
Part III

Complexity

Sucht nicht nach den Spuren der Alten,
sucht nach dem, was die Alten suchten.

[Basho, 1644-1694]





5
Fundamentals

The previous chapters demonstrated how a few nonlinearly interacting elements can lead
to deterministic chaos that is characterized by a strange attractor. On the one hand, this
introduces a finite time horizon beyond which states can no longer be predicted precisely.
On the other hand, however, it limits the dynamics to a subspace in which structure and
statistics of trajectories are robust, hence predictable.

Here, we consider systems that (i) are composed of a very large number of weakly and
nonlinearly interacting elements, which are not too di�erent from each other – grains of sand,
bacteria, cells, trees, human beings – and that (ii) are kept out of static equilibrium by some
weak external forcing. Such systems tend to self-organize into quite robust configurations
that are resilient against external disturbances, into what we again recognize as attractors.
Dimensions now are much higher than with the chaotic systems studied before. This is the
field of complex systems: very large ensembles of self-organizing elements.

The large ensemble size allows for a new quality in such systems: they can exhibit di�erent
structures and corresponding dynamics on di�erent scales, properties that naturally carry
over also to the respective attractors. A common situation is that the attractor is chaotic
at small scales and turns into a regular fixpoint at the largest scales. As an example – we
look at it in more detail below – think of a large sand dune. Downwind of its crest, it has a
constant slope, the slip face, which corresponds to the attractor’s large-scale fixpoint, while
at much smaller scales, local slopes vary in space and fluctuate in time as a result of the
wide spectrum of occasional avalanches that form this system. Such so-called critical slopes
are indeed one type of large-scale fixpoints. The other one are patterns.

Similar to deterministic chaos that opened a qualitatively new sphere for low-dimensional
dynamical systems by breaking the link between local and global determinism, complexity
represents the next sphere and ascertains, to quote Anderson [1972], that “more is di�erent”.
The study of complex systems is an even newer field than that of chaos but has already
brought a number of fruitful insights and concepts including fractal geometry [Mandelbrot
1967, 1977; Shenker 1994], power-law distributions [Newman 2005; Clauset et al. 2009;
Stumpf and Porter 2012], and self-organized criticality [Bak et al. 1987; Turcotte and
Malamud 2004; MarkoviÊ and Gros 2014]. As is typical for such new ideas, they are initially
severely hyped [Bak 1996] and then equally severely bashed [Watkins et al. 2016]. This
appears to be a necessary step before ideas get cleansed by unraveling the still more intricate
reality, and science becomes ready to take the next qualitative step forward. We will strive
for the even-handed assessment that is the privilege of the latecomers.

Complex systems are recognized in several disciplines that include pure and computational
mathematics with systems theory and artificial intelligence, various branches of physics
and chemistry, systems biology and ecology, physical and social geography, various lines of
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engineering and technology, and the wide field of economic, social, and cultural sciences.
Naturally, they all have di�erent foci – some operating in continuous physical space, others
in more abstract spaces including discrete grids and networks, some with strong foundational
perspectives others with the need to somehow solve practical problems – and they all come
with their specific limitations of scope and disciplinary preferences. Correspondingly, the
understanding of what constitutes complexity di�er quite significantly between disciplines.
We forego the more philosophical e�ort of proposing a unified and sharp definition, which
lies in some indeterminate future anyway. The flavor of such attempts may be gathered for
instance from Butterfield [2011a,b] or Humphreys [2015].

In the following, we gain inspiration from landscapes as the first step towards a pragmatic
characterization of complex systems that is useful for our environment. Then we look into
fractals and power-law distributions as handy mathematical constructs and gain some insight
from renormalization, a powerful method for studying self-similar equilibrium systems.
Finally, we attempt the characterization.

5.1
Phenomenology of Landscapes
Landscapes are readily observed complex systems and easy to grasp since this is a key
function of our perceptive machinery. Furthermore, landscapes exhibit the relevant features
that are also found in other, less directly observable systems. Our physical environment
indeed abounds with a wide variety of forms that occur in all compartments and aspects,
and on a wide range of scales [e.g., Ball 1999]. Despite their diversity in detail, they appear
to fall into a small number of classes. For landscapes, two classes of forms stand out: slopes
and patterns. Slopes extend over long distances with practically constant angles and are
a prime instance of scale-free structures (Figures 5.1–5.6). In contrast, patterns consist of
similar-sized structure elements, which introduce an inherent scale. To be recognized as
patterns, such structures must be repeated over long distances (Figures 5.10–5.16).

Reflecting the very existence of slopes and patterns, the most astonishing fact is that we
are able to identify such forms at all. After all, they result from quite complicated interac-
tions of huge numbers of individual elements at comparatively small scales, interactions that
are not orchestrated by any superior being or process. There indeed is nothing particular
about landscapes with respect to this situation and the same is encountered also in other
parts of our wider environment, as well as in our interior for that matter.

The observation that non-trivial macroscopic structures naturally arise from rather simple
microscopic situations led to the notion of complex systems with self-organization and
emergence as their hallmarks. In this chapter, we explore some key concepts, postponing a
more detailed study of important classes of systems to later chapters.

5.1.1
Scale-Free Structures

With a focus on landscapes, the fundamental scale-free structure is a uniform plane with
a constant sloping angle. Generating processes include tilting due to di�erential tectonic
motions and ruptures during earthquakes. Here, we focus on a di�erent class of processes,
however, on the self-organization of granular materials that is driven by weak external flows.
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We will find a diversity of such processes that all lead to slopes with well-defined angles of
inclination. These angles are di�erent between processes but similar within.

Heaps of Sand Let a thin dribble of dry sand grow a heap. As grains of sand are added,
the local angle of inclination, “, increases until it eventually exceeds some threshold “m,
whereupon an avalanche starts. It relaxes the local configuration, returning the local angle
to the threshold “i < “m, while bringing the downstream locations nearer to “m. The
avalanche will only stop after its entire mass has been consumed for bringing the slope in
its track to “i. The continuously trickling sand will thus maintain the entire heap at an
approximately constant slope “i Æ “ Æ “m.

Actually, the situation is more complicated in that the local angle is a macroscopic
quantity that represents the mean slope of the microscopic configuration of grains. Hence,
there are many di�erent configurations with the same value of “. Adding a single grain
then transforms one microscopic configuration into an other one, which in most cases will
also be stable. Hence the grain just sticks and nothing happens macroscopically. Only in
some rare cases is the new configuration unstable and the grain topples, possibly activating
other grains that are near the limit of stability, which eventually may lead to a macroscopic
avalanche. With this we anticipate that, depending on the microscopic configuration of
the heap of sand, the macroscopic response to adding a single grain may be anything from
nothing at all to avalanches that encompass the entire heap.

Experiments confirm the above concept and further show that, as long as the dribble of
matter is maintained, the angle of inclination is the same for a wide range of flow rates. It
is called the angle of repose. The experiments, further show that this angle depends only
weakly on the grain size or on their material composition.

Generalization A thin dribble of granular matter brings a corresponding heap from an
arbitrary initial state to a specific macroscopic state and maintains it there. This state
marks the macroscopic transition between a mobile phase – part of the heap is in motion
– and an immobile phase. We thus call it a critical state. It is described by the angle of
repose. This is an instance of an emergent property that appears at the macroscopic scale
without having an analogon at the microscopic scale.

The critical state depends only weakly on microscopic details or on the external forcing.
Hence, it establishes itself without external fine-tuning. Actually, it does not admit fine-
tuning as the angle of repose cannot be changed except by massive intervention. We call such
a state self-organized critical (SOC). Notice that this definition of a critical state is weaker
than the one used for thermodynamic equilibrium systems that require fluctuations – our
avalanches – to follow a power-law distribution. This may or may not be the case for SOC in
the wider sense as it is required to deal with environmental systems. We already notice that
such a wide-sense definition of criticality is indeed redundant with “self-organized”.

Real Heap of Sand Except for dry and windy environments, real heaps of sand are more
complicated with parts of the surface much steeper than the critical slope (Figure 5.1). This
is caused by cohesive forces between the grains. They result from interfacial tension in wet
sand, chemical dissolution and precipitation, or biological colonization.

Sand Dunes An arid climate and an ample supply of fine-grained material are the pre-
requisites for the formation of sand dunes (Figure 5.2). Actually we should call them dune
systems. Sand typically cycles through such a system with winds picking it up in the source
region (Figure 5.3), transporting it towards the dune and depositing it there, and some other
process returning the sand back to the source region (Figure 5.4). Depending on the local
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Figure 5.1.
Heap of sand with critical slopes
developing in dry regions while cli�s
and large blocks indicate moist regions.
Moisture fixes the arrangement of grains
by the water’s interfacial tension. The
height of the imaged domain is some
0.4 m.

Figure 5.2. Sand dunes at Mesquite Flat, Death Valley, CA, USA, during a deposition event.
Notice the slope’s constant angle of inclination. The height of the largest dune is some 30 m. The
Grapevine Mountains in the background appear hazy because of the large amount of fine sand in
the air.

setting, the details of such a cycle di�er [Bagnold 1954] as do the resulting shapes of the
dunes [e.g., Andreotti et al. 2009].

A simple setting for dunes is a plane with a dominant wind direction. While some sand
is transported through such a system, a large fraction cycles within the dunes that travel
in the direction of the wind. The dominant source region thereby is the upwind slope of
the dune. The sand is deposited beyond the dune’s rim where it leads to a dribble of dry
sand that forms a critical slope. The deposited sand is overrun by subsequent deposits and
eventually ends up at the dune’s upwind end, where it is picked up again. This is how dunes
travel. Depending on the mean velocity and the amount of available sand, this process leads
to Barchan or to transverse dunes, in conjunction with vegetation also to parabolic dunes
[Durán et al. 2010].
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Figure 5.3. Traveling vortex in a sandstorm over Panamint Valley Playa, CA, USA. After
several rainstorms had passed the region in late winter, the lower parts of the playa were covered by
a few centimeters of sediment-laden water (right side). This illustrates in passing the main process
that maintains playas as the flattest elements of terrestrial systems. The playa is the source region
of the Panamint Dunes (Figure 5.4) some 15 km further up the valley.

A more complicated situation is encountered in mountainous regions where dune systems
form in valley basins that contain an ample source of sand and that are closed by some
mountain range. Sources of sand are often dry lakes and associated alluvial fans where
the wind erodes and transports the sediment (Figure 5.3). With the air rising to cross the
mountains its carrying capacity for sand drops and dunes grow. The return paths are either
by the reverse air flow – where the incoming air does not carry any sand since there is no
source – or by ephemeral, sometimes even permanent rivers that link back to the dry lake
(Figure 5.4).

We notice that while the shape of dunes results from a rather complicated interplay of
di�erent processes, the emergence of slopes in a critical state, so-called slip-faces, is a key
and universal element.

Alluvial Fans Another prominent class of landforms are fan-like structures formed by
flowing water, so-called alluvial fans. They originate at the outlet of steep gorges, open into
a wide plane, and often extend over several kilometers (Figures 5.4–5.5). Such fans are a
dominating element in mountainous arid regions and are much more prevalent than sand
dunes. They are again characterized by a practically constant slope. It is much smaller
than what is found for slip-faces of sand dunes, and the surface is much rougher, typically
modulated by a superposed network of ephemeral braided rivers. The latter hints at the
origin of these landscape elements.

Even hyperarid regions like Death Valley occasionally experience rainfall events. These
typically come with large storm systems as only they are able to penetrate into arid regions.
The associated rainfall then is rather localized, just a few kilometers wide, but intense. The
dry and often rocky surface can absorb only a small fraction of the water and causes strong
runo�. In mountainous regions, this flow is channeled into narrow canyons, where water
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Figure 5.4. Dune system (upper left), several alluvial fans, and North Panamint Valley Fault
Zone (starting near lower right corner) in Panamint Valley, CA, USA. The dunes reside on a large
alluvial fan some 7 km from the end of the Panamint Playa, the whitish plain entering from the left.
The dunes are fed by sand picked up from the playa and its surrounding alluvial fans (Figure 5.3),
and released as the air rises to cross the mountains that are some 1’700 m higher than the playa.
Sand is returned to the source region whenever the alluvial fan becomes active.
The dynamics of alluvial fans is revealed by the rupture from a major earthquake. It dislocated
a number of alluvial fans the lower parts of which now remain as paleo-fans. They will be eroded
away eventually by the flash floods that maintain the fans, a manifestation of the system’s self-
organization.

levels easily reach to ten meters above the floor and come with an enormous erosion power.
Such floods indeed form a shock front because the mean friction decreases as the water
level increases. At the outlet of the canyon, the accessible cross-sectional area increases
very rapidly. Hence, the depth of the flow drops correspondingly and with it the carrying
capacity for the eroded material. Through the resulting sedimentation the flow then rapidly
blocks its own path and overflows, just to continue blocking the new routes. In this way,
a fan-like flow of a mixture of water and sediment is created that levels out the surface by
di�erential flow and sedimentation. Such events are called flash-floods as they can occur in
a matter of minutes.

Incidentally, alluvial fans are sedimentary structures that grow with each event and would
eventually come to a halt when they bury the canyon that feeds them. They continue to
be active if tectonic motion maintains the height di�erence between the catchment in the
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Figure 5.5. Alluvial fans north of the Tucki Mountains, Death Valley, CA, USA. They end
at Mesquite Flat, a dry lake at the valley bottom that belongs to the source region for the dunes
shown in Figure 5.2.

mountain range and the valley floor. At Death Valley, for instance, the valley floor continues
to sink.
Mountain Slopes A common feature of mountainous landscapes are extended slopes, all
with the approximately same angle of inclination (Figure 5.6). The engine behind such slopes
is the flow of matter, which enters the mountain chain through tectonic rise, gets eroded
and transported downhill, and eventually leaves the region as sediment transported by the
rivers. For instance, Godard et al. [2014] report for the Himalayas fluxes of 0.5. . . 3 mm y≠1

for denudation – the average loss of material by erosion and landslides – and somewhat
higher rates for tectonic rise, the latter testifying that the range is still on a net rise.

Focussing on the processes that transfer the rock mass from the mountain to the river we
deduce from the coexisting smooth slopes on the one hand and the steep and rugged parts
on the other, that two completely di�erent processes are at work [Schmidt and Montgomery
1995]: (i) the weathering and mechanical failure of large rock masses and cli�s and (ii) the
erosion of the resulting unconsolidated rock material, the so-called regolith, the rate of which
depends on the slope’s steepness and on the climate. As mentioned above, these processes
are forced by the rates of tectonic lift on the one hand and by the rate of river incision on
the other, the joint action of which increases the mean slope.
Rockslides The steepest slopes exist in solid rocks and in consolidated material. Rock
mechanics ascertains that the maximum height hc of a uniform mass of rock is reached
when the shear stress at a virtual failure face equals the shear strength at that same face.
From this, Densmore et al. [1998] obtained for the critical height (Figure 5.7)

hc = 4C
flrg

Ë sin(Ï) cos(Ïc)
1≠ cos(Ï≠ Ïc)

È
, (5.1)

where C [kg m≠1s≠2] is the cohesion parameter, flr is the rock’s mass density, and Ïc is
the material’s friction angle. The latter is the angle of inclination of the material’s shear
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Figure 5.6. Slopes on mountain chain that continues to undergo tectonic uplift (upper) and
floodplain of Yarkant He, some 3’800 m asl, that removes the sediment from the region into the Tarim
Basin (lower). Both images Kunlun Mountains, Western Tibetan Plateau, Xinjiang Autonomous
Region, China.

resistance line in the shear stress-e�ective normal stress plane. It describes how the height
over which a rock wall is stable increases as its slope decreases from vertical. As expected,
hc æŒ as Ïæ Ïc since a subcritical slope is unconditionally stable.

Rockslides and -falls involve solid units that are very large and often comparable to the
size of the entire cli�. Hence, these are inherently stochastic processes for which continuum
formulations are of little value. This is exacerbated by the fact that rocks are hardly ever
uniform and it is of course the weakest face where they break, that is: the face where
the local shear strength is exceeded first. This explains the typically jagged appearance of
mountain cli�s and rock masses (Figure 5.8).
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Figure 5.7. Characteristics of rockslides and slope erosion. Left: Maximum stable height hc of a
consolidated material as function of inclination angle Ï, (5.1) with C = 6·104 kg m≠1s≠2, flrg = 2.7·
104 kg m≠2s≠2, Ïc = 40¶. The rock mass is stable for arbitrary heights if Ï Æ Ïc. Right: Relation
between inclination angle Ï and average erosion flux js as given by (5.2) with Ÿ = 0.6 mm y≠1

and Ïc = 40¶. The thin line represents the linear approximation for small angles. Unconsolidated
materials cannot sustain slopes with Ï Ø Ïc.

Figure 5.8.
Mountain cli� feeding rockslides in
part stabilized by vegetation. Casa
Grande Peak, Chisos Basin, Big
Bend NP, TX, USA.

