u+. As r grows
still further, the trajectory may actually change the basins several times before it eventually
settles on one of u±. Which one this is going to be depends sensitively on details. Hence,
r0 is the “minimum forcing required to change the basin of attraction”.

Sensitive Region Apparently, the u3-axis forks trajectories. To look deeper, we deter-
mine the local stability of states (0, 0, u3). Inserting into the Jacobian matrix (4.45) and
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Figure 4.30.
Trajectory and its projections for r = 13.9265572, with
Pr = 10 and b = 8

3 , that closely traces a homoclinic
orbit of u0. The second such orbit is symmetric
in the positive quadrant. The initial state here is
(u1, u2, u3) = (≠10≠12,≠10≠12, 0), computing preci-
sion 10≠14, and simulated time 3’500, color-coded from
violet to red. Straight lines in the bottom plane are
tangents to stable (blue) and unstable (red) manifolds
of u0. The corresponding eigenvalues are ≠2.67 for the
3-direction, and ≠18.13 and 7.13 for the manifolds in
the 12-plane. Largest ticks on the axes are at multiples
of 10.

u1
u2

u3

calculating its eigenvalues yields ‡3 = ≠b for the direction along the u3-axis. Hence, for any
trajectory near the u3-axis, u3 decays approximately proportional to exp(≠bt). The other
two eigenvectors lie in the 12-plane with eigenvalues

‡± = 1
2

Ë
≠[Pr + 1]±


[Pr + 1]2 + 4Pr[r ≠ 1]≠ 4Pru3

È
, (4.49)

which leads to a more complicated behavior. As a state is propagated down the 3-axis
from su�ciently large positive values it passes through three di�erent regimes of flow in the
12-plane near the axis:

u3 > u3om = [Pr+1]2
4Pr + [r ≠ 1] The eigenvalues ‡± are conjugate complex with constant

and negative real part ≠ 1
2 [Pr + 1], hence the u3-axis is oscillatory attractive.

u3om > u3 > u3mh = r ≠ 1 The square root in (4.49) vanishes at u3 = u3om , the eigenval-
ues turn real, and the fixpoint of the two-dimensional flow in the 12-plane becomes
monotonically attractive in a reverse supercritical Hopf bifurcation. As u3 decreases
further, the two eigenvalues develop di�erently, ‡+ increasing while ‡≠ becomes more
negative. Still, the fixpoint remains monotonically attractive.

u3mh > u3 > 0 The eigenvalue ‡+ changes its sign at u3 = u3mh . With this the fixpoint
becomes a hyperbolic saddle point, hence attractive along the direction given by the
eigenvector for ‡≠ < 0 and repelling along the eigenvector of ‡+ > 0. The strength of
both increases as u3 æ 0.

With the above three regimes, a trajectory that approaches the u3-axis with u3 > u3om is
focussed exponentially fast on it, first oscillating, later monotonically. At the same time it
is forced down the axis due to ‡3 = ≠b. As it passes u3 = r ≠ 1, it enters the hyperbolic
regime where it continues to be attracted to the u3-axis along the stable manifold and
repelled along the unstable manifold. This is the sensitive region of the L63 system! The
important quantity here is the trajectory’s distance from the u3-axis in the direction of the
unstable manifold as it traverses the 12-plane at u3 = r ≠ 1. The smaller that distance is,
the longer the trajectory will stay near the axis, the farther it will proceed into ever more
repelling regions, and to the wider an orbit will it be ejected.

We recall the structurally similar situation for the chaotic regime of the forced pendu-
lum (Figure 4.16), where also an oscillatory attractive regime contracts an ensemble and
transports it into the hyperbolic regime where it is stretched and folded.
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Figure 4.31.
Flow in sensitive region illustrated by ensemble of some
104 states propagating in steps of �t = 0.2 (color-
coded from blue to red). Initially, the ensemble is
distributed uniformly in a disk with radius R = 3 at
u3 = 43 on the u3-axis. Parameters are {Pr, b, r} =
{10, 8

3 , 22.5} with u3om = 24.525. Straight lines in the
bottom plane are again tangents to the stable and the
unstable manifold of u0, and the largest ticks on the
axes are at multiples of 10.

Essence of Chaos in L63 System (Figure 4.31) The u3-axis plays the commanding role
in the chaotic dynamics of the L63 system. To recognize this, consider the propagation of
an ensemble of states initially located in a small disk centered on the u3-axis at u3 > u3om .
Upon propagation, this disk is first compressed in the 12-plane and slightly deformed with
the states nearer to the axis propagating somewhat faster in ≠u3-direction. As the ensemble
passes u3mh = 21.5, it continues to be compressed along the stable manifold but now becomes
expanded along the unstable manifold such it deforms into a long elliptic shape. With
further propagation, this shape rotates somewhat in the positive direction, following the
two horizontal manifolds. The continued compression eventually deforms the original circle
into almost a line, which in turn is elongated and deformed along the unstable manifold.
The deformation into the curved shape is apparently no longer described by the Jacobian
matrix along the u3-axis. Closer scrutiny actually reveals that already the deformation of
the initial disk is slightly more complicated because the radius chosen for visibility exceeds
the range of the linear stability analysis.

A few comments are in order: (i) The compression and stretching of the disk into
essentially a line that is then folded back onto itself – indicated by the later times in
Figure 4.31 – is structurally identical to the horseshoe map illustrated in Figure 3.18 on
page 89. As mentioned there, this is a basic mechanism that leads to deterministic chaos.
(ii) As r increases beyond r0, almost all trajectories pass through the focussing region created
by the u3-axis before they expand again into one of the quadrants with the fixpoints u±.
We will encounter this same structure again much later, as genetic bottlenecks, which are
key elements in the unfolding of biological evolution. (iii) With r = 22.5, the L63 system
is not yet in the chaotic regime. Indeed, Figure 4.32 indicates that after a su�ciently long
time, the states will be captured by the two fixpoints u±. However, the characteristics of the
transients are very similar to those of the truly chaotic orbits. (iv) There is nothing special
about the particular disk chosen. The same phenomenology arises also with any such shape
anywhere in the system’s state space at a su�cient distance from u±.
Transient Chaos For r0 < r < r1 ¥ 24.06, trajectories that start at a su�cient distance
from one of u± bounce between their basins until they happen to come su�ciently close to
one of the attractors such that they can be captured (Figure 4.32 and uppermost frame of
Figure 4.33). This will happen with certainty, even though the time in the transient chaotic
phase diverges as r æ r1. For instance, in the system with r = 22.5 the trajectory got
captured by t ¥ 75. Increasing r to 23.5 leaves the trajectory in the chaotic phase up to
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Figure 4.32.
Trajectory for r = 22.5 starting from (u1, u2, u3) =
(0.1, 0.1, r) and simulated up to t = 168 with all other
parameters as in Figure 4.30. Notice how the trajectory
jingles between the basins of u+ and u≠ before it
happens into a large-amplitude loop in the u+ basin,
which then injects it su�ciently near to u≠ to allow
the descent to the attracting fixpoint. The component
u3(t) is shown in the top frame of Figure 4.33. Notice
the last large excursion before descent also there.
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Figure 4.33.
Component u3(t) of L63 system with
Pr = 10, b = 8

3 and for di�erent
values of r that represent three
typical regimes, namely top: chaotic
transients with globally attractive
fixpoints u±, middle: besides the
attractive fixpoints u± an additional
attractive set exists that has a
fractional dimension, bottom: fully
chaotic with u± unstable. The initial
state is either u = (0.1, 0.1, r), which
leads to a hard excitation (gray), or
u = (


b[r ≠ 1],


b[r ≠ 1], r ≠ 0.9),

near u+, for a soft excitation (red).
Computing precision is 10≠12.
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t ¥ 2Õ200 (trajectory not shown). Notice that these times are but rough indications since
the actual capture times depend on details, a situation we already encountered with the
forced pendulum (Figure 4.3). Yorke and Yorke [1979] give a detailed discussion and also
provide quantitative estimates.