Erosion A popular heuristic model for the erosion of regolith considers a non-directional
input of power, e.g., from rain drops, that adds a small random force to the directed force
from gravity. Roering et al. [1999] show that this leads to the average erosion flux (Figure
5.7)

js = ŸS

1≠ [S/Sc]2
, (5.2)

where S = tan(Ï) is the slope, whose critical value Sc equals the material’s friction coe�cient
µ, and Ÿ is a parameter that is proportional to the input power density and inversely
proportional to µ

2. The specific form of (5.2) depends on the underlying assumptions, in
particular on the isotropy of the power input and on the e�ective friction law. Its general
shape has been corroborated by observations, however [e.g., Montgomery and Brandon 2002].
It describes a linear relation between slope and erosion flux for low-energy environments,
i.e., for low relief and low precipitation. As the energy of the environment increases, the
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relation becomes strongly nonlinear with a singularity at Sc. This indicates the onset of
large avalanches, which are beyond the model’s validity, however. Apparently, Sc is akin to
the angle of repose introduced with the sand dunes above and it refers to the corresponding
critical state.

Notice as an aside that (5.2) does not prescribe a particular sequence of actions but merely
a dynamic equilibrium. For instance, the slope may be changed externally, by a change of
the river’s erosive power, by tectonic movements, or by a changing input of matter from the
upslope end. In analogy, the erosion flux may change with climatic change, precipitation or
temperature, with vegetation, or with landuse.

The Larger Picture The characteristics of rockslides and erosion shown in Figure 5.7 help
to explain the critical states attained in the two complementary regimes, provided that the
systems are forced su�ciently. This is the so-called threshold hillslope paradigm [Larsen
and Montgomery 2012]. The required forcing for instance comes from di�erential tectonic
movements or from incising rivers and it provides the energy required for the system’s
self-organization. Particularly near critical states, the situation is more complicated than
this, however, as the system’s state also couples back to the forcing. For instance, as the
input of matter into a river increases so does its erosive power as there is more abrasive
material. This is only true up to some point when the sediment load starts to decrease the
flow velocity. An extreme case occurs with large avalanches, which may completely block
the river and actually lead to a new sedimentation base. Such events indeed lead to the
self-organization of much larger landscape units and must be taken into account in order to
understand mountain ranges [Egholm et al. 2013].

Rivers and Floodplains There is a global imbalance between precipitation and evapo-
ration over Earth’s land surface. Of course, else there would be no rivers. On global
average, some 36 · 1012 m3y≠1 of water is transferred to the ocean and with it an estimated
20 ·1012 kg y≠1 of sediment [Milliman and Farnsworth 2013]. This sediment path leads from
erosion, the sediment’s source, to the final sedimentation in the ocean. From here tectonic
processes take it back to the source, thereby closing the rock cycle.

Rivers and their floodplains as illustrated in Figures 5.6b and 5.9 are not simply conveyor
belts for water and sediment. They rather develop as complicated, highly dynamic, and
self-organizing systems that are driven by the balance between sedimentation and erosion
with some strong modifiers like vegetation [Lewin 1978; Nanson and Croke 1992].

Appearance and function of rivers together with their floodplains are governed by a
number of factors, which may by classified into groups: (i) The first group is the large-
scale embedding into the environment, which comprises three aspects, the landscape’s
morphology, its geological composition, and the climate. The morphology, specifically
width and shape of the containing valley and the slope along the mean flow direction,
determines the general course of the river and sets the limits for its floodplain. The geological
composition strongly a�ects the quantity and quality of the transported sediment and, as
seen above, tectonic motion is a major long-term driver of erosion. Finally, climate and
weather, in particular the intensity of the hydrologic cycle and the temperature regime,
are the major intermediate- and short-time drivers. (ii) The second group is the river’s
power dissipation, which determines the power density available for the flow of the water,
the transport of the sediment, and the erosion of the river channel. This of course depends
strongly on the local morphology – mean slope, architecture and roughness of flow domain
– and is controlled by the flow. (iii) The third group encompasses the stability of the
deposited sediment. For the local interaction with the river channel, stability depends on
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Figure 5.9. Yarlung Tsangpo and its floodplain south of Lhasa, Xizang Autonomous Region,
China, some 3’590 m asl. Notice the flooding in the foreground, the sand bars in the river channel
with their erosion faces, and the stabilizing vegetation.

the size-distribution of the material and on modifications by vegetation and soil that develop
on the floodplain. From the larger system’s perspective, the architectural organization
of the sediment into layers and lenses becomes important as does the ratio between the
cross-sectional areas of river channel and sediment, and finally the sediment’s hydraulic
properties, which are key in the separation of the total water flow between surface and
surface conduits.

The above assortment of factors, in particular their separation between externally pre-
scribed and internal property, illustrates the challenges with such systems, since what is
external and what is internal depends on the time scale of interest. For the process-based
representation of the flowing water and its sediment load, the time scale ranges from fractions
of a second, for the turbulent flow, to at most a few days, for the time required for the flow
to traverse the domain of interest. On this time scale, the river channel is essentially stable
and the larger floodplain has no active role. For the landscape’s geomorphologic dynamics –
the development of sand bars, the shifting river channels, the succession of vegetation – the
time scale ranges from a few days to many centuries. Phenomena that determine this range
include floods at the short end and the formation of terraces or shortcuts of meandering
loops at the long end. There of course are still longer time scales when we move to entire
river systems and mountain ranges. These three highlighted regimes are not separable from
each other but actually form a continuum with smooth transitions.

In the context of complex systems, the most interesting regime is that of the geomorpho-
logic dynamics of floodplains and rivers. This still encompasses a wide range of manifesta-
tions, which is apparent from attempts of a genetic classification [Nanson and Croke 1992;
Bu�ngton and Montgomery 2013], i.e., one that is based on origin and operation. In the
following, we look at just two instances, those shown in Figures 5.6b and 5.9, and we do this
from a highly abstracted perspective.

As described above, floodplains balance sedimentation and erosion, on su�ciently long
time scales essentially by adjusting their slopes. Their small slopes indicate that the
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resistance to transport is much smaller than for dry mountain slopes (Figure 5.6b) and still
smaller than for alluvial fans (Figures 5.4–5.5), which are also shaped by water-sediment
flows. Alluvial fans operate at much higher sediment densities, however. In analogy to those
other slopes, we expect floodplains to be self-organizing, i.e., adjusting their architecture to
sustain the externally determined flow of water and sediment.

An interesting issue is if floodplains are really SOC systems and exhibit a wide range of
scales. Short of a definite answer, we look at some aspects: (i) Floodplains that consist
of unconsolidated and fine material (Figure 5.6b) can accommodate a very wide range of
flows without the need to appreciably adjust their mean slope. (ii) For environments whose
sediment consists of gravel and rocks, or whose fine material is consolidated by vegetation
and soil formation (Figure 5.5) local slopes may change significantly and only on very long
time scales will a constant mean value get established. (iii) We will find later, in Section 6.2,
that SOC systems may be characterized as slowly-driven interaction-dominated threshold
systems, epitomized by the grains of sand added individually to a heap. For a floodplain,
the situation is more involved because the units of forcing have a very wide distribution of
sizes. This is true for the occasional floods as well as for the erosion events all the way to
landslides. As we have found above, some of the forcing processes may actually be SOC
themselves. (iv) Almost invariably, flood plains are narrow and elongated entities, hence
boundaries play an important role.

5.1.2
Patterns

Repetitive elements with some regularity in their arrangement are perceived as patterns.
Typically, the repeated elements and their mode of repetition both exhibit some degree of
randomness, certainly in environmental systems. Still, the size of the elements sets a scale
for the pattern, which sets them apart from the scale-free structures studied above.

In the following, we look into three classes of patterns that are commonly observed in our
environment: (i) ripples, that result from the reorganization of the surface of some granular
water by some fluid, here of sand by flowing air, (ii) cracks, that stem from the mechanical
decomposition of some solid matter, and (iii) vegetation, that gets added as a qualitatively
new component to some inorganic environment.
Sand Ripples Intricate but locally quite regular wave-like patterns are encountered in
many situations, from surface waves on water bodies to subaqueous and aeolian sand ripples.
While their phenomenologies appear similar, the underlying processes are very di�erent. For
instance, in water waves, the water is transferred within its own phase whereas sand ripples
form by the transfer of sand in the adjacent fluid phase. In the following, we only look at the
phenomenon most pertinent to land surfaces, which are aeolian sand ripples (Figure 5.10).

Production of Reptons and Saltons Wind blowing from a predominant direction across
a dry sand surface transports grains of sand by small hops, with heights of a few grain
diameters, provided the wind’s velocity exceeds some minimal value. This transport is
called reptation and the moving grains are reptons. With increasing wind velocity, the
flow becomes more turbulent and small bursts develop. These can lift grains of sand into
the lowermost part of the Prandtl layer where they are accelerated in the direction of the
wind, thereby decelerating the wind, until gravitation brings them back to the surface. This
process is called saltation, the particles are saltons, and it is associated with much higher
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Figure 5.10.
Ripples on sand dunes at Mesquite
Flat, Death Valley, CA, USA. Upper:
The mostly parallel ripples occasion-
ally bifurcate through dislocations.
The slightly wavy orientation results
from corresponding large-scale
structures of the dune. Lower:
The structure on the dune’s slip
face results from the joint action
of two very di�erent self-organizing
processes and contains elements of
both.

and longer hops than reptation. The trajectory of a salton is characteristically asymmetric
with a steep rise and a flat path back to the surface. The rise is steep because the initial
forward velocity is typically low, the particle is primarily lifted. As it is accelerated by the
wind, the trajectory becomes more flat. Eventually, the grain hits the surface again, may
get reflected back with a certain probability, hence remains a high-energy salton, and may
give rise to several low-energy reptons [Valance et al. 2015].
Formation of Ripples Experiments [Andreotti et al. 2006] and numerical simulations
[Durán et al. 2014] demonstrate that a flat surface of dry sand is unstable if the wind’s shear
velocity uú exceeds a critical value uúc . The shear velocity quantifies the momentum transfer
between the surface and the atmosphere. It is defined as uú := [|vÕxvÕz|]

1
2 = [|�R

xz|/fl]
1
2 , where

v
Õ
x and v

Õ
z are the fluctuations of the horizontal and vertical velocity, respectively, �R

xz is the
momentum flux, also referred to as Reynolds stress tensor, and fl is the fluid’s density.

It is found that the wavelength of the most unstable mode depends approximately linearly
on uú≠uúc and corresponds to the mean flight distance of a salton. Due to their trajectories’
asymmetry, saltons predominantly hit the rising slope in wind direction. This is also the
domain with a high shear velocity, compared to the declining slope that is in the lee, such
that the emitted reptons are transported towards the crest where they sediment. Hence, the
crests grow, and propagate with velocity vr, while the troughs get eroded. The amplitude
of the ripples is limited by the appearance of slip faces once the critical angle of repose is
exceeded. Hence, the ripple pattern saturates, actually in a rather short time, within a few
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minutes [Andreotti et al. 2006]. On much longer time scales, the patterns coarsen because
ripples with di�erent heights travel at di�erent velocities with smaller ripples catching up
and merging with larger ones.

Interacting Processes An interesting situation arises when ripples start to form on the
slip face of a large sand dune (Figure 5.10). By its nature, a slip face is flat, hence unstable
against a parallel wind. As ripples start to form, however, they exceed the critical angle
of repose and avalanches remove them. The interaction of the two self-organizing processes
leads to patterns that are quite a bit more complicated than the respective pure ones.

Crack Networks Solid matter in our environment often consists of consolidated granules.
It is thus brittle. Examples include minerals conglomerated into rocks, ice crystals into
glaciers, and minerals together with organomineral complexes into soils. The granules
and the “glue” between them both can shrink and swell, and they can both sustain some
tensile and shear stress before they break. In general, the granules are sti�er and stronger
than the “glue”. External forcing like changing temperature and water content or added
material can lead to a volume change, typically of the granules, and to corresponding
stresses. As these exceed thresholds, typically for the “glue”, micro-cracks open that may
grow to macroscopic cracks and, eventually, to crack networks. Form and scale of such
networks depends on (i) the nature of the constituents and their interactions, (ii) their
initial microscopic distribution, (iii) possible structuring of the domain, and (iv) the nature
and structure of the forcing.

We look at situations with essentially uniform initial mass distribution, domain, and
forcing, and with “glue” that can break when tensile or shear stresses exceed some threshold.
This leads to crack networks that are typically polygonal (Figures 5.11–5.13). In the
following, with a focus on environmental systems, we consider soils but keep in mind that
the structurally same processes also occur in sediments and rocks. Incidentally, situations
that bear some similarity to brittle conglomerates also arise in completely di�erent con-
texts like large gatherings of people, traditional and electronic social networks, or cultural
systems.

Playas (Figure 5.11, upper frame) Clay minerals consist of sheets of hexagonal aluminum-
or magnesium-silicate lattices. They are weathering products that develop in wet environ-
ments. Some of these minerals, in particular smectites, can incorporate water reversibly
into their interlayer space, which leads to an increase of their volume. This is the basic
mechanism behind most of the shrinking and swelling in warm climates.

Soils invariably show some cohesion. At the smallest scales it results from electrostatic
and capillary forces as well as from cementing, most importantly by carbonates, CaCO3,
and iron oxides, Fe2O3. At intermediate scales the main agent is soil organic matter that
forms organomineral complexes, and at yet larger scales fungi and roots come into play.
These forces and the corresponding bridges have a certain range and reach.

A playa is a flat and dry lakebed. It is occasionally covered by a very shallow lake that
forms during a rainstorm, typically just some centimeters deep, and that evaporates again
shortly after its formation (Figure 5.3). Since playas only form in very dry environments,
their surroundings are not vegetated and any rainfall that produces surface runo� also leads
to an inflow of eroded fine sediments. This is distributed evenly within the ephemeral lake
and settles upon its evaporation. As a result, playas are horizontal and very smooth – one of
the Space Shuttle’s landing strips, Edwards AFB, was on a playa –, and they have a high salt
and clay content. The salt remains from the evaporating water, the clay is imported with the
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Figure 5.11.
Polygonal contraction cracks in
soils. Upper: Patterns in a hot
and dry desert, at the edge of
Racetrack Playa at 1’133 m asl in
Death Valley, CA, USA. Notice
the superstructure of the water
content that is manifest in the
darker patches. Lower: Permafrost
pattern on the Western Tibetan
Plateau at 5’060 m asl near Quan
Shui Gou, Xinjiang Autonomous
Region, China. The whitish material
is salt.
The polygons in both cases happen
to be of similar size, some 0.1 m.

sediment but also forms in place by dissolution and recrystallization, thereby incorporating
some of the alkaline salts.

As an initially moist soil dries out due to evaporation, its clay minerals contract, tensile
stress develops between them, and eventually leads to micro-cracks at the weakest locations.
This releases the stress perpendicular to the cracks, and concentrates it at the crack’s tips. As
the desiccation and the associated contraction progress, the cracks grow at their tips and in
addition they widen. During its growth a crack may encounter a particularly strong location,
hitting an aggregate for instance. Due to symmetry, this typically leads to a bifurcation into
two cracks that start to propagate with an angle of some 120¶ between them and also to
the original crack. With the cracks that originated at di�erent locations continuing to grow,
they encounter each other. Typically, one crack grows towards an already existing one at
some angle. As the existing crack is approached, however, the direction turns such that it
is met at an angle of about 90¶. The reason for this is that the stress-field near an existing
crack is parallel to it as its orthogonal component has been relaxed. Hence, the distribution
of angles in a network of desiccation cracks peaks at 90¶ and at 120¶.

The phenomenology of desiccation cracks including their development was observed in
lab experiments [Vogel et al. 2005b]. It can also be reproduced with a highly simplified
model that consists of an initially regular hexagonal arrangement of springs that can break
[Vogel et al. 2005a]. An instance of a large and quite regular natural network of desiccation
cracks is shown in the upper frame of Figure 5.11. It actually extends over several kilometers
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Figure 5.12. Main salt pan of the Badwater Basin from Dante’s View, Death Valley, CA, USA.
This basin has no outflow. Its base is some 10 km wide and with ≠85 m asl constitutes the deepest
point in North America. Details of the salt pan are shown in Figure 5.13

across the entire playa. The image further exhibits an interesting super-structure of light
and dark patches that result from marginally di�erent water contents. There also is a weak
gradient between the wetter part to the right – where a small drainage network appears
that in reality is just a few centimeters deep – and the drier part to the left which extends
into the playa. Apparently, the small polygons lead to a discretization of the water content
distribution and the corresponding clustering in the gradient.

Permafrost Soil (Figure 5.11, lower frame) Soils in wet permafrost regions often also
exhibit polygonal patterns. While the basic mechanisms for the formation of the network
are the same as for desiccation cracks, the cause of contraction is di�erent. During freezing,
there is a regular contraction of the soil material. In addition, a peculiarity of water
freezing in porous media comes in. In contrast to bulk water, which freezes at 0¶C, soil
water remains liquid to quite low temperatures, albeit only the part in ever smaller pores.
Correspondingly, as the soil freezes liquid water is increasingly transferred to the solid
phase with the remaining liquid fraction retreating to smaller pores, thereby increasing
the contracting capillary forces.

The lower frame of Figure 5.11 again exhibits super-structures. These are light and dark
polygons on the one hand. They are once more indicative of di�erent water contents, which
here are associated with a few centimeters height di�erence that is not perceptible in this
image, however. Then there are extended whitish zones of precipitated salt around the wet
patches. These zones result from a higher evaporation rate at the boundary.

Besides this type of patterned ground, several others are encountered in permafrost
regions. Some of them again come with polygonal structures but of much larger sizes up
to many meters. The super-structures in the lower frame of Figure 5.11 are a weak and
topographically limited instance.

Salt Crusts (Figures 5.12–5.13) The Racetrack playa considered above is situated in a
catchment that consists to a large part of sediments with a high hydraulic conductivity.
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Figure 5.13.
Polygonal compression cracks in salt
pan of Badwater Basin, Death Valley,
CA, USA. The primary peds have a
diameter of about 1 m (see foot tip
in lower image) and are outlined by
the teepees over the cracks. Upper:
Almost pure salt surface in December
2010, after an exceptionally wet year
with more than 4 times the average
precipitation. Lower: Same location
as upper frame but in August 2015
with a thin mud surface and clean
e�orescent salt in the expanding
cracks.

Hence, rainfall mostly infiltrates before runo� is generated and the playa’s hydrologic dy-
namics is weak. Furthermore, the groundwater table is so deep that capillary rise of water
is not a dominant process. Depressions in dry regions with a shallow water table or with
pronounced hydrologic dynamics, where less permeable sediments lead to strong runo�,
contain salt pans [Goudie and Wells 1995].

Salt pans typically consist of mostly halite (NaCl) and are quite dynamic, created and
maintained by a repetitive sequence of processes, which Lowenstein and Hardie [1985] called
the “saline pan cycle”. It starts from the pan’s normal state, a dry and hard surface, and
is excited to an active state by a flooding event that typically results from a heavy rainfall
or from snowmelt. The floodwater brings with it a load of fine sediments but is otherwise
freshwater. It forms a shallow lake at the lowest part of the depression, usually just some tens
of centimeters deep but in a typical setting covering a large area of several square kilometers.
Subsequently, the salinity of the lake water increases as it dissolves the topmost salt layers,
forming a brine. In parallel the lake clears with the sediments forming a thin mud layer at the
bottom, and the brine also infiltrates, recharging groundwater, which already is saline. All
the while, the brine also evaporates and its concentration increases, eventually to the point
where the salt begins to precipitate, layering above the previously deposited mud. Once the
surface water is gone, the desiccation phase starts. Water evaporates from the surface and
is recharged from the saline groundwater through capillary rise. This evaporation leads to
a further accumulation of precipitated salt at the surface, which eventually produces the
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bright white surface (Figure 5.12). Incidentally, this pure surface does not stay for long
because salt is highly hydrophilic. Hence, the surface is always a bit wet and retains dust
from the frequent storms, thereby gradually turning from white to brown.

Besides their bright surface, a main feature of salt pans is their patterned surfaces, which
come in a wide variety of forms [Goodall et al. 2000]. Here, we only consider one of them,
the formation of polygonal crack networks. The primary step is similar to the case of
the contraction cracks considered above, again driven by desiccation. Then, however, the
evaporating brine leads to an additional modification of the surface through the precipitated
salt, whose accumulation is proportional to the cumulative evaporation. The strongest
evaporation occurs at the edges of the cracks, as illustrated by the upper frame of Figure 5.13.
Two processes may be imagined as the cause: (i) Brine from deeper layers evaporates into
the cracks and thereby deposits its salt load, which forms a continuous cover. The water
vapor di�uses upwards and in part leaves to the atmosphere. Another part condenses on the
strongly hydrophilic salt cover, however, dissolves some of the salt, and flows upwards, driven
by the gradient in chemical potential that is minimal at the upper end where evaporation
is most e�ective because the water vapor is removed by convection, not just by di�usion
as in the cracks. (ii) While some of the water evaporates at greater depths, another part
remains in the liquid phase, but still flows upwards along the crack’s hydrophilic salt cover.
Both processes lead to the formation of the spongy e�orescent halite visible in Figure 5.13
[Lowenstein and Hardie 1985]. Upon closer scrutiny, the lower frame further reveals that
precipitation in the cracks, and in particular at their upper end, further compresses both
the soil peds and the salt plates at the surface. There are indeed already indications of how
the plates will be deformed by bending their brims upwards, which occurs in a later stage
of the development. Finally, we notice that some of the cracks are covered by a roof-like
formation. These so-called “teepees” indeed grow first, as two rims approach each other,
and only collapse later, then exposing the thinly open crack.

Vegetation Patterns The focus so far was on inanimate landscape elements to emphasize
that self-organization and emergent structures are a consequence of simple physical processes
with no need for planing and such. Of course, they also operate in the living world, actually
increasingly so as the number of interacting systems increases. In the following, we only
look at vegetation and we stay in arid, actually in hyperarid regions because the situation
here is su�ciently simple.

Vegetation in desert regions strongly competes for water, obviously. It does so almost
exclusively through its root system, which keeps all other plants away. At the same time its
above-ground parts, the shoots, provide shelter, for instance for seedlings, and they often
enhance the absorption of water from the atmosphere and the infiltration of the occasional
heavy rainfalls. The shoots are also the major loss path for water, however. Hyperarid
environments that can carry vegetation are invariably characterized by a high radiative flux.
This allows for rather small shoots to grow and support an extensive root system, hence a
large ratio between the areas of the collection- and the loss-structures. Since the transfer of
water in the plant requires energy, as does the transfer of nutrients in the opposite direction,
an approximately circular architecture of the root system with the shoots in the center is
optimal. This leads to a spotted vegetation with approximately constant separations of the
plants (Figure 5.14). The separation distance adjusts to the average local water flux, hence
is higher in zones of convergence like valleys and lower on ridges.

Spotted vegetation develops when water availability is minimal. As it increases, a range of
further patterns emerge, from patches, to bands and labyrinths, all the way to a continuous
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Figure 5.14.
Bushes with diameters of about 1 m
and associated soil patterns on the
slope of Ubehebe Crater, Death
Valley, CA, USA. The pattern is
initiated by the spotted vegetation
with the subsequent modification of
soil formation by plant debris.

Figure 5.15.
Bristlecone Pine tree in White
Mountains, CA, USA, some 3’500 m
asl. Part of the tree is dead with its
bundled tissue exposed. The winding
provides mechanical stability. The
intact bark and the needles belong
to the surviving part.

Figure 5.16.
Creosote bush in Mojave Desert,
CA, USA. It belongs to the region’s
spotted vegetation, grew into a
monoclonal circle with a diameter
of some 5 m, and is estimated to be
older than some 3’000 years. The
oldest one found in this region so far
is some 11’700 years old.
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Figure 5.17.
The fern is a prototype fractal object.
Its stem branches into leaves that in
turn consist of a stem branching into
leaves and on for a few more steps.
An abstraction of a fern is shown in
Figure 5.21 below.

cover. In parallel, there typically arises a diversification from the single-species systems in
marginal environments to richer ecosystems with grasses, bushes, and trees.

Plant growth is very slow in marginal regions, which thus host some of the oldest plants
on Earth. Examples include the Bristlecone Pines in the Californian White Mountains, with
some individuals older than 5’000 years, and the Creosote bushes in the Mojave Desert, some
with ages beyond 3’000 years, the oldest one actually some 11’700 years old as determined
from radiocarbon dating. Since the climate varies quite considerably on these time scales,
with massive impact particularly in marginal regions, and the plants obviously cannot
move, the long-lived ones all developed mechanisms to strongly modify their demands. The
Bristlecone Pine for instance has its tissue, xylem and phloem, segmented into bundles,
essentially separated complete plants from the roots to the needles, that are braided into
one and allows it to survive even if large parts, many of the bundles, died away (Figure 5.15).
The Creosote bush uses another strategy and separates into monoclonal segments that grow
into circular structures (Figure 5.16).

5.2
Fractals and Power Laws
Traditional geometry and calculus operate on objects and in spaces of integer dimension.
This becomes limiting quickly when describing for instance the scale-free or yet more com-
plicated landscapes encountered in Section 5.1.1. Such structures indeed arise in many
contexts including river networks, plants like ferns (Figure 5.17) or trees, trajectories of
di�using particles, or the stock exchange. All these are typically characterized by fractional
dimensions and corresponding power-law distributions. The latter indeed is the only scale-
free distribution, as we will find below.

In the following, we consider mathematical structures that lack a scale, so-called geometric
fractals. While still too simplified to represent landscapes as those considered above, they
do allow to focus on some of their more intriguing properties. They furthermore lead to a
natural generalization of our notion of dimensions.

Functions with fractal properties were introduced by Weierstraß, picked up by his student
Cantor [1883], and have been used in mathematics ever since, mainly as a vehicle to study
concepts of continuity and di�erentiability. A wider scientific audience realized the practical



5.2 Fractals and Power Laws 181

relevance of these quite abstract concepts and the omnipresence of fractal geometries in
nature when Mandelbrot [1967] asked and answered the seemingly innocent question “How
long is the coast of Britain?”. The then following decade brought a wealth of applications
and of strangely fascinating images that were so di�erent from the thus far straight-lined
geometry and so much nearer to our perception of nature that Mandelbrot [1977] could
popularize fractal geometry as the “geometry of nature” and also provided a language
anchor by coining the word fractal. Once the general idea took hold, a wealth of beautiful
applications emerged that represented reality in an unprecedented manner and changed our
understanding forever [e.g., Peitgen et al. 2004]. Reality proved to be still more intriguing,
however, and fractal geometry is now seen as a first step in the right direction.

The concept of fractals unfolded further during the past decades and there now is, besides
fractional geometry, also a fractional calculus that deals with operators like the fractional
derivative. While such a construct is hard to envisage in normal space, it is natural in
integral spaces like Fourier- or Laplace-space. There, the derivative of order n just leads to
a power of n, which then naturally can also be a real number.

5.2.1
Self-Similar Geometric Fractals

Iterating simple geometric operators can lead to astonishingly complicated objects with
properties that at first evade intuition. This indeed is the most simple constructive approach
to fractal objects. The construction of such an object, a so-called mono-fractal, is very similar
to the iterated functions we considered in Chapter 3. It starts from some initial shape on
which a geometric operator is then applied iteratively.

A geometric operator, the fractal’s generator, is defined through its transform of some
initial elementary shape with length scale ¸ into a similar one with length scale ¸

Õ. A
common choice thereby is ¸

Õ = ¸
k , k œ N. Typical elementary shapes are line, area, and

volume elements. The generator is then applied recursively to them, say n times, which
leads to a so-called pre-fractal of order n. While this is still a regular geometric object, it
becomes a fractal with næŒ.

As is typical for situations with some limit process, we may ask any questions about the
eventual fractal to the pre-fractal – where all our regular geometric understanding is valid –
and only in the answer do the transition næŒ. This is exactly the procedure also followed
when dealing with generalized functions like Dirac’s ”-function, which can be replaced for
instance by a Gaussian function in the limit of a vanishing width ‡ æ 0. All the traditional
analysis is then used on the Gaussian and only the final result is evaluated for ‡ æ 0.

In the following, we consider a few exemplary mono-fractals each created by a single
geometric constructor. With this, they are all naturally self-similar, hence the resulting
objects look the same at all scales, and the size-distributions of their shapes are described
by pure power-laws.

Koch Curve The generator of the Koch curve takes a straight line segment of length ¸,
decomposes it into three equal parts, rotates the middle part by fi

3 , and adds a new and
equal segment, rotated by ≠ 2fi

3 , to its end to close the path. The length of the new curve is
thus 4

3¸. Starting on a single line segment and recursively applying this operator to level n
creates the order n pre-fractal of the Koch curve (Figure 5.18).

Many alternatives of this basic operator have been used. For instance, starting on a set
of line segments that form a convex and closed path leads Koch snowflakes. They indeed
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Figure 5.18.
Initial stages of the Koch curve, i.e., its pre-fractals of orders n =
0, 1, 2, and 5, where n = 0 is the initial line segment. For n =
5, the area beneath the curve is filled to highlight part of a Koch
snowflake. By construction, the Koch curve, which is the limit næ
Œ, is continuous everywhere and di�erentiable nowhere.

resemble snowflakes if the initial path is symmetric with a small number of vertices and if
the enclosed area is filled. Another instance is to divide the line into k equal parts, rotate
by ±

2fi
k and add segments of 1

k length to complete the path.
Returning to the original construction, the fractal Koch curve is obtained with n æ Œ.

Apparently, since each level of recursion increases the length of the curve by the factor
4
3 , the length of the fractal is infinite for any initial length ¸ > 0. This is astonishing
because (i) the curve is retained in a finite area and (ii) by construction, the curve does
not intersect itself. Specifically to the first point, the area of the enclosing triangle is
¸
2
/[4
Ô

3] and the area beneath the curve is found as
Ô

3 ¸2/20. The second point gives
an interesting reflection on the Poincaré-Bendixon theorem, whose essential premise is that
a non-intersecting, continuous and di�erentiable trajectory in a bounded two-dimensional
domain has to approach either a fixpoint or a limit cycle. To highlight the requirement of
di�erentiability we interpret the Koch curve as a trajectory. It apparently is continuous,
does not intersect itself, and as næŒ its length diverges. Hence, a state developing on this
trajectory never reaches a fixpoint or a limit cycle as would be demanded by the Poincaré-
Bendixon theorem for a di�erentiable trajectory. Indeed, the Koch curve was explicitly
constructed as a continuous curve that was nowhere di�erentiable [von Koch 1906] that was
in addition more accessible than the abstract constructs of Weierstraß.
Sierpinski Carpet and Cantor Dust The generator of the Sierpinski carpet takes a square
with side length ¸, decomposes it into 9 equal squares with side length ¸/3, and removes the
center square (Figure 5.19, left). First consider the area fraction an of the squares removed
up to step n, the white area in the figure, and its limit for næŒ, to find

an =
nÿ

i=1

8i≠1

9i = 1≠
Ë8
9

Èn
, lim

næŒ
an = 1 , (5.3)

hence, all area is removed. Next, calculate the boundary length ¸n between the white and
the black phase, again for the pre-fractal of order n and for the final fractal, to obtain

¸n

¸0
= 4

nÿ

i=1

8i≠1

3i = 4
5

5Ë8
3

Èn
≠ 1

6
, lim

næŒ

¸n

¸0
=Œ . (5.4)

The relations for the area fraction and the interface length reveal the Sierpinski carpet as yet
another object with intuitively strange properties. The area fraction of its black part vanishes
– even though we realize with Figure 5.19 that already the smallest white parts of the order-6
pre-fractal are hardly perceptible and the black phase appears to dominate.

Similar to von Koch [1906] who constructed his curve as a demonstration for an object
that is continuous everywhere but di�erentiable nowhere, Sierpinski [1915] constructed his
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Figure 5.19. Pre-fractals of Sierpinski carpet (left), Cantor dust (middle), and some
intermediate unnamed shape (right). The middle shape is shown for order n = 5, the other two for
n = 6. Sixth order squares have side lengths ¸/36, here about 0.05 mm, and are hardly reproducible
by most printers (zoom into the electronic version). Notice that despite the di�erent appearance
of the pre-fractals, the area of the black phase vanishes for all of them as n æ Œ. The Sierpinski
carpet may be interpreted as a multi-branched curve where every point is a branching point.

fractal as a demonstration for a curve, the black set in Figure 5.19, that is a branch point
everywhere. While this property may not be immediately obvious from the construction,
we recognize that for an order n Sierpinski pre-fractal, the black phase can be drawn as a
multi-branched line with thickness ¸0/3n, where ¸0 is the square’s initial length. This would
be a real complicated line to actually draw, though, and the complementary construction
used above is much easier.

Like with the Koch curve, also the idea of the Sierpinski carpet can be applied to other
initial shapes, to other dimensions, and with a modified operator. Starting with a line and
removing its center part leads to Sierpinski dust, a triangle in analogy produces Sierpinski’s
triangle, which incidentally was the object Sierpinski [1915] constructed. An initial cube
yields the Menger sponge [Menger 1926a,b] and in analogy for a pyramid or some other
body. Removing the corner elements in addition to the center element leads to Cantor dust
(Figure 5.19, middle) and removing the upper two corner elements in addition to the central
one produces some intermediate shape (Figure 5.19, right). More complicated examples can
be generated easily by dividing the basic element into a larger number of parts.