At the transition point r = r1, two interesting limit cycles with a stable and a higher-
order unstable center manifold become accessible to the unstable orbits that emanate from u0
(Figure 4.34). A higher-order unstable center manifold thereby means that the corresponding
eigenvalue of the linear approximation vanishes, which leads to the center manifold, and that
higher order terms are repelling. This was gathered from running the numerical simulation
of the shadowing trajectory for much longer times than shown in the figure.
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Figure 4.34.
Trajectory for r = 24.0579 (Pr = 10, b = 8

3 ) that traces
one of the unstable orbits which links u0 with the limit
cycles around u±, here around u+. The fixpoint lies
in the center of the cycle (gray dot), in the direction of
the cycle’s higher order unstable center manifold. The
orbit from u0 approaches the cycle through its stable
manifold. The trajectory is shown up to t = 7.6 but it
remains on the limit cycle up to t ¥ 300. Initial state
and precision are as in Figure 4.30.

We shortly look at the simulated trajectory that starts in the negative quadrant very near
to u0. Since the positive eigenvalue is large, ‡+ = 10.7, the trajectory is quickly expelled,
shoots towards the limit cycle, and approaches it along the cycle’s stable manifold, naturally.
The cycle’s unstable manifold is the plane that encompasses the fixpoint. Tuning the value
of r sensitively changes the side on which the trajectory approaches and then continues
to develop, albeit on much longer time scales. Specifically, increasing r from 24.0579 to
24.0580 has the trajectory on the cycle’s outside and it is repelled away from the fixpoint.
Decreasing to 24.0578 has the trajectory on the inside and leads to a more rapid descent to
the fixpoint. In between, the cycle would ideally be hit. We recall that this general behavior
does not necessarily indicate a center manifold, despite the at least two orders of magnitude
between the characteristic times for approaching and leaving the cycle. Actually, we would
need to look more carefully at how the trajectory leaves the cycle, exponentially or slower,
or do a linear stability analysis on the cycle. Whatever the details, the slow repulsion from
the cycle explains spurious periodicities as well as the divergence of the time spent in the
chaotic transient.

Weak Chaos For r1 < r < rc ¥ 24.7368, there exist two types of stable invariant sets
simultaneously, the stable fixpoints u± and a chaotic attractor (middle frame of Figure 4.33).
Which one of these is approached by a trajectory depends sensitively on details, in particular
on the initial state. Once a state has reached one of the attractors, however, it will remain
there for all time. Notice from visual inspection that the chaotic phases appear to be
quite similar whether it is just transient, for r = 22.5 in Figure 4.33, or permanent as for
r = 24.5. This is further corroborated by the Lorenz map that will be introduced below
(Figure 4.36).

Overview Transition Regime We illuminate the attracting set and its transients for the
regimes identified above by an ensemble of states (Figure 4.35). It is initialized uniformly in
{(u1, u2, u3) = (‚, ‚, r2 ) : ‚ œ

$
0, 2


b[r ≠ 1]

$
}, hence on a line in the positive 12-quadrant

from near the 3-axis in the direction of u+ to twice the distance to it and at “height” u3 = r
2 .

This line is below the fixpoint and, following the discussion of (4.49), in a regime where the
flow in the 12-plane is hyperbolic. This corresponds to a hard excitation and trajectories are
indeed ejected very rapidly, go on a wide loop beyond u+ and enter the sensitive region from
far above, i.e., with large values of u3. An additional state is initialized at u+ + (0, 0, 0.1),
which results in a soft excitation.



146 4 Continuous Chaotic Systems

Figure 4.35.
Transition to chaos in the L63 system for Pr = 10 and b = 8

3 illustrated
by uú3 – the value of u3 at the local maximum – obtained from an
ensemble of 20 trajectories. One of these represents a soft excitation
and starts at (u1, u2, u3) = (


b[r ≠ 1],


b[r ≠ 1], r ≠ 0.9). The others

originate from hard excitations with initial states uniformly distributed
on the diagonal in the positive quadrant of the u1u2 at u3 = r

2 from near
the 3-axis to twice the distance to the fixpoint. Spinup time to get rid of
short-time transients is 100, recording time is 4’000. Recording just the
local maxima uú3 causes all marks to be above r ≠ 1, the u3 coordinate
of the fixpoints u±. Computational precision is 10≠8. The density of
states is color-coded, linearly increasing from violet to red. Localized
states are plotted with larger dots to increase their visibility. (Zoom in
to recognize details.) 15 20 25
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Attracting Sets There exist two separated attracting sets, the fixpoints u± for r < rc and
the strange attractor for r > r1. The two coexist in the interval ]r1, rc[. Notice that the
representation chosen here does not distinguish between the two fixpoints.
Transients A short spinup time of 100 and an equally short maximum recording time of
4’000 emphasizes the transients. Increasing the spinup time by a few orders of magnitude
would focus on the attracting sets.

First consider the domain r < r1 and recall that as r1 is approached, the transition times
from distant initial states to u± diverges. Transients then become ever more persistent.
Indeed, by r ¥ 23.3 the transition time exceeds the maximum simulation time. This is
manifest in the high density of recorded states in the domain 29 < u3 < 37, where the later
strange attractor will emerge. For r < r1, it does not yet exist, however, and states appear
to slowly “leach out” of this region, approaching u±.

For r1 < r < rc, both sets are attractive. The di�erent states converge rapidly to one
of them, leaving the space between them empty. Closer scrutiny reveals how the transition
time increases with r. This is manifest in a slight thickening of the distribution of states that
approach u± but did not yet converge su�ciently by the time the recording started.

For r > rc, the fixpoints u± are unstable and only the strange attractor remains. However,
for r just a bit larger than rc, the Lyapunov exponents near u are still small, the transition
times thus large. For instance, at r = 25, the unstable manifold has an eigenvalue with real
part 0.0079, which corresponds to a characteristic time of 126, which is comparable to the
spinup time of 100 as used in the simulation. This changes rapidly as r increases, with it
also the positive Lyapunov exponent, and causes the “leaching out” of the soft excitation
manifest in Figure 4.35. A fine detail, visible by zooming into (rc, rc≠1), is the discontinuity
of the mapped distributions across rc. It results from the di�erent directions of trajectories
– towards the fixpoints u± for r < rc and away from them for r > rc – together with the
spinup time.

Before continuing into the fully chaotic regime, we look into a useful tool that facilitates
the description of transitions in the L63 system but also in others, the Lorenz map.

Tool: Lorenz Map The Lorenz map is a tool for transforming the three-dimensional
continuous system into a one-dimensional map that captures some of the relevant features
and is much easier to analyze. It empirically constructs the generator f for a one-
dimensional, discrete dynamical system from a single trajectory of the continuous L63
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Figure 4.36. Lorenz map for Pr = 10, b = 8
3 , and di�erent values of r. Each map is constructed

from an ensemble of 100 trajectories that include the initial phase and chaotic transients. It is
initialized similar to the hard excitations in Figure 4.35 to ggain the long transients required for
r = 21.5 and calculated up to t = 10Õ000 with a precision of 10≠10. Each pair of maxima (u3i , u3i+1)
is marked by a red dot. Notice that the axes are di�erent between the frames but that horizontal
and vertical axes in any frame are the same. For orientation, recall u3 = r ≠ 1 at the fixpoints u±.
For small values of r, the construction of the map turns increasingly di�cult as the transients
become shorter.

system. It is cast into the graphical form introduced with Figure 3.1 on page 71 by plotting
the pairs (ui, ui+1) into [umin, umax]¢[umin, umax]. They have to be defined such that they
represent characteristic features of the continuous system. For the traditional Lorenz map,
introduced by Lorenz [1963], the pairs of (ui, ui+1) are obtained from successive maxima
of u3 (Figure 4.36). It may come as a surprise that the pairs (ui, ui+1) form such a
narrowly focussed set that (i) goes acceptably for a function, we call it f(u), (ii) is quite
independent of the initial state, and (iii) has the same general shape for the values of r
considered here, hence appears to be universal.

Incidentally, the same concept can be applied to other components of the L63 system,
and of course also to other continuous systems. We recognize, however, that this map is
most useful for exploring regimes of deterministic chaos. Mapping periodic regimes just
produces a set of discrete points, which is also interesting, however, and regimes with
uncorrelated, hence non-deterministic random dynamics leads to noise.

The set of points that result from the construction can be made accessible to quan-
titative analysis by fitting an appropriate model. For instance, Yorke and Yorke [1979]
employed the empirical form

f(u) = umax ≠ |u≠ µ|
—
#
–0 + –1|u≠ µ|+ –2|u≠ µ|

2$
, (4.50)

where umax is the maximum value of u encountered in the data set, µ is the location
of the peak, — allows to represent the power-law shape found near critical points in
thermodynamics, and –i are polynomial shape factors. The parameters are estimated
from the empirical data, for instance by least-squares fitting.

Notice that the Lorenz map is related to the Poincaré map and the stroboscope
encountered earlier. The main di�erences are that (i) the maxima of u3 are considered
wherever they occur in the system’s three-dimensional state space and (ii) the time
intervals between successive maxima are not relevant for the map.
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Figure 4.37. Iterates for orders up to 4 of the Lorenz map f(u) shown in Figure 4.36. As a
reference, f(u) is reproduced in black.

Figure 4.38.
Sketch for leakage of chaotic domain into that of the fixpoint for
r < r1 ¥ 24.06. The dotted lines mark the mapping of states to
the unstable fixpoint uú2. States with u3 & 33.7 are thus mapped
from the chaotic domain into u < uú2 and subsequently converge
to stable fixpoint uú1. The corresponding fraction of states is
indicated by the thin gray area near u3i = 30.6 with thickness ”.
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Figure 5.32. Lorenz map for Pr = 10, b = 8
3 , and di�erent values of r. Each

map is constructed from an ensemble of 100 trajectories that include the initial
phase and chaotic transients. It is initialized similar to the hard excitations in
Figure 5.31 to ggain the long transients required for r = 21.5 and calculated up to
t = 10Õ000 with a precision of 10≠10. Each pair of maxima (u3i , u3i+1) is marked by
a red dot. Notice that the axes are di�erent between the frames but that horizontal
and vertical axes in any frame are the same. For orientation, recall u3 = r≠1 at the
fixpoints u±. For small values of r, the construction of the map turns increasingly
di�cult as the transients become shorter.

however, that this map is most useful for exploring regimes of deterministic
chaos. Mapping periodic regimes just produces a set of discrete points,
which is also interesting, however, and regimes with uncorrelated, hence
non-deterministic random dynamics leads to noise.

The set of points that result from the construction can be made accessi-
ble to quantitative analysis by fitting an appropriate model. For instance,
Yorke and Yorke [1979] employed the empirical form

cch.20b f(u) = umax ≠ |u≠ µ|
—
#
–0 + –1|u≠ µ| + –2|u≠ µ|

2$
, (5.25)

where umax is the maximum value of u encountered in the data set, µ is the
location of the peak, — allows to represent the power-law shape found near
critical points in thermodynamics, and –i are polynomial shape factors.
The parameters are estimated from the empirical data, for instance by
least-squares fitting.

Notice that the Lorenz map is related to the Poincaré map and the
stroboscope encountered earlier. The main di�erences are that (i) the
maxima of u3 are considered wherever they occur in the system’s three-
dimensional state space and (ii) the time intervals between successive
maxima are not relevant for the map.

Iterates of Lorenz Map Recalling the importance of iterates of a map’s
generator, we also reconstruct these by plotting pairs of (ui, ui+1+n) with
n œ N as an empirical approximation of f

n(u). The first few orders for
the L63 system are shown in Figure 5.33. — fig cch-l63-map-n
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Figure 5.27. Iterates for orders up to 4 of the Lorenz map f(u) shown in
Figure 5.26. As a reference, f(u) is reproduced in black.

Incidentally, the same concept can be applied to other components of the
L63 system, and of course also to other continuous systems. We recognize,
however, that this map is most useful for exploring regimes of deterministic
chaos. Mapping periodic regimes just produces a set of discrete points,
which is also interesting, however, and regimes with uncorrelated, hence
non-deterministic random dynamics leads to noise.

The set of points that result from the construction can be made accessi-
ble to quantitative analysis by fitting an appropriate model. For instance,
Yorke and Yorke [1979] employed the empirical form

cch.20b f(u) = umax ≠ |u≠ µ|
—
!
–0 + –1|u≠ µ| + –2|u≠ µ|

2"
, (5.25)

where umax is the maximum value of u encountered in the data set, µ is the
location of the peak, — allows to represent the power-law shape found near
critical points in thermodynamics, and –i are polynomial shape factors.
The parameters are estimated from the empirical data, for instance by
least-squares fitting.

Notice that the Lorenz map is related to the Poincaré map and the
stroboscope encountered earlier. The main di�erences are that (i) the
maxima of u3 are considered wherever they occur in the system’s three-
dimensional state space and (ii) the time intervals between successive
maxima are not relevant for the map.