Fractional Dimension The Koch curve may appear as a line-like object by construction
and similarly the boundary between the black and the white phase of the Sierpinski carpet
by definition. Still, both are fundamentally di�erent from a regular line because they pack
an infinite length into a finite area, the Koch curve even without intersections. We may thus
ask for the dimension of such objects, 1 for a line or 2 for an area?

To determine the dimension of an object, we consider the scaling of its size as it is
measured with ever smaller regular “rulers”, where “regular” refers to objects with integer
dimensions. As the ruler’s size we thereby use its linear extent, e.g., the side-length of a
hypercube.

Regular Object To develop the general idea, we consider a regular object with dimension d

embedded in a space with dimensionD Ø d and determine its size by counting the numberNÁ

of D-dimensional hypercubes with side-length Á that are required to cover it. Apparently,
for a regular object (Figure 5.20)

NÁ = VÁ

Ë1
Á

Èd
, (5.5)
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Figure 5.20.
Determining the dimension of two regular objects – line L and area A,
both embedded in two-dimensional space – by covering each of them with
tiles of linear extent Á. As Á decreases, the number of tiles required
increases approximately proportional to

# 1
Á

$d, where d is the object’s
dimension, here d = 1 and d = 2, respectively. This is the box-counting
method that produces the Minkowski-Bouligand dimension.

�
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where VÁ is the upper bound of the object’s volume as measured with resolution Á, with
limÁæ0 VÁ = V , where V is the true “volume” of the d-dimensional object, i.e., for 1, 2, and 3
dimensions its length, area, and volume, respectively. With this, we define the box-counting
dimension of a regular object as

d := lim
Áæ0

log(NÁ)
log
! 1
Á

" . (5.6)

It is sometimes also referred to as the Minkowski-Bouligand dimension, which results from
a minimal coverage of the object.

General Sets The box-counting dimension (5.6) can also be used for an arbitrary set S. It
indeed is the natural approach for situations where S is covered uniformly by some finite-size
elements. Examples include pixel images or numerical simulations on regular grids. More
general, it is useful for describing quantities that are characterized by some finite minimal
size or distance. These may result from the extent of building blocks, from thermal motion,
or from a finite resolution of measurements or simulations. Notice that with finite minimal
sizes, all sets are regular, i.e., their dimension is a natural number. It may still be helpful to
represent them as a mathematical fractal in order to obtain a parsimonious description over
a wide range of scales. In this case the limit in (5.6) is just a projection. This situation is
akin to using continua and real numbers in describing our eventually granular world.

There exist a number of further definitions for the dimension of a set S, which may or may
not yield the same numbers, depending on the properties of S as Áæ 0. Such di�erences are
invariably restricted to mathematical constructs, never to physical or numerical objects. An
illustrative example is the dimension of the set of rational numbers in the real interval [0, 1].
The workhorse for such situations is the Hausdor� dimension, which starts from (5.5) and
uses measures on S to determine the value of d at which NÁÁ

d transits between diverging
and vanishing as Á æ 0. For all situations that involve eventually finite sizes, the di�erent
definitions all yield the same number for the dimension.

A method closely related to box-counting is the use of “rulers” whose dimension is adapted
to the object to be measured and not to the embedding space. It is particularly convenient
for dealing with geometric fractals that are obtained as the limit of some prefractal and is
sometimes referred to as the yardstick method. It works directly with the constructor of
the prefractal, which by definition operates on regular geometric objects like line segments
or area elements. It still relies on the definition (5.6) but no longer needs to evaluate the
limit because the scaling between NÁ and Á is the same for each iteration step.
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Example: Dimension of Koch Curve Consider a Koch curve that develops from an initial line
segment of length 1. To cover its pre-fractal of order n, NÁ = 4n regular line elements of length
Á with 1

Á = 3n are required. Hence, the fractal’s dimension is

dKoch = lim
Áæ0

log(NÁ)
log
! 1

Á

" = log(4)
log(3) ¥ 1.262 (5.7)

and we recognize that the limit is actually not required.

Example: Dimension of Sierpinski Carpet Consider a unit square and construct the order n
Sierpinski pre-fractal from it. To cover the black phase, 8n squares of length Á with 1

Á = 3n are
required. Hence, the box-counting dimension of the Sierpinski carpet is

d = lim
Áæ0

log(NÁ)
log
! 1

Á

" = log(8)
log(3) ¥ 1.893 . (5.8)

Notice that the fractal is represented by the black phase in Figure 5.19 and that the thickness
of this phase, which is

# 1
3
$n in the order n pre-fractal, asymptotically approaches 0. Hence, the

notion that the fractal can be drawn as a line, albeit a complicated one. The dimension d is that
of this “line”.

For completeness, we also calculate the dimension of the carpet’s white phase. The easiest
way is to recognize that its area in the order n prefractal can be decomposed into squares with
side length Á = 3≠n. Using the area fraction an given by (5.3), NÁ can be calculated explicitly.
However, as we only need NÁ in the limit Á æ 0, in which case an æ 1, the approximation
NÁ ¥ 32n su�ces. Inserting into (5.6) then yields d = 2. Hence, the white phase has the
dimension of a regular area.

Of course, the yardstick method can also be used operationally, e.g., by measuring a line’s
length with sticks of length Á or areas with square tiles with side length Á. It then still
requires the limit in (5.6), however.

Figures 5.18–5.19 illustrate that the fractal dimensions d indeed reflect the “line-like-ness”
of the Koch curve and the “area-like-ness” of the Sierpinski carpet, hence describes smooth
transitions between regular dimensions.

Multifractals The mono-fractals studied so far are apparently spatially heterogeneous.
Indeed, the size distributions of their structure elements are found to follow a power-law.
However, there is just one fractal dimension throughout space. Nature is more complicated,
and so are structures that arise in the analysis of simulations like for instance the stroboscope
view of the forced pendulum shown in Figure 4.9 on page 115. This led to the introduction of
multifractals [Mandelbrot 1977; Stanley and Meakin 1988], where at each location in space,
the local fractal dimension is estimated and used to define a new field.

An intuitive approach to multifractal sets is the generalization of the box-counting method
proposed by Chhabra and Jensen [1989]. In the first step, the region of interest is decomposed
into a grid with grid constant ”. For each of the elements, the now local fractional dimension
is calculated employing (5.6) with Áπ ”. Denote the resulting dimension for grid element i
by –i to distinguish it from the global value d. The local dimension is also referred to
as the singularity strength. Segmenting the field – means marking every grid cell i, which
corresponds to location x in space, with –i œ [–,–+�–[. Finally, the fractal dimension f(–)
of the segmented domains is determined by box-counting on the grid for each of the intervals.
The function f is referred to as the multifractal spectrum or the singularity spectrum.
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Figure 5.21.
Barnsley fern generated with iterator (5.9)
[Barnsley 1988]. Akin to Poincaré maps and
stroboscope views seen earlier, e.g., Figure 4.9
on page 115, the image emerges uniformly
from a sequence of states that appear to
move randomly. As an illustration, the left
image results from 105 iterations, the right
one from 5 ·107. To emphasize the stem, (5.9)
was modified by increasing probability p1 to
0.02 and reducing p2 accordingly.

5.2.2
Iterated A�ne Transforms

An alternative way to arrive at fractal structures are iterated a�ne transformations. These
are linear maps with an additional shift, i.e., of the form ui+1 = aui + b.
Barnsley Fern One of the innumerable examples of fractal generators that produce quite
realistic images of natural scenes was proposed by Barnsley [1988], the fern Figure 5.21. This
is a stochastic iterator (xi, yi) ‘æ (xi+1, yi+1) that consists of the four a�ne transforms fi
invoked with probability pi,

f1 (p1 = 0.01) : xi+1 = 0
yi+1 = 0.16yi

f2 (p2 = 0.85) : xi+1 = 0.85xi + 0.04yi
yi+1 = ≠0.04xi + 0.85yi + 1.6

f3 (p3 = 0.07) : xi+1 = 0.2xi ≠ 0.26yi
yi+1 = 0.23xi + 0.22yi + 1.6

f4 (p4 = 0.07) : xi+1 = ≠0.15xi + 0.28yi
yi+1 = 0.26xi + 0.24yi + 0.44 .

(5.9)

Hence, ui+1 = akui + bk with u = (x, y)T and k indexing the functions fk. Starting from
an arbitrary state, ui converges rapidly and starts to map out the fern. Inspection of the
data reveals that x œ [≠2.182, 2.656] and y œ [0, 9.998].

Short of actually analyzing (5.9) we notice that all four transforms are contracting because
the magnitudes ak of all coe�cients are smaller than 1. Hence, all these maps are globally
attractive with fixpoints (0, 0). The resulting dull dynamics is broken by the shifts bk,
however. Specifically, consider the most probable transform f2 and notice that its linear
part a2 describes an isotropic contraction with the factor 0.85 and a rotation by an angle of
approximately ≠0.04/0.85. Indeed, the eigenvalues of a2 are complex, ‡± = 0.85±0.04 i, the
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corresponding sequence would thus be exponentially converging, thereby slowly spiraling.
Superimposed on this is the o�set by 1.6 in y-direction at each step that pushes the state
away from the fixpoint. Since the map contracts by 0.85, this o�set can only push the state
out to y ¥ 10, where the contraction just balances the o�set. This estimate, which neglects
the other transforms, is corroborated by the finding y œ [0, 9.998].

With the above, we recognize the general structure of the Barnsley fern, which is represen-
tative also for other iterated a�ne transforms that lead to fractal structures: (i) The linear
map a is attractive, making the entire system globally attractive, while the constant shift b

keeps it from converging. For continuous dynamical systems this would correspond to a
hyperbolic saddle point with a stable and an unstable manifold as found for the L63-system.
(ii) The complete system possesses a strange attractor, here with the shape of a fern leaf,
that is shadowed by any sequence once it has relaxed from its initial state.
Comment There are a number of further instances where fractal structures appear. One
of them are the Poincaré maps and stroboscope views of dynamical systems in the chaotic
regime studied above. Another important class are basins of attraction in systems with
multiple attractors or, from the physical world, interfaces between di�erent domains, for
instance between atmosphere and lithosphere.

5.2.3
Power Laws

A number of systems and processes exhibit structures that are approximately scale-free, e.g.,
the landscapes shown in Section 5.1.1. They are typically created and maintained by some
sort of avalanches or floods, whose size-distribution follows a power law. Further examples
include the probability distribution of the magnitude of earthquakes and the size of landslides
or forest fires [Turcotte and Malamud 2004], of natural fracture networks [Bonnet et al. 2001],
of river networks [Maritan et al. 1996], or of atmospheric temperature records [Eichner et al.
2003]. It is equally prevalent beyond the physical environment and is encountered in the size
distribution of financial transactions like stock returns, share volume, and number of trades
[Stanley et al. 2008], in the growth of cities and of the associated innovations [Bettencourt et
al. 2007; Bettencourt and West 2010], and in the traveling of people between di�erent cities,
where, incidentally, the law was first discovered [Zipf 1946]. Outside of natural sciences, the
power-law distribution is often referred to as Pareto distribution (economics) or as Zipf’s
law (sociology).
Definition A power law distribution is defined by the probability density function

p(x) = “x
–
, x Ø 0 , (5.10)

where “ = p(1) and – œ R. Its defining property is scale-invariance,

p(ax) = “[ax]– = “
Õ
x
–
, “

Õ = “a
–
. (5.11)

It is actually the only distribution with this property. Scale-invariance means that zooming
into or out of any part of the domain of x always yields the same distribution, apart
from some scaling factor that cannot be determined, however. This means for instance
that, looking at some image of quantity x, we cannot estimate its length scale. Take the
sedimentary deposits shown in Figure 5.22 as an illustration. In this example, the thickness
of the individual layers would be the variable x, which might be described by a power-law
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Figure 5.22.
A recent fluvial sand deposit just
a few centimeters high (upper)
and some 400 m of sedimentary
layers at the confluence of Green and
Colorado River (lower). Both images
from Canyonlands NP, UT, USA.

distribution. In contrast, imagine a crowd of people or some trees, objects that possess a
natural scale.

The power-law distribution (5.10) apparently cannot be normalized since
sŒ
0 x

– dx di-
verges for all values of –. Consequently, neither the cumulative distribution nor higher
moments exist. To circumvent this di�culty, and to acknowledge that there are cuto�s for
all quantities of interest in an environmental context, a weak sense definition is often used.
An example of such a weak definition is

p(x) = –≠ 1
x0

Ë
x

x0

È≠–
, 0 < x0 Æ x, – > 1 , (5.12)

which cuts o� the lower singularity. Moments of order n then exist if – > n + 1 and are
readily obtained as ÈxnÍ =

sŒ
x0

x
n
p(x) dx = [–≠1]xn0

–≠1≠n . With this weak definition, the scale
invariance is only satisfied asymptotically for x∫ x0. A corresponding definition can also be
introduced for – < ≠1, which would have to cut o� the upper singularity. In that situation,
one may prefer to look at x≠1 and still use (5.12).

Origins Recognizing the ubiquity of the power-law distribution, we may wonder about its
origin. This situation is akin to that with two other common distributions, the Gaussian,
which is also called the normal distribution, and the exponential distribution, which both
hint at the structure of the underlying processes. The origin of the Gaussian distribution
is the central limit theorem, which ascertains that under rather general conditions a sum of
statistically independent random variables leads to a Gaussian distribution. The origin of
the exponential distribution is the Poisson process in which events occur continuously and
independently of each other. The time intervals between events is then described by the
exponential distribution. For the power-law distribution, the situation is di�erent and several
avenues lead to it. We consider some of them, mainly following Newman [2005].
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Critical Phenomena An important cause for power-law distributions are the fine-tuned
critical phenomena encountered in thermodynamics (Section 5.3 below). As we will find
later, a class of slowly driven complex systems naturally develop into such a critical state,
without the need of any fine-tuning. This state is not necessarily scale-free, as are the
fine-tuned thermodynamic systems. However, it comes with a wide range of scales that
makes power laws a useful descriptor. Such systems are indeed quite ubiquitous in our
environment, both in the physical and in the sociocultural one.

We notice that thermodynamic critical phenomena by definition imply power-law distri-
butions. The reverse is not the case, however.
Evolution Processes Life on Earth is taxonomically classified into domains, kingdoms,
phyla, and through a few more steps all the way down to genera and species, the latter
being the fundamental evolutionary unit. This hierarchical organization is traditionally
represented as a tree, the tree of life or phylogenetic tree, which represents the relatedness
of di�erent species [Ciccarelli et al. 2006; Letunic and Bork 2011]. The tree is called rooted
if in addition to the relations it also shows all the ancestors. The two criteria relatedness
and ancestry indeed lead to identical trees, for the domain where they coexist. This is due
to the exceedingly low probability to arrive at closely related or even identical species along
di�erent evolutionary paths. These trees exhibit an intricate hierarchical structure with the
distribution of species approximated by a power-law distribution.

Besides this qualitative classification, there are also quantifications like the species-area
curve, which describes the areal distribution of species [Willis 1922]. Also this curve is often
summarized into a power-law distribution [Storch et al. 2012].
Yule Process Based on the work of Willis [1922], Yule [1925] presented a highly simplified
mathematical abstraction of evolution that motivates the empirically observed power-law
distributions. His first, and admittedly not particularly realistic assumption was that new
species emerge but do not die out. His next assumption was that there is a constant
probability for speciation, the splitting of one species into two, thereby increasing the number
of species in the containing genus. With this, the rate of increase of the number of species
in a genus containing n species is proportional to n, hence grows exponentially with time.
Next, let every mth generated species be su�ciently di�erent to give rise to a new genus.
Hence, after m ≠ 1 new species have evolved and have been added to one of the existing
genera, one new genus is created. By a somewhat lengthy calculation one can show that
the distribution pk of the sizes of genera, where k is the number of species in the genus,
asymptotically approaches a beta function whose long tail is described by the power function
[Newman 2005]

pk ≥ k
≠–

, – = 2 + 1
m

. (5.13)

General Yule Process Beyond trees, Barabási and Albert [1999] studied real-world net-
works mostly from the sociocultural domain. In particular they looked at the collaboration
network of actors, the World Wide Web, the network of scientific citations, and the electric
power grid of the USA. They found that the connectivity of these networks could be described
rather accurately by the power-law distribution (5.13), where pk then is the probability that
a vertex in the network is linked to k other vertices. They found that two mechanisms are
required to create such a power law, namely (i) new vertices are added continuously to the
network, which thus grows indefinitely, and (ii) the probability for a new vertex to be linked
to an existing one is proportional to the value of k of this vertex, hence “rich-get-richer”.
We recognize the similarity with Yule’s construction, with species and genera merged, and
hence call it a general Yule process.
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Multiplicative Processes A one-dimensional multiplicative random process starts at some
initial value x0 and develops according to the map

xi+1 = Êixi , (5.14)

where Êi is a random variable. Apparently, x0 = 0 does not lead to an interesting develop-
ment and Êk = 0 at step k ends it right there.