Iterates of Lorenz Map Recalling the importance of iterates of a maps
generator, we also reconstruct these by plotting pairs of (ui, ui+1+n) with
n œ N as an empirical approximation of f

n(u). The first few orders for
the L63 system are shown in Figure 5.27. — fig cch-l63-map-n

idx: representation!Lorenz map
Lorenz Map as a Representation The Poincaré map and the strobo-
scope aim at a compressed description of some observed reality, here the
trajectories of the L63 system (5.16). While this also true for the Lorenz
map, it actually goes much farther and aims to reconstruct from such
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Figure 5.28.
Sketch for the leakage of the chaotic domain
into that of the fixpoint for r < r1 ¥ 24.06.
The dotted lines mark the mapping of states to
the unstable fixpoint uú2. All states with u3 &
36.2 are thus mapped from the chaotic domain
into u < uú2 and subsequently converge to stable
fixpoint uú1. The corresponding fraction of states
is indicated by the thin gray area near u3i = 32
with thickness ”.
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Figure 5.26. Lorenz map for Pr = 10, b = 8
3 , and di�erent values of r. Each

map is constructed from an ensemble of 100 trajectories that include the initial
phase and chaotic transients. It is initialized at u = (0.1, 0.1, r) and calculated up
to t = 10Õ000 with a precision of 10≠12. Each pair (u3i , u3i+1) is marked by a red
dot. Notice that the axes are di�erent between the frames but that horizontal and
vertical axes in any frame are scaled equally. For orientation, recall u3 = r ≠ 1 at
the fixpoints u±.

the maximum time simulated here, well before r1 is reached. These states
thus appear to populate the strange attractor, correspondingly reducing the
density on the fixpoints. The converse e�ect appears for r > r2, where the
fixpoints still appear to be attractive. This results from one part of the
ensemble that is started near the fixpoints, in order to have a soft excitation.
While they are unstable beyond r2, the Lyapunov exponents are still some.
For instance, at r = 25, the unstable manifold has an eigenvalue with real
part 0.0079, which corresponds to a characteristic time of 126, much larger
than the chosen spinup time of 20.

Before continuing into the fully chaotic regime, we look into a useful tool
that facilitates describing the transitions, the Lorenz map.

idx: Lorenz map|(

idx: tools!Lorenz map|(Tool: Lorenz Map Already low-dimensional situations like those en-
countered in the L63 system challenge our imaginative and thus our ana-
lytical capabilities. The Lorenz map is a tool for transforming the three-
dimensional continuous system into a one-dimensional map that captures
some of the relevant features and is much easier to analyze.

The Lorenz map is an empirical reconstruction of the generator f for
a one-dimensional and discrete dynamical system from a single trajectory
of the continuous L63 system, i.e., of the function f for ui+1 = f(ui)
as introduced in Section 4.2. It is cast into the graphical form intro-
duced with Figure 4.1 on page 102 by plotting the pairs of (ui, ui+1) into
[umin, umax]¢ [umin, umax]. This then allows an easy interpretation of the
system’s behavior. For the traditional Lorenz map, introduced by Lorenz
[1963], the pairs of (ui, ui+1) that make up the graph are obtained from
successive maxima of u3 (Figure 5.26). — fig cch-l63-map
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Figure 5.27. Iterates for orders up to 4 of the Lorenz map f(u) shown in
Figure 5.26. As a reference, f(u) is reproduced in black.

Incidentally, the same concept can be applied to other components of the
L63 system, and of course also to other continuous systems. We recognize,
however, that this map is most useful for exploring regimes of deterministic
chaos. Mapping periodic regimes just produces a set of discrete points,
which is also interesting, however, and regimes with uncorrelated, hence
non-deterministic random dynamics leads to noise.

The set of points that result from the construction can be made accessi-
ble to quantitative analysis by fitting an appropriate model. For instance,
Yorke and Yorke [1979] employed the empirical form

cch.20b f(u) = umax ≠ |u≠ µ|
—
!
–0 + –1|u≠ µ| + –2|u≠ µ|

2"
, (5.25)

where umax is the maximum value of u encountered in the data set, µ is the
location of the peak, — allows to represent the power-law shape found near
critical points in thermodynamics, and –i are polynomial shape factors.
The parameters are estimated from the empirical data, for instance by
least-squares fitting.

Notice that the Lorenz map is related to the Poincaré map and the
stroboscope encountered earlier. The main di�erences are that (i) the
maxima of u3 are considered wherever they occur in the system’s three-
dimensional state space and (ii) the time intervals between successive
maxima are not relevant for the map.

Iterates of Lorenz Map Recalling the importance of iterates of a maps
generator, we also reconstruct these by plotting pairs of (ui, ui+1+n) with
n œ N as an empirical approximation of f

n(u). The first few orders for
the L63 system are shown in Figure 5.27. — fig cch-l63-map-n

idx: representation!Lorenz map
Lorenz Map as a Representation The Poincaré map and the strobo-
scope aim at a compressed description of some observed reality, here the
trajectories of the L63 system (5.16). While this also true for the Lorenz
map, it actually goes much farther and aims to reconstruct from such

ref cch-l63-map-explain; file fig/5-cch/l63-map-explain

latter is illustrated in Figure 5.22. The “leakage rate” of the chaotic domain
apparently is determined by the width of the gray interval

coexisting and non-mixing ”

Since umax is mapped to u
ú
2, this domain is closed. In contrast, iThis

illustrates the coexistence of stable fixpoints and a strange attractor.
As is apparent from Figure 5.26, increasing r from a value where uú2 exists,

moves this fixpoint nearer to u
ú
1. The two eventually merge, at r = r1,

which leads to a fixpoint with neutral stability. This in turn leads to the
divergence of the transit times with the eventual singularity at r1. Beyond
r1, there exists only the unstable fixpoint u

ú
3. Imagining iterates of f(u)

reveals that the sharp cusp prevents any higher iterate to produce a stable
fixpoint. Hence, there cannot be any stable periodic orbits and the regime is
purely chaotic.

Fully Chaotic Regime For r < 24.06, the chaotic transients vanish even-
tually and u3 converges to r≠1. However, the time required for this diverges
as r æ 24.06 [Yorke and Yorke 1979].

Deep Chaos For r2 < r, there are no more stable fixpoints and the system is
a fully chaotic regime. This is manifest in the lowermost frame of Figure 5.23
that shows how an initial state near one of the fixpoints exponentially decays
into a chaotic trajectory. As we will find below, this deep chaotic regime is
again structured, in analogy to what we encountered with the pendulum and
with the logistic map, and, for very large values of r, it also terminates in
stable periodic orbits.

10 2 Two-Dimensional Objects

Figure 2.2.
Color scheme for qualitative data by Tol [2012].
A color from this family for drawing and writing
is selected by sStroke(’Q’,O,M), where O and M
are integers that determine order and member,
respectively, and in analogy for filling. As an
example, sStroke(’Q’,3,2) produces the same
dark yellow as sStroke(’Q’,12,7). For any
given graphics, it is suggested to choose the
appropriate family, here “qualitative”, and the
smallest order that su�ces to represent the data.
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2.3 Color

PSgrafo�ers two ways to specify a color: (i) by its coordinates in one of the color spaces or
(ii) by selecting it in one of color schemes. Both methods can be mixed.