Two important instances of multiplicative processes are (i) fragmentation, with 0 < Êi <

1, i.e., the successive break-up of an initially quasi-uniform object, think of a stick, and
(ii) stochastic growth, with Êi > 1, think of Êi as the interest rate on your money, the
“rich-get-richer” already encountered with the Yule process above. We will in the following
only look at fragmentation. Stochastic growth is treated in analogy, but it is more di�cult
because this is a run-away process.

A number of environmental phenomena result from fragmentations. An example is the
physical weathering of granite mountains, where initial cracks are separated by hundreds of
meters, often several kilometers, and subsequently emerge at ever smaller scales, eventually
turning the entire mass into a heap of sand grains. Eventually, these grains are transported
away either by flowing water or by wind.

Physical fragmentation processes are complicated when it comes to details [Goehring
2013]. We recognize this by reflecting back to Section 5.1.2 where crack networks in hot and
dry as well as in permafrost soils were found to form quite regular patterns. The apparent
contradiction is resolved by realizing that these networks are indeed transient states that
reach to depths of a few tens of centimeters, determined by (i) material properties and (ii) the
characteristic time given by the annual cycle of the forcing. Networks that developed over
much longer times, permafrost soils during the ice ages and still observable in the high
arctic, indeed do show a much wider range of scales, hence are on a path from single-scale
patterns to scale-free structures. In the following, we forgo the physical details, focus on
mathematical idealizations of the asymptotic state, and further stick to the one-dimensional
situation.
Lognormal Distribution Let a linear element of length ¸i be broken into two pieces with
lengths ¸iÊi and ¸i[1≠ Êi], respectively, where Êi œ ]0, 1] is a random variable. Starting out
with a line element of length ¸0 and repeating the fragmentation processes n times leads to
the length fraction

xn = ¸n

¸0
=

nŸ

i=1
Êi , (5.15)

where we made the justifiable assumptions that Ê is symmetrically distributed and subse-
quent realizations are statistically independent. As a product of n random variables, xn of
course is also random. Next, we take the logarithm to define the new random variable

yn := log(xn) =
nÿ

i=1
log(Êi) . (5.16)

Finally, again using the statistical independence of Êi, we invoke the central limit theorem
to ascertain that

py(yn) næŒ
≠æ G(µn,‡2

n) , (5.17)
where G the Gaussian distribution with mean µn and variance ‡

2
n, which are obtained from

the distribution of Ê by

µn = nÈlog(Ê)Í and ‡
2
n = nvar(log(Ê)) . (5.18)
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Figure 5.23.
Lognormal probability density function (5.19) for µ = 1
and di�erent values of ‡2, the variance of log(x). Notice
the double-logarithmic representation in which a power-
law distribution leads to a straight line.

With this we recognize that a fragmentation process leads to the lognormal distribution

px(x) = 1
Ô

2fi‡x
exp

1
≠

#
log(x)≠ µ

$2

2‡2

2
, (5.19)

where the logarithm of the quantity is normally distributed. We notice in passing that all
these notations are a bit sloppy and hide that x has to be dimensionless, which is easily
obtained by dividing it by some reference value, however.

Apparently, (5.19) is not a power-law distribution. Still, for su�ciently wide distributions
and with a focus on a subrange of the domain, which is always the case if data are involved,
the lognormal and the power-law distribution become very similar (Figure 5.23).
Power-Law Distribution We now turn to the more general situation where the pure
multiplicative process Êixi is enhanced by an additive component,

xi+1 = Êixi + ÷i , (5.20)

where ÷i is again a random variable, which may for instance represent noise or local hetero-
geneity. Still, Êi > 0 and it may now also be larger than 1, in which case the quantity x is
amplified. It is tempting to veer o� a bit here, and to reflect this statement on the various
growth processes in our environment.

We stick with the formal, however, and just look into the properties of (5.20). Sornette
[1998], based on Takayasu et al. [1997], showed that this process leads to a true power-law
distribution if the probability measure of Êi > 1 is nonzero, hence some realizations of Êi are
larger than 1, hence amplifying, but not too large such that Èlog(Êi)Í < 0. Furthermore the
additive term ÷i is essential for getting the state away from the origin. Then, the long-tail
of p(x) approaches a power-law,

px(x) ≥ x
≠[1+µ]

, (5.21)
where µ is a solution of ÈÊµi Í = 1.
Power Laws in our Environment? Environmental systems are often scale-invariant for
some range, which may be rather narrow, however. Main causes of narrow ranges are
(i) inherent localization of scales by other processes, for instance di�usion and other mixing
processes towards smaller scales and geologic formations towards larger ones, (ii) instrumen-
tal limitations like finite resolution and poor statistics of extremal events, and (iii) spurious
invariance that does not stem from the process but from unsuitable observations and poor
data bases. We look at two representative examples of power-law distributions in the
environment.
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Figure 5.24.
Cumulative distribution of earthquakes in
Southern Californian from 1932 to 2014. NM is
the number of events per year with magnitude
larger than M . The events are not stratified
according to depth or time as would be required
for a finer analysis. (Data: SCEDC [2015])
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Earthquakes Ruptures of Earth’s crust are among the most-cited scale-free phenomena
[Rundle et al. 2003]. A central aspect thereby is the number NM of events per year whose
magnitude exceeds M . The magnitude is a relative measure for the energy released during
an earthquake. Richter [1935] proposed to estimate it from the local amplitude of ground
motion. Today, it is calculated as M = log10

!
m
m0

"
, where m = µA¸ is the seismic moment

with A the area of the rupture, ¸ the dislocation, µ the shear modulus (32 GPa in crust to
75 GPa in mantle). The unit seismic moment is m0. Empirically, the Gutenberg-Richter
law

log10(NM ) = a≠ bM = ≠b log10

1
m

m0

2
, (5.22)

with b typically in the range between 0.8 and 1.2, is found to provide a useful description
[Gutenberg and Richter 1944; Rundle et al. 2003].

A number of instrument-based earthquake catalogs are available. They di�er in spatial as
well as temporal coverage, from regional to global and reaching back from a few decades to
the 1930s, when high-quality seismic measurements became feasible. Catalogs with a global
coverage are either limited to large events with M > 5.4 [Kagan 2003], or their spatial
coverage is nonuniform due to limitations of the current seismic networks.

We choose the catalog of the Southern California Earthquake Center, which is one of the
longest available records and covers the most densely instrumented, and seismically very
active region 32-37¶N and 114-122¶W. This yields the widest accessible range of magnitudes
(Figure 5.24) although some of the globally strongest events are not contained. Starting in
1932, this catalog encompasses some 640’000 events through 2014, with the largest events
being the Kern County earthquake in 1952, with M = 7.5, and the Landers earthquake in
1992 with M = 7.3. This distribution nicely follows (5.22) for 1.5 < M < 5.5, hence for
some 4 orders of magnitude of seismic moment. Smaller events are much more di�cult to
quantify due to spatial heterogeneity and instrumental limitations. They may furthermore
be expected to be more strongly suppressed by other processes. At the larger end, the
statistics gets ever poorer, with less than one event per year for events with M > 5.5. While
(5.22) appears to describe also the distribution of larger events reasonably well, we may
expect an upper limit for the maximum size of an earthquake that is given by the maximum
area that is available for rupturing. Indeed, the largest event that ever occurred during
historic times was the 1960 M = 9.5 Valdivia earthquake in Chile.
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Figure 5.25. Surface waters in two regions of the Mackenzie-Delta, AK, USA. Region 1 (left)
is located at 68¶31’N, 134¶42’W, region 2 (right) is at 69¶26’N, 134¶18’W. The corresponding size
distributions are shown in Figure 5.26. The images were obtained by the TerraSAR-X satellite
operating in hh-polarisation. [Images: Sina Muster, AWI Potsdam]

The characteristics of earthquakes may be reproduced with simplified and well-accepted
representations like the slider-block model proposed by Burridge and Knopo� [1967]. Pro-
vided that it is slowly driven, this model in particular leads to a scale-invariant distribution
of rupture areas.

Lakes Any flight over northern territory reveals that low-lying cold regions abound with
a wide spectrum of lakes (Figure 5.25). These are of great importance for the energy and
carbon fluxes in these regions, mainly because water bodies are strong absorbers for the
incoming sunlight and circulating water transports the absorbed energy to greater depths
than pure heat conduction in the surrounding soil. As a consequence, the active layer of the
permafrost soils, the layer with an annual freeze-thaw cycle, is much deeper in lake regions.
Permafrost regions are often rich in soil organic carbon that gets decomposed by microbes,
most strongly during warming periods when the thawing front penetrates to greater depths
than usual. Near the thawing front, meltwater typically keeps the soil saturated such that
the decomposition of organic carbon leads to the production of CH4 instead of CO2. As
CH4 di�uses towards the soil surface, it may encounter dryer layers where it its readily
consumed by aerobic bacteria. This is not the case in lakes, however, where bubbles form
in the sediment and then rise in a very short time. The question of whether CH4 or CO2 is
emitted – it is the same amount of carbon – is relevant because the global warming potential
of CH4 is by a factor of 34 larger than that of CO2, over a time-horizon of 100 years. This
factor increases to 86 if the time-horizon decreases to 20 years.

Using a scaling law for lakes in order to represent them correctly in large-scale Earth
system models is tempting, in particular if the law is scale-invariant. As it turns out,
however, while lakes in permafrost regions do exhibit a wide range of scales they are probably
not scale-invariant and their scaling law may not even be universal in the sense that the
same shape is found everywhere [Muster et al. 2019]. As an illustration, we consider the two
regions in the Mackenzie Delta shown in Figure 5.25. For su�ciently large lakes, with area
A > 0.1 km2, hence linear extent larger than some 300 m, both regions appear to exhibit the
same scaling behavior, which here extends for about two orders of magnitude in area, hence
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Figure 5.26.
Cumulative distribution of lake areas in regions 1
(blue) and region 2 (red) in Figure 5.25. The lake
area A is given in km2, rivers are excluded, and
NA is the number of lakes per km2 that are larger
than A. The area used for the analysis is 1’615 km2

for region 1 and 587 km2 for region 2. [Data and
analysis: Sina Muster, AWI Potsdam]
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one order in linear scale (Figure 5.26). This is not a power law, however. Furthermore, for
smaller lakes, the two regions lead to quite di�erent size-distributions. Region 1 contains
more small lakes with areas smaller than some 300 m2 (log10(A) < ≠3.5). This is shown by
the steeper slope of the blue curve in Figure 5.26. In contrast, region 2 has more lakes in
the range between some 3’000 and 100’000 m2 (≠2.5 < log10(A) < ≠1).

5.3
Critical Phase Transition
Originally, critical denoted the decision point in a severe illness, into one of the two direc-
tions, life or death. Today, we use it in a more general context but still for states that are at
the brink between two contrasting regimes. For landscapes this is often between quiescent
and mobile states. As hinted at in Section 5.1, criticality is a key concept for externally
driven complex systems.

The current scientific use of the term “criticality” is strongly influenced by its meaning
in condensed matter physics, where it has a strict definition and from where applications
emanated into all fields of science. We thus first look at critical phase transitions as a
backdrop and reference. These transitions are also referred to as continuous, or second order,
phase transitions and occur as limiting cases when a thermodynamic system approaches a
critical point, which is the end point of a coexistence curve for di�erent phases.

5.3.1
Critical Phenomena

Matter near a critical point exhibits a number of remarkable, so-called critical phenomena.
They were first studied experimentally for the liquid-vapor phase transition, for which the
coexistence curve in the material’s phase diagram ends in the critical point (Tc, pc). At this
point occurs the continuous phase transition between the separate vapor and liquid phase
on the one hand and a single supercritical phase on the other. An intuitively more accessible
system than liquids are ferromagnets for which the atomic magnets are locked in place at



5.3 Critical Phase Transition 195

regular distances. Their single critical point is given by (Tc, B = 0), where Tc is the Curie
temperature and B the external magnetic field.

On approaching a critical point, the spatial extent of thermodynamic fluctuations in-
creases from molecular to macroscopic scales with a concomitant increase of their temporal
persistence. Exemplary fluctuations are higher or lower density in fluids and spins up or
down in ferromagnets. The increasing size of the fluctuation’s spatial extent indicates a
corresponding growth of the interaction distance between constituents by many orders of
magnitudes, which is the key characteristic of critical phenomena.

Experimentally, long-range ordering is explored with scattering measurements using waves
that are sensitive to the respective fluctuations. In the simplest case, where Born’s single
scattering approximation is permissible, these experiments yield the Fourier transform of
the autocovariance function CÏÏ(r) of the scattering coe�cient Ï(x). Again in the simplest
case, it is proportional to the quantity of interest, e.g., to the fluctuation of the mass density
or of the spin orientation. We recall that the autocovariance function is given as

CÏÏ(r) :=
+
Ï(x + r)Ï(x)

,
, (5.23)

where ÈùÍ is the expectation value and ÈÏÍ = 0 since Ï is a zero-mean fluctuation. We further
recall that normalizing CÏÏ(r) with the variance of Ï, CÏÏ(0), produces the autocorrelation
function

RÏÏ(r) := CÏÏ(r)
CÏÏ(0) . (5.24)

For the case where RÏÏ(r) is monotonic and integrable, it can be conveniently summarized
into the correlation length

⁄Ï :=
⁄ Œ

0
RÏÏ(r) dr . (5.25)

It depends on the direction, except for isotropic situations, which we will assume in the
following. The correlation length then quantifies the average spatial extent of the fluctuations
in a compact way.

Away from the critical point, the extent of domains is small. For su�ciently long distances,
their correlations are thus statistically independent with the autocovariance vanishing ex-
ponentially with CÏÏ(r) ≥ exp(≠ r

⁄Ï
), where ⁄Ï is of the order of the constituents’ size. As

the system approaches the critical point, the correlation length diverges – ⁄Ï ≥ |T ≠ Tc|
≠‹ ,

where ‹ is called a critical exponent –, and the long tail of the autocovariance approaches a
power function, which is conventionally written as

CÏÏ(r) ≥ r
≠d+2≠÷

, for r æŒ , (5.26)

where d is the spatial dimension of the system and ÷ is another critical exponent [Stanley
1999]. This power-law form of the autocovariance function is the hallmark of a critical state
in the strict sense.

We notice that a power-law autocovariance CÏÏ implies scale-free realizations Ï(x) that,
after rescaling, are statistically identical at all scales (Figure 5.27). Indeed, (5.26) leads
to CÏÏ(–r) = –

≠d+2≠÷
CÏÏ(r) for all – > 0. Hence, using definition (5.23), Ï(–x) is

statistically equal to –
[≠d+2≠÷]/2

Ï(x). This then also leads to a power-law distribution for
the extent of domains with positive and negative fluctuations of Ï(x).

Notice that the power-law autocovariance, and thus the self-similarity, applies only to
su�ciently long distances r ∫ ¸µ, where ¸µ is the range of the local interactions. In real
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exponential

power

Figure 5.27. Realizations of spatial random functions with an exponential and a power-law
autocovariance function, both with the same variance (upper part), together with a zoom into the
first 1

16 of the interval (lower part). The exponential function is shown for 2048 and 128 correlation
lengths, respectively. There is no such measure for the scale-free power function that, as the lower
part illustrates, looks structurally the same also after zooming-in. The red curves represent spatial
averages with a linear and symmetric hat function with total width equal to 1

32 of the interval
displayed. Averaging in the lower part thus is narrower by a factor of 16. Notice in passing that a
realization of a random function with exponential autocovariance is continuous almost everywhere
but di�erentiable almost nowhere, a property it shares with the Koch curve (Figure 5.18).

systems, it is also limited at the upper end, namely by the finite extent of the system.
However, with typical distances between constituents of fluids or ferromagnets in the sub-
nanometer range, there is plenty of room between the lower and the upper limit.

Approaching the critical point produces some spectacular phenomena that are a conse-
quence of the diverging correlation length, hence of the unlimited growth of the fluctuations’
spatial extent. For instance, in systems where the propagation of visible light is a�ected,
the fluctuations become directly observable to the naked eye as critical opalescence, which
is often demonstrated with CO2. More quantitatively, various material properties are found
to diverge algebraically near the critical point [e.g., Fisher 1998]. For instance, for fluids,
the molar heat capacity becomes cv ≥ |T ≠Tc|

≠–± , where –± are the corresponding critical
exponents, with + and ≠ referring to Tc being approached from above and from below,
respectively. Similarly, the di�erence of the mole volume across the coexistence curve
becomes �v ≥ [Tc≠T ]— and �v ≥ [p≠pc]1/”, respectively, and the isothermal compressibility
ŸT ≥ |T ≠Tc|

“± with critical exponents “±, —, and ” [Callen 1985]. Analogous relations are
found for other physical systems, for instance for ferromagnets.

Importantly, critical exponents are found to be universal, i.e., to have the same numerical
values for large so-called universality classes. Notice that universality applies only to the
exponents and not to the location of the critical point in parameter space. The latter indeed
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Figure 5.28.
Phase diagram of a fluid near the critical point. For T < Tc and
p < pc, there is a liquid and a vapor phase separated by a first-
order (discontinuous) phase transition. Beyond the critical point is
the supercritical phase and only at (Tc, pc) occurs the second-order
(continuous) phase transition, which thus demands fine-tuning of the
parameters. In general, there are further phases, which are not of
interest here, however.

does vary over many orders of magnitude between di�erent materials depending on the
complicated and greatly di�ering details of the interaction forces. For the behavior near
the critical point, these forces no longer matter, however, and it becomes identical for all
materials within the same universality class.

A universality class groups materials with the same symmetry of their constituents’
interactions. For instance, all simple fluids, binary fluids, and uniaxial ferromagnets belong
to the same class, hence have the same values of ‹ and ÷. Superfluids fall into another class
and isotropic magnets into yet another one [Fisher 1983].

Where does such a universality come from? Let us first consider states far away from
the critical point. For T ∫ Tc, thermal fluctuations are much stronger than the local
interactions, the material’s constituents are essentially independent of each other, hence
the correlation length is on the order of the constituents’ size. Conversely, for T π Tc,
thermal fluctuations are negligible and the material exhibits a large-scale ordering, e.g., the
separation into liquid and vapor phases or extended uniform magnetizations. This ordering
depends on microscopic details of the interactions. Let us now consider the critical state
and let all macroscopic parameters except T be tuned to their critical value. This is a
delicate regime, where the interactions are tuned such that they just permit a uniform state
without the spontaneous symmetry breaking that happens at first order phase transitions.
Then, as T approaches Tc, the nature of the thermal fluctuations begin to dominate and
their wide spectrum of spatial structures determines the transition between the uniform and
the completely disordered state. The temperature at which this occurs apparently depends
on the local interaction forces, hence on the material. Once balanced, the details of these
local forces become immaterial, however, and the dynamics is determined by the thermal
fluctuations alone. Within a universality class, these fluctuations are independent of the
material. Di�erent classes are distinguished by the symmetries of the local interactions, not
by the interaction strengths.

5.3.2
Renormalization Group Theory

A key aim for environmental sciences is the representation of multiscale processes and
phenomena at some coarse scale while at the same time retaining the “correct physics” that
is only understood at scales that are several orders of magnitude smaller. The traditional
approach is to formulate empirical laws at the scale of interest – with all sub-scale features
conglomerated into material properties that have to be determined experimentally –, and to
verify the final model by comparing with the experimentally observed reality. An alternative
and, whenever applicable, preferable approach is to represent the processes at the scale of
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what is deemed fundamental understanding and to then “zoom out” to ever larger scales,
thereby getting rid of non-essential details. Renormalization group theory is a powerful
method to accomplish exactly this. Actually, to be accurate, it should indeed be called the
renormalization semi-group, since the procedure is not reversible, hence does not permit to
“zoom in” to gain a microscopic representation from a macroscopic one.

From the technical perspective, renormalization is just a clever way to handle diverging
terms in perturbation formulations [Chen et al. 1996; Kirkinis 2012]. Fisher [1998] provides
an insightful introduction with a focus on the historical development of the concept. More
comprehensive treatments of the theory can be found in the original report of Wilson and
Kogut [1974], in the modern synthesis of Rosten [2012], and in textbooks on statistical
mechanics, e.g., Yeomans [1992] and Vilfan [2002]. Here, we mostly follow Vilfan [2002] and
Fisher [1983, 1998].

Ising Model We consider the most simple system – the Ising model of a ferromagnet,
which was already employed by Wilson and Kogut [1974] for developing the concepts. This
model at first glance has nothing to do with environmental systems. However, it is in the
same universality class as simple fluids and its local interactions are very much simpler than
those in water, for instance.

The Ising model considers magnetic moments on an unlimited, d-dimensional regular
lattice, with spins s œ {≠1,+1}, and with interactions between nearest neighbors only. The
energy of spin si at location i, temperature T , and in magnetic field H is

ei(T,H;J1) = ≠J1
ÿ

jœnn(i)
sisj ≠Hsi (5.27)

where J1 is the nearest-neighbor coupling constant, sometimes written with an explicit
factor 1

2 , nn(i) is the set of nearest neighbors of i, and (T,H) determine the statistics of the
configuration of spins.

Notice that in all practical situations, T and H are fields that are set by the system’s
environment. Alternatively, thinking in a framework where the unlimited system has no
environment, they will emerge as fields that characterize the macroscopic statistics of the
spins. We will call them essential fields. In both perspectives, J1 represents the local
interaction of the system’s constituents.

It is convenient to refer T to the critical temperature Tc,

t := T ≠ Tc

Tc
, (5.28)

and to introduce the reduced energies

ēi := ei

kBT
, u1 := J1

kBT
, and h := H

kBT
. (5.29)

Incidentally, Hc = 0. Further notice that there is no danger to confound the dimensionless
temperature t with time, since we are looking at thermodynamic equilibrium where there is
no time. The total energy of a system with volume V that contains N spins s then is

Ē(s; t, h;u1) =
Nÿ

i

ēi(t, h;u1) , (5.30)
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original block rescaled

Figure 5.29. Block-renormalization of two-dimensional spin-system [adapted from Rosten 2012].
Using a majority rule, the original distribution is first aggregated into 3◊3 blocks and then rescaled
such that the same number of spins remain. This leads to the scaling factor b = 3. The second step
brings additional spins into view (black), which themselves resulted from corresponding block-rescale
steps. Here, the distribution of spins is random, which corresponds to T ∫ Tc.

where the configuration s of spin enters through (5.27). Introducing the Boltzmann factor
exp

!
≠Ē(s; t, h;u1)

"
– and recalling that it is proportional to the probability of observing a

particular configuration in thermodynamic equilibrium at t and h –, we obtain the canonical
partition function

ZN =
ÿ

s

exp
!
≠Ē(s; t, h;u1)

"
, (5.31)

where s runs through all possible configurations of s. With this, we finally gain the density
of the system’s free energy,

f(t, h) := lim
N,VæŒ

Ë 1
V

log
!
ZN

"È
, (5.32)

where N,V æŒ is the thermodynamic limit, and from there all macroscopic properties of
the thermodynamic system as corresponding derivatives of f . This works fine for a uniform
system away from the critical point, since the correlation length of the thermal fluctuations
is finite. As the critical point is approached, however, the correlation length grows without
bound and ZN diverges. This is where the renormalization procedure sets in.
Concept of Renormalization The aim is to neglect details of some high-resolution rep-
resentation of a system while concurrently “zooming out”, and to do so in a way that the
description of large-scale phenomena remains unchanged. For the example of a ferromag-
net, the high-resolution representation contains the individual atoms with their magnetic
moments. For the Ising model, these are the individual spins.

We consider some domain with N spins within an unlimited medium and as a first step
“coarse-grain” the domain by replacing the N spins by N Õ

< N spins. To be specific, we use
the two-dimensional Ising model, choose blocks of 3 ◊ 3 spins in the original domain, and
replace each block by a single spin that is either +1 or ≠1, depending on the majority of
the original spins (Figure 5.29). This defines the scale factor b for a d-dimensional physical
space as

b
d = N

N Õ > 1 . (5.33)

In the above example b = 3. As a second step, zoom out by this same factor b, thereby
enlarging the physical extent of the domain considered by the factor b

d. With this, the
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original decimated rescaled

Figure 5.30. Sketch for renormalization of two-dimensional spin-system by decimation with the
same use of symbols as in Figure 5.29. The scaling factor here is b =

Ô
2. Notice that a second

decimation-rescaling leads back to the original arrangement with no o�set between rows.

same number of spins is in the domain again, now coarse-grained ones, however. Notice
in passing that there exist various methods for coarse-graining. The one used above is
called the block-renormalization [Rosten 2012]. An alternative is decimation [Vilfan 2002],
where complementary lattices are constructed such that nearest neighbors belong to di�erent
lattices. In the coarse-graining step, one of the lattices is then removed (Figure 5.30). We
refer to the two-step procedure of coarse-graining and zooming out as a renormalization step
and denote the results of such a step be a prime.

Let ¸ be the linear extent of some physical structure, for instance the typical extent of
a fluctuation, � the grid constant, and introduce the dimensionless length › := ¸

� . While
¸ is constant – it refers to a physical object – › depends on the resolution � of the lattice.
Notice that � is the natural measure in our representation. A renormalization step thus
reduces the representation of all linear extents,

›
Õ = 1

b
› . (5.34)

This is in particular the case for the correlation length ⁄ of the fluctuations. For T ”=
Tc, ⁄ is finite. Hence, iterating renormalization steps will eventually lead to uncorrelated
distributions, either with all the spins in the same direction, for T < Tc, or with uncorrelated
random distributions, for T > Tc. Such configurations correspond to T = 0 and T = Œ,
respectively. Hence, renormalization steps correspond to changes of the temperature in the
sense that to obtain the statistically same configuration of spins in the physical system
as that in the renormalized representations, the temperature of the physical system would
have to be adjusted accordingly. The critical temperature is special in this respect, since ⁄

diverges, with a power-law distribution of the fluctuations. Renormalization thus does not
change the configuration, hence leaves the temperature at Tc.

The crucial point with coarse-graining is that already the first step extends the original
nn-coupling of spins beyond their nearest neighbors and indeed leads to a fully coupled
formulation. Hence, more coupling constants emerge, u1 turns into the list u, and (5.30) in
conjunction with (5.27) becomes

Ē = ≠u1
ÿ

i,jœnn(i)
sisj ≠ u2

ÿ

i,jœnnn(i)
sisj ≠ · · · =: ≠u ·Ï , (5.35)

where nn(i) is the set of nearest neighbors at location i, nnn(i) the next to nearest neighbors,
and the dots symbolize higher-order terms that involve more than two spins. As a shorthand,
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we introduced the clusters Ï, which are sums of spin configurations of increasing order.
Notice that with respect to renormalization, these form merely the “basis”, while the essence
of the representation is in the coupling constants ui.

The key technical step in renormalization is the calculation of the coupling constants after
one coarse-graining step from those before, hence the iteration un≠1 æ un. Since our goal
here is the conceptual understanding of renormalization, we forgo this significant e�ort and
just cite the result, here for the two-dimensional Ising model in the approximation where
only nn- and nnn-terms are considered, and with no external field, i.e., h = 0. Using the
method of decimation, Vilfan [2002] in his Section 4.3.2 gives the iteration relations

u
Õ
1 = u2 + 2u2

1
u
Õ
2 = u

2
1 . (5.36)

Notice that this is the explicit representation of the renormalization operator R in the
approximation of retaining only nn- and nnn-interactions. It is readily linked to the
development equation (3.1) of the corresponding discrete dynamic system, which we are
going to invoke below. The fixpoints of (5.36) are given by (5.41) and the linear stability is
assessed in (5.42).

Remaining abstract, we introduce the parameter space E = {t, h,u}, a typically high-
dimensional space where each point represents one particular model, given by the coupling
constants u, in a particular thermodynamic state (t, h). Then, let R be the renormalization
operator that maps the system’s total energy at step n≠1 to that at step n, by propagating
un≠1 to un. Hence, R : E ‘æ E, RĒn≠1(s; t, h; un≠1) = Ēn(s; t, h; un), or shorter, using the
prime to denote a renormalization step,

Ē
Õ = RĒ . (5.37)

At this point, we may formulate the requirement that the large-scale properties of the
underlying physical system must not depend on the degree of zooming. Since the basis of
calculating any thermodynamic property is the partition function (5.31), we demand

ZN Õ(ĒÕ) = ZN . (5.38)

Finally, to gain an explicit formulation of R, consider (5.35) and notice that it describes
the contributions of di�erent clusters – nn, nnn,. . . , as represented by Ï – to Ē.

Before proceeding, we recall that for renormalization to be useful, the nature of the
interactions must not change as we zoom out. For instance, with the focus on a fluid,
gravity plays no role in the molecular interactions because the associated forces are very
much smaller than those from the interactions. However, as we zoom out, the sub-resolution
mass �m increases rapidly and eventually becomes so large that �mg becomes comparable
to the correspondingly upscaled interaction forces.

Given that the interactions stay the same as we zoom out, the nn-, nnn-,. . . clusters are
topological entities that are independent of the actual distances. The metric information
about the distances goes into the coupling constants u. Applying R, which operates on
the metric, will thus a�ect u but not Ï. We may thus write (5.37) in the more explicit
form

u
Õ = f(u) , (5.39)

where f describes the transformation of the coupling constants by a renormalization step,
which is again indicated by the prime. An example of f is provided by (5.36).
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Figure 5.31.
Renormalization as the flow of a dynamical system
in parameter space E. Notice that this is the flow of
a representation, defined by the coupling constants
u, not that of the physical state of some system.
The flow is characterized by a stable manifold
(thick lines), which actually represents the high-
dimensional space of non-essential variables, and
an unstable manifold (yellow surface), which is
spanned by the essential variables. The critical
point (blue symbols) develops along the stable
manifold towards the fixpoint Ēú, while all the
other points (red dashed lines) approach the crit-
ical surface and diverge on it towards some other
fixpoints with T = 0 and T = Œ, respectively. A
and B represent two di�erent physical systems in
the same universality class. [modified from Fisher
1983]
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Dynamical System Renormalization may conveniently be represented as a dynamical
system with state space E, development operator R, or explicitly the development equation
(5.39), and directed set n (Figure 5.31). Notice that in contrast to the dynamical systems
considered so far, where we studied the development of some physical state with time, the
system now describes the development of a representation with successive renormalization
steps that lead from the microscopic to the macroscopic realm.

The first question for a dynamical system aims at its invariant sets, which may be
fixpoints, limit cycles, even strange attractors. With (5.37), we thus want to solve

Ē
ú = RĒ

ú
, (5.40)

or, correspondingly, u
ú = f(uú). Before proceeding, we notice that this implies that the

correlation lengths at both scales are equal, ⁄Õ = ⁄. This is only consistent with (5.34) if ⁄
is either 0 or Œ.

Experience shows that a large class of systems possesses just one single nontrivial fixpoint.
As an example, for the two-dimensional Ising model with h = 0, (5.36) yields

u
ú
0 = (0, 0) , u

ú
c =

11
3 ,

1
9

2
, and u

ú
Œ = (Œ,Œ) , (5.41)

for the low-temperature limit, critical point, and high-temperature limit, respectively.
In the next step, we address the fixpoint’s linear stability and consider the separation Á

between the models u and u + Á as they develop with renormalization. Employing (5.39),
find ÁÕ = f(u + Á)≠ f(u), where the prime indicates the renormalization step. Noticing that
(5.39) has the form of (3.3) on page 71, follow Section 3.1.2 from here, use Taylor expansion
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to gain the linear approximation for the development of Á, transform it into the eigensystem
of the Jacobian matrix a with eigenvalues ‡i, and separate E into three, possibly empty,
subspaces: (i) the unstable manifold, spanned by eigenvectors vi with eigenvalues |‡i| > 1,
(ii) the stable manifold with |‡i| < 1, and (iii) the center manifold with |‡i| = 1.

The unstable manifold corresponds to essential parameters since any model that has a
non-vanishing component in this direction will invariably diverge away from the critical point
as we move to ever larger scales. Hence, the critical point cannot be reached unless all the
essential parameters are fine-tuned to their critical values. Examples for these parameters
are T and p for a fluid and T and B for a ferromagnet.

In contrast, the stable manifold corresponds to non-essential parameters because they
will converge towards the critical surface, whatever their initial value was. Notice that
this surface is spanned by the essential parameters. As already encountered previously,
parameters in the center manifold cannot be evaluated within a linear theory. They may be
either essential or non-essential.

As an example, consider the approximation (5.36) of the two-dimensional Ising model
without external field. The Jacobian matrix a and its eigenvalues ‡± at an arbitrary point
are

a
--
u =

A
4u1 1
2u1 0

B
and ‡± = 2u1

Ë
1±

Ú
1 + 1

2u1

È
. (5.42)

Inserting fixpoint u
ú
c from (5.41)2, the critical point, produces

a
--
uú
c

=
A

4
3 1
2
3 0

B
and ‡± = 1

3
#
2±

Ô
10
$
. (5.43)

The numerical values for the latter are ‡+ ¥ 1.72 and ‡≠ ¥ ≠0.387. Apparently, this is a
saddle point with two one-dimensional manifolds, a stable one for ‡≠ and an unstable one
for ‡+. Figure 2.7 on page 48, or a cut through Figure 5.31 at h = 0, provide a qualitative
illustration of the situation. Notice that the low-dimensional representation in this example
stems from the approximation to only consider nn- and nnn-interactions and to drop all
higher-order terms in (5.35).