2.3.1 Color Spaces

Available color spaces are G (gray1), RGB (red-green-blue), HSB (hue-saturation-brightness),
CMYK (cyan-magenta-yellow-black) – which is set by the function sColorSpace. Each letter
in the name of the color spaces denotes a coordinate that can vary in the interval [0,1], where
0 corresponds to minimal intensity of the corresponding property and 1 to maximal intensity.
Example: The color defined by (1,0,0) is red in RGB-space, but black in HSB-space (red with
no saturation and no brightness). In HSB-space, the color red is represented by (1,1,1).

void sColorSpace(const char *cspace)
void sColorSpace(const char *stroke,const char *fill)
� void sColorSpace(int stroke,int fill)

Set the color spaces which will subsequently be used to define a specific color for stroke and
fill. Permissible values for the arguments are

const char int color space
"G" 0 gray (default)
"RGB" 2 red, green, blue
"HSB" 4 hue, saturation, brightness
"CMYK" 8 cyan, magenta, yellow, black

The first form, sColorSpace(const char *cspace), sets the color spaces for stroke and fill
to the same value.

An alternative to setting the color space with sColorSpace is the use of color vectors, struct
color, which set the space implicitly.

void gColorSpace(int*stroke,int*fill)
Return the integer codes of the current color spaces for stroke and fill pen. This comes
in handy if a particular color space must be used in some function without a�ecting the
external setting.

2.3.2 Color Schemes

PSgraf currently support the color schemes devised by Tol [2012], which are designed to be
optimally visible also for color impaired persons (Figure 2.3).

void sColorDark(double dark)

Make all colors darker by the factor dark � [0, 1] (Figure 2.5). Default is 0. This setting
remains active until changed.

void sColorLight(double light)

Make all colors lighter by the factor light � [0, 1] (Figure 2.5). Default is 0. This setting
remains active until changed.

1Although G is not a color space in the traditional notation, it is included here to obtain a coherent model.
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Iterates of Lorenz Map Recalling the importance of iterates of a map’s generator, we
also reconstruct these by plotting pairs of (ui, ui+1+n) with n œ N as an empirical approxi-
mation of fn(u). The first few orders for the L63 system are shown in Figure 4.37.

Transition to Full Chaos in Lorenz Map The function f(u) that is defined through the
Lorenz map of the L63 system does not have all of the properties used in Section 3.1. Most
importantly, in general f(umin) ”= f(umax). We may still employ the graphical iteration
developed there to understand the dynamics of the system here. This is possible because,
by construction, f maps the interval [umin, umax] onto itself.

Figure 4.38 illustrates that f(u) can have up to 3 fixpoints: (i) There is always one above
the maximum and it is unstable, call it uú3. (ii) Depending on the value of r, there may be
a second fixpoint, uú2 that is also necessarily unstable. (iii) Again depending on the value
of r, there may exist a fixpoint uú1 at umin. It is stable if uú2 exists, unstable if it exists but
u
ú
2 does not, and u

ú
1 does not exist itself for r > rc, which leads to f(umin) > umin (not

shown).
Employing the graphical iteration, we recognize that the unstable fixpoint uú2, if it exists,

separates the state space into two domains, a chaotic one controlled by u
ú
3 and a stable one

controlled by u
ú
1. Indeed, iterating u < u

ú
2 has u converge towards uú1, which always exists

if uú2 does and then is attractive.
Iterating u > u

ú
2 is more interesting. It first leads to a rapid divergence towards uú3, which

is also unstable, however, and sends the state on an erratic track. It will remain on this
track – the underlying system will thus jingle around in the basins of the two attractors u±
– until u3 happens to fall into the narrow range with width ”. The state will then undergo
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u1
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u3

Figure 4.39.
“Lorenz butterfly”, the attractor of the L63 system for
the classical parameters (Pr, r, b) = (10, 28, 8

3 ). The
shadowing trajectory starts near u+, with u3 increased
by 0.1, and is propagated to t = 214. Time is color-
coded, linearly changing from violet to red. The blue
and the red line in the bottom plane are tangents to
the stable and unstable manifold of u0 in the 12-plane.
Largest ticks on the axes are at multiples of 10.

a last, exceptionally large excursion – both in the L63 system and in its map – and will be
expelled into the basin of attraction of the stable fixpoint, uú1 in the map, u± in the L63
system. The latter is illustrated in Figure 4.32. Apparently, the “leakage rate” of the chaotic
domain is determined by the width ”, which is a consequence of the sharp cusp of f(u). As
r æ r1, uú2 moves faster towards u

ú
1 than f(umax). With this the transition time, which

is proportional to ”
≠1, diverges and the two domains become decoupled, hence both the

stable fixpoints and the strange attractor can coexist. Finally, beyond rc, there only exists
the single unstable fixpoint uú3. Furthermore, the sharp cusp prevents any higher iterates to
produce stable fixpoints, as is illustrated by Figure 4.37. Hence, there cannot be any stable
periodic orbits and the regime is purely chaotic.

4.2.5
Fully Chaotic Regime

With r growing beyond rc, all three fixpoints lose their stability and almost all trajectories
approach a strange attractor. As found for the forced pendulum before, this attractor
consists of an infinite set of unstable periodic orbits, more precisely it is the closure of this
set. Trajectories that are attracted to it eventually trace the entire set, they shadow it.
They do this in a deterministic chaotic manner without every crossing each other.

The three fixpoints u0 and u±, while unstable, still determine the general shape and
properties of the strange attractor. We recall their local properties from the linear analysis,
which specifically ascertains that u0 is attractive along the 3-axis and that u± posseses a
stable and an oscillatory unstable manifold (Figure 4.29 on page 141).

We look at the strange attractor for the “classical” chaotic point (Pr, r, b) = (10, 28, 8
3 )

of the L63 system. We shadow the attractor by a trajectory that starts near fixpoint u+
(Figures 4.39 and 4.40). The eigenvalues of the Jacobian matrix (4.45) at this point are
found as

‡real = ≠13.85 and ‡complex = 0.0940± 10.19 i . (4.51)

Hence, the approach on the stable manifold is more than two orders of magnitude faster
than the departure on the unstable manifold: Recall that a perturbation �ui of a fixpoint
in the direction of eigenvector i develops as �ui exp(‡it). Hence, the motion on the stable
manifold has a characteristic time |‡real|≠1

¥ 0.072, while the radial motion on the unstable
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Figure 4.40.
Time-series of the initial
phase of the trajectory from
Figure 4.39. Horizontal
lines mark the fixpoints
u±. Dashed curves
are the envelops to the
development of u3 in the
linear approximation.
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manifold is on a time-scale of [Re(‡complex)]≠1
¥ 10.6 with period 2fi/ Im(‡complex) ¥ 0.6163.

With this, whenever a state happens to come su�ciently near to the stable manifold, it is
rapidly sucked onto the two-dimensional unstable manifold on which it then spirals out slowly
on a quasi-periodic orbit. The linear approximation indeed describes this part quite well
(Figure 4.40), with 3-digit accuracy for the period for t < 17 and excellent agreement of the
amplitudes up to t ¥ 40. For somewhat longer times, the period increases slightly, to 0.628
by t = 40, and the amplitude eventually increases more rapidly than expected. Since the
period is fairly stable, we deduce that the state’s velocity increases roughly proportionally
to the orbital radius.

It is instructive to identify the initial phase of the trajectory (i) as the blueish disk-like
structure in Figure 4.39, (ii) in the sketch shown in Figure 4.29 and there particularly the
stable manifold, which is responsible for the sheet-like shape, and (iii) in the exponentially
growing oscillation for t . 48 in Figure 4.40.