The next step would now be to calculate the critical exponents. This would reap the
fruits of the work, if we were interested in the particular class of systems. We stop short
of this, however, and rather focus on the applicability of renormalization group theory to
complex environmental systems.
Applicability of Renormalization Group Theory The key prerequisites for renormaliza-
tion to work are an essentially unlimited and inherently uniform system whose essential
structures are self-similar hence follow a power-law distribution. Thereby, “essentially
unlimited” means that we can zoom-out until the fixpoint is approached su�ciently closely,
without reaching a system boundary or heterogeneity. Practically, this means several orders
of magnitude between the length-scale of “fundamental” interactions and the macroscopic
scale, where the fixpoint emerges. Incidentally, “inherently uniform” refers to the interaction
between constituents not to the system state itself, which is highly non-uniform (scale-free)
near the critical point.

We recognize that both prerequisites are often hard to satisfy in environmental systems.
While the general concept of coarse-graining and zooming out remains of course possible, it
loses much of its power if iteration relations like (5.36) are not valid irrespective of scale, but
have to be recalculated ever so often. Still, the method remains most useful conceptually.
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Indeed, modern high-performance computing opens the door to scale-transitions also in more
heterogeneous systems, at the cost of leaving the elegant theoretical underpinnings behind,
however.

Exercises
5.1 Growing Trees
Aim: Gain intuition on binary random fields (trees), their changing structure with mean density fl,
and their autocovariance.

Tools: Random number generator of your choice. Must generate uniformly distributed real
numbers Ê œ [0, 1]. The system’s random number generator already su�ce, here.

1. Generate a two-dimensional field uij of statistically independent random numbers and do a
2d (color) density plot (sometimes called a “heat map”).
From the field uij generate binary fields bij with density fl by setting, in C-like slang, bij =
(uij < fl) and for some values of fl do 2d black&white density plots.

2. Generate a large one-dimensional random field ui, say with n = 4096 elements, and calculate
its autocorrelation function

Ruu(j) := Cuu(j)
Cuu(0) ,

where Cuu(j) is the covariance function

Cuu(j) :=
+
[ui+j ≠ Èui+jÍ][ui ≠ ÈuiÍ]

,

and plot it for j œ [0, n/10]. To prevent falling o� the interval, use the modulo operator when
accessing an index, in C for instance u[i%n].
Average the field ui with some function like running mean over length 10, hat-function with
width 11, Gaussian with variance 100. Plot the resulting field and its autocovariance function,
and discuss the results.

5.2 Koch Curve
For the construction of the Koch curve, the line segment is divided into three equal parts, a fourth
one is added and used to form a triangular extrusion. Use a similar construction but add two
segments to form a square extrusion. What is the dimension of the resulting fractal?

In continuation, divide the line into four equal parts and add su�cient pieces to construct two
square extrusions, one above, the other one below. Dimension?

5.3 Sierpinski Carpet
For the Sierpinski carpet of order n (Figure 5.19), calculate the size-distribution of the holes.
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Discrete Complex Systems

A prerequisite for a complex system is a very large number of nonlinearly interacting entities.
The nature of such a system becomes manifest when it is driven out of static equilibrium
by some external forcing. Simulating such a dynamics is a challenge because of the huge
number of degrees of freedom. An example is a large sand dune whose ratio between the
macroscale, say the dune’s height, and the microscale, the diameter of a grain, is O(106).
Hence, the dimension of the entire system easily exceeds O(1018).

Despite the huge dimension of most natural complex systems, rather simple discrete
models with just some 104

. . . 108 degrees of freedom may already lead to useful representa-
tions and allow at least qualitative insight into the systems’ characteristics. Again thinking
of a sand dune, a comparatively low-dimensional model could represent the characteristic
feature of slip faces, which are the avalanche with a wide range of scales. It would further
highlight the impact of the finite size of the grains as well as of the entire domain. However,
the scale di�erence between these two limits will be very much smaller than in a real
system (Figure 6.1) and the quantitative properties of the intermediate regime may not
be accessible.

We recall the scale-free structures and the patterns from Section 5.1 together with the
hallmark of complex systems, which is to robustly self-organize into some specific states
under a wide range of forcings and for a wide range of constituents. Apparently, much of
the detail of the interactions between the constituents is not relevant for the phenomenology
of such states. We may expect that the same is also true for the modeling of complex systems.
Hence, in this chapter we employ highly simplified models to explore the characteristics of
rather complicated systems.

6.1
Cellular Automata

At the lowest level of discrete models are cellular automata (CA), which result from a
strong discretization of space, time, and of the quantities of interest. These models attempt
to reproduce the local interactions between constituents structurally correctly albeit in a
crude fashion. In contrast, models that results from partial di�erential equations (PDE) are
mostly based on continuous formulations of processes and their discretization is very much
finer than that of a typical CA.

205
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Figure 6.1.
Sketch for a non-dissipative cascade that transfers
quantity q from the macroscale to the microscale
(direct cascade) or the other way round (inverse
cascade), where k is the wave vector. An example
for a direct cascade is the transfer of energy and
momentum in a fluid with fully developed three-
dimensional turbulence. An inverse cascade occurs
in sandpile.

reality

log(k)

log(q)

model

macroscale

microscale

rule 90 (01011010) rule 110 (01101110)

Figure 6.2. Rules 90 and 110 [Wolfram 1984b,c] for one-dimensional, two-state cellular automata
with nearest-neighbor interaction. Rule 90 is written in long form with the upper row showing the
8 possible configurations with white and black squares representing the states 0 and 1, respectively.
The lower row then gives the new, updated state of the center element. For rule 110, a shorthand
is given, just the set of updated states for the ordered set of configurations. This set can be read
as a binary number. Transforming it into a decimal form gives the number of the rule. Apparently,
there are 28 = 256 of them.

6.1.1
Definition

A cellular automaton A = {G, S,R} consists of three parts: (i) an arrangement G of cells,
(ii) a finite and countable set S of states, and (iii) a rule R that describes the development
of the states. In the simplest case, G is a d-dimensional grid of square cells, S is a small set,
minimally just S = {0, 1}, and R is a local rule that determines the state at i at time step
n+ 1 from the states in the neighborhood of i at the previous time step n.
The Neighborhood Commonly employed neighborhoods include the nearest neighbors
(von Neumann) or the next to nearest neighbors (Moore). We write the neighborhood
of i in shorthand as i

Õ
œ N (i). By definition, the cell itself always belongs to its own

neighborhood.
The Rule It defines for every configuration of the neighborhood i

Õ of i the state that is
assigned to i in the next step. Depending on the chosen environment and on the number of
feasible states, the rule can be very complicated.
One-Dimensional Rules With nearest-neighbor interaction, the neighborhood of an el-
ement contains 3 elements, itself included. For a two-state automaton this leads to 23

di�erent configurations. A particular rule assigns for each of these configurations a state for
the center element at the next time step. Hence, there exist 223 = 256 di�erent rules for this
setup, each of them specifying an automaton. Two of them, rules 90 and 110 of Wolfram
[1984b], are shown in Figure 6.2. While these rules are deceptively simple, and most of them
indeed lead to pretty dull developments, e.g., all states becoming equal or uniform sets of
lines, some of them produce quite fascinating structures. Rules 90 and 110 are two of the
interesting ones (Figure 6.3).
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rule 99

rule 110

rule 90

Figure 6.3.
Development of states in one-dimensional,
two-state cellular automata. The initial
state of the system is shown in the
topmost row of each frame. Successive
rows represent the system’s state at the
corresponding discrete times. Simulations
run from t = 0 to 512. Upper: Rule 90
with cell 0 set to state 1 at t = 0, all the
other cells are in state 0. This unrolls the
Sierpienski triangle. Middle: Rule 99 with
cells 23, 24,. . . , 29 initialized to state 1, all
the others in state 0. Zoom in to recognize
that the topmost row is indeed mostly 0.
Lower: Rule 110 with cell 0 initialized to
state 1, all the others in state 0. Following
the rule’s symmetry, this system only
grows to the left.

Iterating rule 90, starting from a single cell in state 1, generates the Sierpienski triangle, a
scale-free fractal object. Recall, however, that the automaton is a one-dimensional machine.
Hence, the object unfolds in time, like from a weaving machine. Thus, a Sierpienski prefractal
of order n is produced after 2n+1

≠ 1 time steps.
Rule 99 with just a single initial cell set to 1, is rather dull: an apparent dark left triangle

next to an apparent light triangle, both on an intermediate gray background. Setting more
than one cell to 1 produces a neat geometric figure, however, illustrating the fact that such
automata are nonlinear systems and do not just produce superpositions.

The most astonishing rule is 110 that does not appear to lead to any sort of regular
pattern. Indeed, it has been shown that this rule defines a universal automaton [Kari 2005],
which is a machine that can compute everything that is computable, albeit not necessarily
in the most e�cient way.

Two-Dimensional Rules The neighborhoods with the nearest (von Neumann) and in
addition the next to nearest (Moore) neighbors are shown in Figure 6.4. For the minimal
two-dimensional automaton that uses the 5-neighborhood, there are 25 = 32 configurations.
Again considering a machine with just two states, we find 232 = 4Õ294Õ967Õ296 di�erent
rules. Each of these defines a specific automaton all of them with the same set of states
and neighborhood. The corresponding numbers for the 9-neighborhood are 29 = 512 and
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Figure 6.4.
Neighborhoods commonly employed for two-
dimensional cellular automata. For d dimensions, the
neighborhoods are classified in analogy, with [2d+1]-
and 3d-neighborhoods as the extreme cases. Notice
that a point always belongs to its own neighborhood.

i,ji,j

5- (von Neumann)
neighborhood

9- (Moore)
neighborhood

229 = O(10154), respectively. Apparently, the number of possible rules grows rapidly with
the rule’s dimension d, with the number s of possible states, and with the extent of the
neighborhood.

Classification An automaton is called elementary if the relative location of the neighbor-
ing cells matters. This allows for directional rules.

For the simpler case of isotropic interactions, only the average of the states matters, or
their sum, and they are called totalistic automata. Again considering the minimal case in
two dimensions, totalistic automata just require 26 = 64 and 210 = 1Õ024 rules for the 5-
and the 9-neighborhood, respectively.

So far we looked at deterministic automata where the configuration S
n
iÕ leads to a unique

new state Sn+1
i . For stochastic automata, which are also called probabilistic, SniÕ maps to a

set of states with transitions given by some fixed probabilities.

6.1.2
A Short History

Cellular automata were introduced by von Neumann following a suggestion by Ulam [von
Neumann 1951; Burks 1975]. The initial focus was the design and study of self-replicating
systems in the context of autonomous evolution. Such logic machines became widely popular
with Conway’s “Game of Life” [Gardner 1970].

The first self-replicating automaton was a complicated construction with 29 states [von
Neumann and Burks 1966]. However, Langton [1984, 1986] and Byl [1989] demonstrated
that the two key ingredients of an evolvable machine – a configuration capable to (i) execute
the encoded instructions (translation) and (ii) thereby copy itself (transcription) – could be
implemented in much simpler automata if the configuration is a loop rather than a linear
structure. Incidentally, this relates to the hypercycles proposed by Eigen and Schuster [1977]
for the evolution of the biochemical machinery of life.

Subsequent studies demonstrated that cellular automata can be created in which self-
replicating systems emerge even from random initial configurations, hence without the need
for specific seeding [Chou and Reggia 1997]. These can actually evolve such that they adapt
dynamically to their environment, which is either modified by themselves or by external
factors [Huang et al. 2013].

The systematic study of cellular automata, beyond their role in fundamental discussions
on evolution, came with Wolfram [1984a,b,c]. He first focussed on one-dimensional, two-state
automata whose rule involved nearest neighbors only. As already found above, this leads to
223 = 256 rules for the elementary automaton. Of these 88 lead to qualitatively di�erent
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phenomenologies, some of them quite intricate. Eventually, Wolfram [2002] proposed a CA-
based methodological perspective on science, a concept Zuse [1967] came up with before,
albeit without the formal basis and without the beautiful illustrations.

6.1.3
Dynamical Systems and Di�erential Equations

A cellular automaton {G, S,R} may be described as a dynamical system {M, T,D}. More
precisely it is a map that is discrete in space, time, and state. Indeed, we readily identify
the arrangement G of cells with the manifold M and the rule R with the development
equation D. Time T is not explicitly mentioned for a CA since it is discrete anyway.

The relation to partial di�erential equations (PDEs) is at first sight less obvious. After
all, they describe the development of continuous quantities in continuous space and time.
We recognize, however, that with very few exceptions PDEs are not solved analytically but
numerically. This invariably necessitates their discretization in space, time, and state. Such
discretizations may be rather coarse, usually for space and time, or very fine, usually the state
that is represented by floating-point numbers. Whether coarse or fine, all representations in
a computer are necessarily discrete. This indeed is one of the key challenges when solving
PDEs and numerical mathematics provides the required highly elaborate methods. The
main practical di�erence is the fact that grids for the solution of PDEs are hardly ever
uniform, typically even adapt dynamically to the solution, and that the number of states in
a PDE-solver is immense, when compared to a typical cellular automaton.

A central issue is the relation between the respective development equations, i.e., between
the PDE and the rule R in the CA. For a large class of processes, the Chapman–Enskog
expansion provides such a relation as has been demonstrated for fluid flow [Frisch et al.
1986; Wolfram 1986] and for convective-dispersive transport [Chopard et al. 2009]. Cellular
automata, which in the context of flow and transport are often referred to as lattice gas
models, have indeed been used to simulate fluid flow in complicated domains like porous
media [Chen et al. 1991; Sahimi 1993]. These models have been developed further, leaving
the realm of cellular automata, by averaging over the microscopic states, which led to
lattice Boltzmann models that indeed rival traditional PDE formulations for complicated
geometries and materials [Chopard et al. 2002; Désérable et al. 2011].

The main field of application for cellular automata is the study of complicated processes
for which we lack a quantitative understanding that would allow us to formulate PDEs
together with the required material properties. Still, we may have a qualitative under-
standing that can be implemented and explored. Examples include the dynamics of sand
dunes [Zhang et al. 2010, 2012], the development of landscapes [Hergarten and Neugebauer
1998; Kessler and Werner 2003], and the spatio-temporal patterns of precipitation and soil
moisture [D’Odorico and Rodríguez-Iturbe 2000].

In the following, we study various popular systems and the corresponding manifestations
of complexity. We start with the sandpile model, the archetypical threshold model, and then
introduce the large class of contact processes with some examples.
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Figure 6.5.
Operation of one-dimensional BTW model illus-
trated by adding a grain to a region with critical
slope nc. This increases the downward slope nd

and decreases the upward slope nu. As nd > nc,
the grain topples until it is caught by a site with
n < nc. In the slope representation, toppling site i
means to remove 2 “grains” (slope units) and to
distribute them to i≠1 and i+1. Interpreting higher
dimensional BTW models like (6.1) as sandpiles is
no longer possible [Bak et al. 1988].
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Figure 2.2.
Color scheme for qualitative data by Tol [2012].
A color from this family for drawing and writing
is selected by sStroke(’Q’,O,M), where O and M
are integers that determine order and member,
respectively, and in analogy for filling. As an
example, sStroke(’Q’,3,2) produces the same
dark yellow as sStroke(’Q’,12,7). For any
given graphics, it is suggested to choose the
appropriate family, here “qualitative”, and the
smallest order that su�ces to represent the data.
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2.3 Color

PSgrafo�ers two ways to specify a color: (i) by its coordinates in one of the color spaces or
(ii) by selecting it in one of color schemes. Both methods can be mixed.

2.3.1 Color Spaces

Available color spaces are G (gray1), RGB (red-green-blue), HSB (hue-saturation-brightness),
CMYK (cyan-magenta-yellow-black) – which is set by the function sColorSpace. Each letter
in the name of the color spaces denotes a coordinate that can vary in the interval [0,1], where
0 corresponds to minimal intensity of the corresponding property and 1 to maximal intensity.
Example: The color defined by (1,0,0) is red in RGB-space, but black in HSB-space (red with
no saturation and no brightness). In HSB-space, the color red is represented by (1,1,1).

void sColorSpace(const char *cspace)
void sColorSpace(const char *stroke,const char *fill)
� void sColorSpace(int stroke,int fill)

Set the color spaces which will subsequently be used to define a specific color for stroke and
fill. Permissible values for the arguments are

const char int color space
"G" 0 gray (default)
"RGB" 2 red, green, blue
"HSB" 4 hue, saturation, brightness
"CMYK" 8 cyan, magenta, yellow, black

The first form, sColorSpace(const char *cspace), sets the color spaces for stroke and fill
to the same value.

An alternative to setting the color space with sColorSpace is the use of color vectors, struct
color, which set the space implicitly.

void gColorSpace(int*stroke,int*fill)
Return the integer codes of the current color spaces for stroke and fill pen. This comes
in handy if a particular color space must be used in some function without a�ecting the
external setting.