By t ¥ 48, the state leaves the basin of u+ and transits into the basin of u≠. This is for
just one period before it flips back, again for just one period, and back to u≠ again, now
for two periods, and so on and on in an erratic dance. Notice that the residence time in
any one basin is the longer, the nearer to the central fixpoint it is entered, as is expected
from our understanding gained with the initial phase. Such an approach from the respective
other basin is the only way a trajectory can come near to a fixpoint. This is because the
stable manifold cannot be reached from within the same basin. Indeed, any state approaches
the unstable manifold exponentially along the direction of the stable manifold. As (4.51)
shows, this approach is much faster than the corresponding departure along the direction of
the unstable manifold. With these di�erent time-scales, two phases of the trajectory that
occur on approximately orthogonal manifolds are easily distinguished: (i) the fast transit
from the basin of u≠ towards fixpoint u+, eventually along its stable manifold, and (ii) the
slow oscillatory departure back into the basin of u≠, and vice versa, of course. This is most
clearly observable in the (u1, u3)-projection in Figure 4.39.

We here recall the previous discussion, on page 142, of the sensitive region of the L63
system, which is the 3-axis, in particular the interval around r ≠ 1, which forms the “trunk
of the butterfly”. Indeed, di�erent trajectories will develop towards each other for u3 > r≠1
near the 3-axis, which leads to the accumulation of states in this region. This is the origin
of the trajectory’s sensitivity as minute variations determine which basin the next orbit
will enter. This is particularly manifest in the projection of the attractor into the 23-plane
(Figure 4.39). Incidentally, further elaboration on this region is the basis for a proof that
the orbits on the strange attractor are dense [Ghys 2013]. Recall that despite being dense,
trajectories do not touch or intersect. Indeed, we gather from (4.42) that the Jacobian
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Figure 4.41. Identification of unstable periodic orbits in the L63 attractor through distance
function d(t0, t1) defined by (4.24) and calculated for the time intervals [0, 80] (upper) and [80, 160]
(lower) on the trajectory shown in Figures 4.39–4.40. The lower graph is thus the continuation of
the upper one in diagonal direction. Notice that the colored patches are actually packs of parallel
lines that result from unstable orbits of various low-order periodicities.

matrix is locally bounded, hence the flow is Lipschitz continuous, and with this trajectories
exist and are unique.

Lorenz’ Butterfly Given an artistic license, we may see the L63 attractor as a butterfly
with two exquisitely thin wings and a more bulky trunk. Indeed, there is a further association
between a butterfly and the L63 system, as Lorenz teasingly invoked the imagination of a
butterfly that somewhere in the Brazilian rain forest flapped its wings and thereby set o�
a hurricane over Texas several months later. This flapping was projected to bring a minute
change to the atmospheric system’s trajectory that, due to the system’s chaotic dynamics,
eventually took a path that was completely di�erent from that without perturbation.

This story of course requires a similar artistic license as the butterfly image itself. After
all, we do understand that three-dimensional turbulence transfers energy and momentum to
smaller scales, not to larger ones as is required for the story, and that the wings are just an
order of magnitude away from the scale of molecular dissipation. Nevertheless, this butterfly
e�ect rang the imagination and made it into our folklore.

Distance Function We gain another perspective on the L63 attractor by looking at the
temporal structure of trajectories. To this end, we employ the trajectory shown in Figure
4.40 and apply the distance function (4.24) to it (Figure 4.41).

For short times, t < 40, the prevailing feature is the massive pack of parallel lines that are
separated by �t ¥ 0.63, the orbit’s period, which is just barely distinguishable at the chosen
resolution. This pack results from the quasi-periodic unstable orbit of the system state as it
descends on the strange attractor starting from its initial state. After relaxation, the system’s
intermittency begins to prevail and packs of lines of various size appear on the diagonal.
These represent unstable periodic orbits with a range of lifetimes and periodicities. Since
the period in the vicinity of u± is approximately constant, the extent of a pack reflects
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the trajectory’s original inverse distance from the unstable manifold: the nearer it is the
smaller its initial radial velocity, hence the longer its lifetime within the fixpoint’s basin.
This situation is also nicely manifest in Figure 4.40.

The system’s structure – two saddle points with approximately constant periods – leads to
similar packs of orbits for very di�erent times, which in turn results in a wide distribution of
patches with small separations (right frame of Figure 4.41). This is in stark contrast to the
distance function for the forced pendulum that has no fixpoints (Figure 4.12 on page 119).
We furthermore notice that many patches represent higher periodicities that are manifest
in the larger separation of the parallel lines in Figure 4.41, e.g., around t = 75. They result
from successive switching between basins as is manifest in Figure 4.40.

As a comment to the sharp-eyed, Figures 4.40–4.41 do not agree in detail. This is because
the time-series is simulated with a variable time-step while the distance function is calculated
with a fixed time-step. The variable time-step allows to maximize its size under the premise
that the required precision is satisfied while the fixed time-step allows for a convenient
evaluation of distances for di�erent time, at the cost of a typically unnecessary high precision.
As we found before, having two di�erent methods of integration for a system with sensitive
dependence on initial conditions leads to solutions that di�er in detail although they possess
the same structure and statistics.
Overview of Chaos and Beyond As a caveat, we recall that in physical realizations of
the L63 system, r = Ra

Racrit
represents the magnitude of the external forcing. Going to very

large values of r invalidates the low-order approximations that were required on the way to
deduce the system in the first place. Indeed, for the Rayleigh-Bénard convection considered
in Section 4.2.2, increasing the forcing produces spatial modes of ever higher order. These
are not represented in the L63 system (4.42), however.

Still, out of curiosity but also for learning the structures of such simple systems, we look
into the strongly forced realms of the L63 system. More extensive studies are reported for
instance by Frøyland and Alfsen [1984]. In analogy to Figure 4.15 for the forced pendulum,
we characterize the attracting set by the density of special states and again choose the local
maxima, here of u1 (Figure 4.42 with a crop shown in Figure 4.43). Choosing u2 or u3
instead leads to the qualitatively same picture.

We first recognize the striking similarity between the attracting sets of the L63 system,
of the forced pendulum (Figure 4.15), and of the logistic map (Figure 3.9). Indeed, all of
them exhibit fixpoints – actual ones or stable period-1 orbits –, period-doubling cascades
into chaos, and chaotic regimes with density discontinuities and periodic windows. A main
di�erence between them is that the cascades in the L63 system are backwards.

In the following, we look at just a few aspects of the attracting set, starting at large values
of r for which there is just a single stable limit cycle (r = 340 in Figure 4.44). Since there
is only one such cycle it has to encompass both fixpoints u±, and it has to be symmetric.
Decreasing r, a supercritical pitchfork bifurcation emerges at rp1 ¥ 313. This transition is
indeed analogous to the main bifurcation of the forced pendulum at µ = 0.9065. Also the
one here is not the first step of a period-doubling cascade but it is a symmetry transition.
This is illustrated by the limit cycle for r = 250, which indeed is asymmetric. Since the
L63 system has a u1u2-parity symmetry, there must also exist a corresponding twin. Notice
that their uú1 values di�er. The value for the respective twin can be read from the negative
halfspace of u2. Recall that uú1 is the return point in the positive halfspace of u2. This leads
to the two branches in Figure 4.42.

The period-doubling cascades start near r = 230. There are actually two of them with
respective point-symmetric orbits. An instance of a period-2 orbit is shown in Figure 4.44
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Figure 4.42. Attracting set of the L63 system for Pr = 10 and b = 8
3 represented by uú1, the

value of u1 at the local maximum in the positive halfspace u2 > 0. Parameters and settings are
identical to those in Figure 4.35, except for the spinup time, which is 40’000 and gets rid of most
of the chaotic transients. Upon close scrutiny, transients are still apparent very near to r1. The
dashed curves mark the unstable fixpoints u±. The rectangle is enlarged in Figure 4.43.
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Figure 4.43.
Crop from Figure 4.42 focussing on the two period-
doubling cascades that emerge from the symmetry
bifurcation at rp1 ¥ 313 and end at rŒ where
they transit into two strange attractors. As these
expand, they eventually collide near r = 203 and
merge into one through a symmetry crisis. The
transition between trajectories that orbit the two
fixpoints u± as a single object versus individually
occurs at r1≠2.

for r = 220. These cascades end at rŒ ¥ 215.35 and give rise to the chaotic regimes. Notice
the striking similarity of this part – the interval between approximately 203 and rŒ – of the
attracting set with that of the logistic map between µ = 4 and µ

Œ
1 . This includes the period-3

window near r = 209 together with the higher order windows that follow as r increases and
seem to adhere to Sharkovskii’s theorem. It also includes the density discontinuities that
are associated with the supercycles of the logistic map. Zooming into Figure 4.43 reveals,
however, that while the supercycles for r > 209, above the period-3 windows, correspond
to those observed also in the logistic map, supercycles below that window come in parallel
pairs with just a tiny gap between them. Lorenz maps for these high values indeed contain
two slightly o�set cusps instead of the single one found in Figure 4.36 for r near 24. These
are not shown here, however.

A further, and more important di�erence to the logistic map is that the L63 system
possesses two coexisting chaotic attractors instead of one. They originate from the re-
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Figure 4.44.
Phase diagrams for the L63 system for
large values of r and (Pr, b) = (10, 8

3 ).
Refer to Figure 4.42 to identify the
chosen orbits in the set of attractors.
All trajectories start near u0 and
they approach the corresponding
stable limit cycles (red curves) very
rapidly. For all cases, the fixpoints
u± (black symbols) remain unstable.
Trajectories for r œ {340, 250, 220}
belong to the regime where the
forcing is so strong that the two
fixpoints u± are orbited as a single
distributed object. They illustrate
the single orbit for very large values
(r = 340), one of the two orbits
after the symmetry bifurcation (r =
250), and the first step of the period-
doubling cascade, again one of the
two symmetric orbits (r = 220).
The trajectory for r = 165 belongs
to the regime where both fixpoints
are orbited individually, here by
a single symmetric orbit. As r
decreases, it again undergoes a first
symmetry bifurcation before entering
the system’s second major period-
doubling cascade followed by the
second major chaotic regime.
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spective symmetric orbits. These two eventually collide near r = 203 in what is called a
symmetry crisis and form a single attractor. As r decreases, this attractor continues to widen
continuously until, at r1≠2 ¥ 197.58, it appears to blow up. This transition corresponds to
a major structural change of the trajectories. Indeed, for r > r1≠2, the trajectories orbit
the two fixpoints u± as a single object, hence their projection in the u1u2-plane does not
intersect the straight line that connects the two fixpoints. At r1≠2, the projections touch
and they intersect for smaller values, hence orbit the fixpoints individually, albeit still in a
single orbit.

With r falling below 165.5, the strange attractor again undergoes a dramatic transition
as it collides with a stable limit cycle and collapses. Figure 4.44 illustrates, for r = 165,
that this limit cycle is symmetric, and that the two branches that emerge out of the chaotic
regime belong to a single cycle. As before, but not shown here, this cycle first undergoes a
symmetry bifurcation, near r = 154.5, before the then newly emerging branches enter the
period-doubling cascade near r = 149.

Exercises
4.1 Delicate Transitions of the Forced Pendulum
Implement the viscously damped state-forced pendulum (4.14) as a non-autonomous system in the
form

u̇1 = u2

u̇2 = ≠2“u2 ≠ sin(u1) + µ sin(Êt) .

Choose parameters Ê = 0.8, “ = 0.1, and µ, which is to be varied. Use Figure 4.15 as an orientation
for choosing µ.

Explore the pendulum’s motion in some of the interesting domains of parameter space such
that you are able to describe the motion in detail. Useful tools are primarily phase diagrams
– color-coding time makes understanding easier – and, if needed, trajectories. Stroboscope and
bifurcation diagrams on the other hand are too coarse for detailed insight.

Some nonexclusive suggestions for interesting domains:
1. µ œ [0.97 . . . 1.025],
2. µ œ [1.025 . . . 1.05],
3. µ œ [1.075 . . . 1.085],
4. µ œ [1.09 . . . 1.12].

4.2 Prediction Uncertainty
Modify the forced pendulum (4.14) such that the external forcing is on two very di�erent time
scales, for instance

u̇1 = u2

u̇2 = ≠2“u2 ≠ sin(u1) +
#
µ0 + µÕ sin(Êt/n)

$
sin(Êt) ,

with n = 100, Ê = 0.8, “ = 0.1, and µ0 = 0.8.
Choose the initial state {·, u1, u2} = {0, 2.516, 0} and calculate and plot
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1. the angular position u1 at time ·n = nfi
2Ê and ·n = 2nfi

Ê , and
2. the angular path length ¸ =

s ·n

0 |u1(t)| dt, both as a function of µÕ œ [0, 0.4] for di�erent
computational precisions Á œ {10≠6, 10≠8, 10≠10}.

Qualitatively predict the result before actually running the simulation.

4.3 Quantities along Orbits
Choose some interesting quantity to calculate along some orbit, calculate, and describe it. Quantities
of interest are, among possible others,

• the Lyapunov exponents, which are obtained as the eigenvalues of the Jacobian matrix and
will be functions of u and “

• the total energy
#
1≠ cos(u1)

$
+ 1

2u
2
2

• the individual terms of (4.16), ≠ sin(u1), µ sin(Êu3), and ≠2“u2, together with their sum u̇2.
A typical orbit along which to integrate the quantities would be either a single cycle of the forcing,
e.g., in the chaotic regime, or a full period, in the periodic regime. In all cases first spinup the state
to get rid of the transients, except if the interest is on the transients.

Descriptors can be statistical quantities – mean, variance,. . . , median, range,. . . , covariances. . .
– as well as graphs of the individual quantities. For the Lyapunov exponents make sure that you
treat the respective lower (negative) and higher (possibly positive) ones separately.

4.4 Spectrum of Forced Pendulum
In analogy to Exercise 3.4

4.5 Kinetic Energy and Heat Flow in L63 System
Consider Rayleigh-Bénard convection in the approximation of the L63 system described by the
stream function Â(x, z, t) and the temperature fluctuation T Õ(x, z, t) given by (4.41) with base
functions (4.40). Recall that primed quantities are fluctuations, not derivatives.

Calculate (i) the kinetic energy in the system and (ii) the heat flux across the upper or lower
boundary, both as functions of time. As a non-essential simplification choose a = 1.

4.6 Lorenz Map
The Lorenz map is shown in Figure 4.36 for the u3-component of the L63 system. Obtain and
discuss it

1. for other components of the L63 system, u1 and u2, or functions of them, for instance r12 :=
(u2

1 + u2
2),

2. for u1 from the forced pendulum, considering both the chaotic regime, for which the map was
originally devised, and higher order periodic regimes.

4.7 Supertracks in L63 Attractor
The attracting set of the L63 system shown in Figure 4.42 shows signs of supertracks as they were
found in Section 3.2.4 for discrete systems. They appear to emerge near r = 32. Explore this
situation starting out from drawing the Lorenz map for r œ {30, 35, 40}.

4.8† Decomposition of State Space by Attracting Set of L63
For r < r1 ¥ 24.06, any initial state will eventually converge to one of the fixpoints u0, u+, or
u≠. Choose a two-dimensional section S of the state space, choose three colors, one for each of the
fixpoints, and mark the points u œ S by a small square in the color of the fixpoint that is approached
by the trajectory starting at u. As a start, you may choose S as (u1, u2) œ [≠a, a] ¢ [≠a, a] and
u3 = c Ø 0 with, say a = 30 and c = 0. Explore the situation for di�erent values of r, possibly also
Pr and b. Specifically look at Pr = 10, b = 8

3 , and
1. r < 1, probably no need to do the plot ,,
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2. 1 < r < r0 ¥ 13.926
3. r0 < r < r1 ¥ 24.06
4. r1 < r < r2 ¥ 24.74

and discuss the results.
Hints: (i) The resulting graphics looks nice if you cover S by a bitmap and fill each of its pixels

with the corresponding color. (ii) For case 2, the convergence time diverges as r æ r1. Hence, set
an upper limit – if it is reached, mark the pixel as white – and choose r su�ciently small. (iii) For
case 3, also the strange attractor is stable. Again mark the pixels that do not converge in a preset
time as white. (iv) Exercises 4.8 and 4.9 can be solved by essentially the same code. (v) This
exercise consumes a lot of computational resources. First run it with a very small spatial resolution
until you are sure that the code does what is supposed to. Only then increase the spatial resolution,
have the computer crunch away, and enjoy yourself with something else.

4.9† Transit Times to Attracting Set of L63
In analogy to Exercise 4.8 plot a map for the transit time · to the attractor, using either · itself
or log(·). Specifically, choose the maximum time of interest, ·max and assign a color according to
·/·max to the corresponding pixel in the bitmap.

Hint: (i) A key parameter is the distance Á = Îu(t)≠ uÎ2, where Î ù Î2 is the L2-norm and u is
the attracting set, in the simplest case just {u0,u±}. Convergence is defined by Á Æ Á0. Choose
the Á0 appropriately. (ii) A particular challenge is the approach to the strange attractor. Neglect
this here by just choosing a fitting value for ·max. Exercise 4.10 asks for your further consideration
of the issue.

4.10 Transit Times to Periodic and Strange Attractors
Determining the attractor reached eventually from some state u or even calculating the transit time
becomes challenging if the attracting set u contains periodic or even strange attractors. Discuss the
issues involved and devise a conceptual algorithm. (No need to actually implement it.)

Hint: Should you nevertheless attempt an implementation, consider using hierarchical trees, for
instance, for the L63 system, an octree.

4.11 Deterministic Time Horizon
Explore by numerical simulation and discuss the deterministic time horizon of the L63 system.

1. Look at trajectories that start near one of the fixpoints u±, for instance u+ + (0, 0, Á. The
case with Á = 0.1 is shown in Figure 4.40 on page150. Choose a few values for Á, say
{1, 0.1, 0.01, 0.001}, and estimate the resulting time horizon. Can you estimate it without
simulation?

2. Explore the sensitive region of the L63 system, the 3-axis in an interval around r ≠ 1, by
initializing one point right on the axis (can calculate its development analytically) and the
other one a distance Á away (i) on the local stable and (ii) unstable manifold.
Help: Eigenvectors on the 3-axis that lie in the 12-plane at u3 are

e± =
11≠ Pr±


Pr[Pr + 4r ≠ 4u3 ≠ 2] + 1

2(r ≠ u3)
, 1, 0

2
.

The corresponding manifolds thus are (0, 0, u3) + ⁄e±, with ⁄ œ R.

4.12 Distance Map for Regime of Transient Chaos of L63

4.13 Spectrum of L63
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4.14 General Shape of L63 System
Reflecting on the underlying physical system, explain the general behavior of the L63 system, from
afar and nearby, and in particular explain the shape of the strange attractor shown in Figure
4.39.

4.15 Stability of L63 System
Figure 4.28 is for b = 8

3 . Discuss, based on physical insight into the underlying system, and without
actually running the simulations, how it changes with dissipation parameter b.

4.16 Repelling by Fixpoints with Strange L63 Attractor
Employing the classical parameter set, start a trajectory near to one of the fixpoints u± given by
(4.44) and study the resulting unstable orbit until the state is expelled into the basin of the other
fixpoint. Specifically:

1. Calculate, plot, and discuss the development of the radial distance Îu(·)≠ u±Î2 and of the
absolute velocity Îu̇(·)Î2, where Î ù Î2 is the L2-norm ÎuÎ2 :=

#q
i
u2

i

$ 1
2 .

2. To be more accurate, decompose the velocity into its radial and angular components and
discuss them separately.

3. Reflect your findings on the linear stability analysis, estimating required numbers from Figure
4.28.

What happens if the trajectory starts right at the fixpoint? Comment: Notice how we talk and
calculate as if we were looking at the orbital motion of a body in some strange force field, while in
reality we are looking at the development of a dynamical system’s state in parameter space.

4.17 Trajectories in L63 System
In the L63 system (4.42), explore (i) the range of characteristically di�erent trajectories that can
occur and (ii) the transitions between the regimes, in particular Hopf and homoclinic bifurcations.
Refer to Figure 4.28 for the identification of the di�erent regimes and for choosing appropriate
parameters for the numerical simulation.
Hint: The b-plane with b = 8

3 is a good starting point. It does not harbor homoclinic bifurcations,
though. Reduce b to encounter them and recall Exercise 4.15 to divine at least the direction of a
good region in parameter space.

4.18 Patterns in L63 System
Employ the distance function (4.19) to explore – calculate, plot, and discuss – patterns in the
development of the L63 system (4.42). An example for the chaotic regime with the classical
parameters is shown in Figure 4.41.

4.19 Stability of L63 System
Figure 4.28 is for b = 8

3 . Discuss, based on physical insight into the underlying system and without
actually running the simulations, how the figure changes with dissipation parameter b.

4.20 Robustness of Strange L63 Attractor
Trajectories on the strange L63 attractor depend sensitively on initial conditions and on computa-
tional precision. How robust is the attractor itself with respect to changes of the system parameters?
Explore through numerical simulations using Figure 4.28 and (4.48) as guides.
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