2.3.2 Color Schemes

PSgraf currently support the color schemes devised by Tol [2012], which are designed to be
optimally visible also for color impaired persons (Figure 2.3).

void sColorDark(double dark)

Make all colors darker by the factor dark � [0, 1] (Figure 2.5). Default is 0. This setting
remains active until changed.

void sColorLight(double light)

Make all colors lighter by the factor light � [0, 1] (Figure 2.5). Default is 0. This setting
remains active until changed.

1Although G is not a color space in the traditional notation, it is included here to obtain a coherent model.
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6.2
Sandpile Model
The dynamics of natural sandpiles inspired various theoretical models, starting with the
seminal Bak-Tang-Wiesenfeld (BTW) model [Bak et al. 1987]. The models’ storyline is to
represent a heap of dry sand, specifically the deviation of the local slope from the critical
value. This deviation is discretized, motivated by the finite size of a grain. Instead of
the slope, we may imagine energy, height, or stress, always their local value expressed as
deviation from the corresponding value of the critical slope, and discretized accordingly. This
highly abstracted representation of reality is implemented as a deterministic and totalistic
cellular automaton. It is illustrated for a one-dimensional system in Figure 6.5.

Representations of real sandpiles in higher dimensions become considerably more di�cult.
As a starter, the slope is no longer a scalar but turns into a vector field. However, since the
focus here is on studying distributed self-organizing systems – not the physics of granular
materials –, we go with Bak et al. [1988], retain the inspiration by the sandpile but go with
the simplest possible formulation that does not necessarily have a simple storyline.

6.2.1
BTW Model

For d-dimensional space, the BTW model is an automaton with 2d states. True to its
storyline, it is usually operated in two dimensions, hence on a grid with ¸ ◊ ¸ square cells.
Its initial set of states are the integer numbers. However, after the initial transients have
vanished, only 2d = 4 states are active. Finally, there is the development rule

if ni,j > nc :
ni,j æ ni,j ≠ 4

ni±1,j æ ni±1,j + 1
ni,j±1 æ ni,j±1 + 1 , (6.1)

which operates on the 5-neighborhood and where nc is some prescribed (critical) value. As
pointed out already by Bak et al. [1988], this rule has no simple interpretation in analogy
to Figure 6.5.

Rule (6.1) is applied to all cells simultaneously. From each of the cells that exceed the
critical value it takes 2d = 4 units and distributes them to the cell’s nearest neighbors. The



6.2 Sandpile Model 211

Figure 6.6. left: Critical state of the sandpile model (6.1) simulated on a 2562 grid. Values
range between nc = 10 (white) and 7 (black) with a mean value of 9.12. Notice that the actual
value chosen for nc is immaterial. right: Exemplary avalanches, triggered by adding one unit at a
randomly chosen cell of a 5122 grid. The avalanches have been selected to exhibit a range of areas,
from 138’280 grid cells, some 53% of the total area, down to 1’086. They are shown in shades of red
with smaller avalanches overprinted on the larger ones. The largest avalanches (not shown here)
cover more than 90% of the area (Figure 6.7).

values at the boundaries are kept fixed, typically at nc ≠ 4, which corresponds to removing
the units that reach the boundary. The rule is conservative in that it does not change
the sum of n within the neighborhood but just redistributes it. However, the system is
dissipative at the boundaries, where surplus units are removed.

To run this automaton, the grid is initialized at a random state with ni,j > nc,’i, j.
This configuration is then relaxed by applying (6.1) until an immobile state is reached (left
frame of Figure 6.6). By construction, none of the cells then has a value larger than nc

and, correspondingly, none of the values is smaller than nc ≠ 3. This is ascertained by
rule (6.1) and shows that, once the self-organized state is reached, the BTW-model indeed
is a 2d-automaton with just 4 states.

After the initial relaxation the system is driven by adding single grains to random sites i, j
followed by the complete relaxation to an immobile state by iteratively applying (6.1). The
system’s reaction to adding a single grain is a priori unpredictable and can range from
just a local modification of the microscopic state all the way to large avalanches that can
encompass up to some 90% of the grid cells (Figures 6.6 and 6.7). Adding grains in such a
manner corresponds to an infinite separation of time-scales between the disturbance of the
system and its relaxation, which is the regime of self-organized criticality. Incidentally, time
in the BTW-model has no quantitative meaning but just orders the avalanche events, which
in turn are instantaneous.

6.2.2
Phenomenology

The macroscopic state of the BTW-model is given by the spatial average of the slope with
ÈnÍ Æ nc. To quantify the system’s fluctuations, we define the area A of an avalanche as the
number of sites that are touched during the relaxation. An alternative choice would be to
count the number of topplings, which is referred to as the size of the avalanche [e.g., Manna
1991]. Notice that the area is bounded by A Æ ¸

2 and that the size is larger or equal to the
area as the same cell can topple many times in a single avalanche.
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Figure 6.7. Sequence of area fraction and mean slope after initial relaxation to a random
state. Domain size is ¸ = 256. Each avalanche is represented by a dot. In the upper frame, dot
size increases with area fraction. In the lower frame, the thin slanted line indicates the slope that
results from adding individual “grains”, hence the maximal possible rate of increase. The jumps
from higher to lower angles are caused by large avalanches.

A sequence of avalanches and slopes reveals a wide range of avalanche sizes (Figure 6.7).
The largest reach some 94% of the domain. This wide distribution is quite independent
of the choice of ¸, once some minimal value is exceeded. In contrast, the slopes are quite
constant with ÈnÍ ≠ nc ¥ ≠0.88 and just some erratic fluctuations. Their variance is small,
however, and it is found to decrease proportionally with ¸

2. Hence, ÈnÍ ≠ nc is recognized
as a well-defined emergent property of the BTW-sandpile.

Finding ÈnÍ to vary along the sequence indeed warrants a thought. After all, rule (6.1)
is conservative and just distributes the “grains of slope”, as also illustrated in Figure 6.5.
However, there are two cause for ÈnÍ to change: (i) In each step of the sequence, a single
grain is added. This increases ÈnÍ by ¸

2. (ii) Grains can be lost at the boundary. This may
be an arbitrary number, depending on the size of the avalanche, and it results a negative
jump of ÈnÍ. The probability for such a jump increases with the size of the avalanche, as
does its size. Indeed, small avalanches seldomly intersect the boundary, hence leave ÈnÍ
except for the increase due to the single grain added to release it.
Area Distribution We describe the area-distribution of avalanches by the complementary
cumulative probability distribution

PA(A) =
⁄ Œ

A
pA(a) da = N(A)

N0
, (6.2)

where N(A) is the number of avalanches with area larger than A, N0 is the total number
of avalanches, and pA(a) da the probability to find one in the interval [a, a + da[. It is also
referred to as the exceedance probability. As expected, this distribution is very wide and
ranges from the area of the local neighborhood, A = 5, almost all the way to the entire
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Figure 6.8. Complementary cumulative probability distribution (6.2) of avalanche areas for
square grids with side length ¸ œ {32, 64, . . . , 2048} (yellow to dark red), where A is the number
of cells touched. The black line represents the power-law (6.3) with – = ≠0.215. The right frame
shows distributions scaled using (6.4) with empirical parameters — = ≠2 and ‹ = ≠0.44. The
distribution for the largest grid is a bit uneven due to the limited statistics that is based on just
11’500 avalanches. The other distributions are based on ensembles with 21000. . . 115000 members.

Figure 6.9.
Sketch for finite-size scaling of a sandpile model. The same
avalanche contributes di�erently to N(A) depending on where
it is located within the frame of interest (yellow) and, from
the perspective of either simulating or observing the system,
on where it was initialized (star). A further di�erence is that
simulations have a fixed value on the domain’s boundary, while
observations do not.

domain with A = ¸
2 (Figure 6.8). For large grids, it is actually described reasonably well

by the power-law
PA(A) = A

–
, (6.3)

with the empirical constant –. For the two-dimensional system simulated here, we find
– ¥ ≠0.215. This description only holds for avalanches that are small compared to the
area of the domain, say smaller than 5% of the domain area. For larger avalanches, the
probability to hit the boundary increases rapidly, which adulterates the statistics.
Finite-Size Scaling The simulation’s finite domain raises a number of further interesting
questions. Indeed, there are two extreme perspectives: (i) numerical simulations, which
necessarily involve boundaries where the processes are very di�erent from those in the
domain’s interior, and (ii) observations of some system through a bounded window.

We first look at the impact of prescribed boundaries (Figure 6.9). They obviously impede
the further development of an avalanche that has been initialized in the domain’s interior and
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happens to hit the boundary. The consequences of this are that the area already covered
contributes to the wrong size-class and that the avalanche cannot swash back as might
happen in an unbounded situation (blue avalanche in Figure 6.9).

Next, we consider an unbounded domain that is observed within a bounded field of view
with side length ¸. Now, avalanches may swash back into the field and also avalanches
initiated outside may enter. Still, they do not contribute to the correct size-class and as A
approaches ¸2, the number of observed avalanches decreases much faster than expected from
(6.3). With the premisses that (i) the true distribution follows a power-law and (ii) the finite
domain is just a field of view, hence its boundary does not a�ect the underlying process, the
entire situation is scale-invariant such that

PA(A; ¸) = ¸
≠—
g

1
A

¸‹

2
, (6.4)

where — and ‹ are the model’s critical parameters and g is the scaling function that describes
the power-law distribution of small avalanches with a rapid decay of the probability for
observation as A æ ¸

2 [Kadano� et al. 1989]. With the above premisses, the function g is
universal in the sense that it is the same for all su�ciently large values of ¸. Such functions
can be obtained explicitly through the renormalization formalism [Goldenfeld 1992].

The scaling relation (6.4) may be used to empirically verify that a given process is scale-
invariant by ascertaining that constant parameters — and ‹ exist that map distributions
obtained for di�erent domain sizes onto each other. Figure 6.8 corroborates that this is the
case for the BTW model.

Incidentally, (6.4) is just the most simple description of a system that is near to its critical
point and thus truly scale-invariant by definition. Farther from the critical point, scale-
invariance only applies within an ever smaller range as will be illustrated in Section 6.3.2
below. Then, multifractal scaling may still provide a useful description [Paladin and Vulpiani
1987; Kadano� et al. 1989; MarkoviÊ and Gros 2014].

Universality Class Processes with identical scaling function g and identical parameters —
and ‹ are said to be in the same universality class. What this means, roughly speaking,
is that the structures, here the avalanches, of the processes in such a class are the same,
i.e., have the same distribution of areas and shapes. These in turn are manifestations of the
underlying microscopic processes, specifically of their symmetry.

Self-Organized Criticality (SOC) The observed power-law distribution together with our
understanding of the underlying mechanism indicates that the system is in a critical state
akin to what is found in fluids or magnets. These latter systems demand a careful tuning of
their parameters in order to reach the critical state and to remain there. In contrast, and
this was the great excitement emanating from Bak et al. [1987], the BTW-sandpile develops
autonomously and for all initial conditions into the critical state. This was a first instance
of a self-organized critical (SOC) system.

Notice that the critical state, here with ÈnÍ ≠ nc ¥ ≠0.88, still depends on microscopic
properties and in general cannot be calculated easily from them. This is no di�erent from
a thermodynamic equilibrium system at its critical point. The di�erence is, however, that
the BTW-model is a non-equilibrium system that is attracted to its critical state, which in
turn is robust and easily observable.

We recognize four key ingredients for SOC: (i) The system is slowly driven by the sequence
of adding a single grain and the subsequent complete relaxation of the state. (ii) It has a
threshold, hence can at least in part store the dynamic quantity, here the sand grains.
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Figure 6.10.
Self-organization through external flux that moves stable sites
towards susceptible and on to supercritical, from which they relax
back to stable. Such a relaxation can trigger a macroscopic
event in active domain (red). The thick green line indicates the
slowly-driven regime with the red dot marking the possibly strict-
sense SOC state with density flc. Increasing the activation flux
beyond the maximum shown here leads to a transitory regime
with decreasing intermittency and eventual to a fluid.

Indeed, a site that exceeds the critical value nc loses 4 units and thus can then accept
several units before contributing to an avalanche again. (iii) The dynamics is dominated
by interaction, not by inertia, for instance. (iv) The development is conservative as in the
process grains are just redistributed, neither added nor removed. Grains are of course added
to initialize the development and they are removed at the boundaries to end it. This is the
external flow, however, which keeps the system out of equilibrium.

These four points led to the characterization of SOC-systems as slowly-driven interaction-
dominated threshold systems [Jensen 1998], a name that never took hold, however.

The Larger Context By definition, complex systems under weak external forcing self-
organize into a macroscopic state that does not depend on details of the forcing. Specifically
for the heap of sand, the macroscopic state is the slope of the slip face, which does not
depend on how the sand grains are added, as long as an avalanche relaxes before the next
one starts.

For such weak external forcing, the resulting self-organized state may be strict-sense crit-
ical, i.e., scale-free and described by power laws, as is the case for the BTW sandpile model.
Sticking with it, we recognize that increasing the forcing, here the influx of sand grains, in
general leads to a very complicated situation. On the other hand, if the forcing remains
stochastic with a uniform spatial distribution, we may expect a more benign situation in
which the macroscopic state, here the mean slope, remains well-defined and robust. This
will probably be a di�erent state. It will certainly no longer be strict-sense critical because
an excitation, here an avalanche, will no longer relax completely before it can interfere with
another one. The exceedance functions shown in Figure 6.8 will thus become further limited
towards larger values of A and this limit now is the same for all su�ciently large domains.
Indeed, increasing the inflow, ever smaller avalanches will overlap and the macroscopic state
is pushed ever higher up the phase separation curve until it reaches flsusc = 0, where the
entire slope is mobile since the series of avalanches transits into a continuous albeit strongly
fluctuating sheet-flow. This is the smooth transition into fluid dynamics and the approach
to the Navier-Stokes regime.

If a robust state exists also for a strong forcing, we define it as weak-sense critical, since
it is at the transition between two qualitatively di�erent regimes, albeit no longer scale-free.
We characterize the two di�erent regimes, or phases, as active (mobile, unstable) and as
absorbing (immobile, stable) with the self-organizing phase separation curve between them
(Figure 6.10). Notice though that in such a situation “critical” might as well be dropped
since it does not add anything to “self-organized”.

Traditionally, only the regime with a vanishing activation flux and a power-law distri-
bution of relevant dynamical quantities is referred to as SOC (self-organized critical). The
endpoint of the phase separation curve in this regime is then called the critical point with
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Figure 6.11.
Sketch of contact process that comprises three parts:
(i) transition from the passive to the susceptible state
by external forcing, e.g., growth, (ii) activation, either
by a second sort of external forcing, e.g., a lightning or
an infection, or autocatalytically through contact with
a neighboring active site, and (iii) relaxation back to
passive. The susceptible state leads to the threshold
required for the self-organization into a critical regime. passive
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critical density flc. This is motivated by the prospect that this regime may indeed be strict-
sense critical [Watkins et al. 2016]. Since environmental systems are seldomly really scale-free
yet self-organization is a key principle, we refer to the entire phase separation curve as SOC,
with the tacit assumption that the forcing is such that the curve is well-defined.
Comments Despite its simplicity, the BTW model cannot be solved analytically in the
sense that the critical parameters and the scaling function can be calculated. This motivated
the formulation of even more abstracted models, most prominently a stochastic two-state
model that is independent of the spatial dimension by Manna [1991]. These models aimed
more at studying the relation between SOC and critical (second order or continuous) phase
transitions than at understanding environmental systems, however.

The BTW model is a completely deterministic automaton in that adding some given
sequence of grains to some initial configuration will lead to the exact same development when
repeated. This readily follows from the deterministic rule (6.1) and the fact that integer
arithmetic is used, which is exact. Notice, however, that the manifestations of the BTW
automaton still are stochastic as is illustrated by Figure 6.7. Indeed, initial configurations
and forcing sequences that di�er ever so slightly will lead to completely di�erent devel-
opments of the microscopic configurations, without a�ecting the macroscopic properties,
however. This is a first example of how in high-dimensional systems, deterministic chaos with
its fundamental unpredictability, the details of the avalanches, transits into an accurately
predictable and rather simple system through self-organization.

6.3
Contact Processes
In a contact interaction or process, some property is transferred from location i to its
neighborhood N (i) [Harris 1974]. This may be fire in a dry forest or a disease in humans,
animals, vegetation, or computer networks. It may also be a rumor or a novel idea for
humans, or a new trick learned by animals, crows for instance. These examples are all
exceedingly complicated in detail but still share a common structure: (i) some initially
passive state is turned susceptible through external forcing, (ii) the susceptible state then
becomes activated, either through an external event or a neighboring active state, and
(iii) the active state relaxes to passive again (Figure 6.11).

For the forest fire, for instance, a clearing is a passive state since no fire can catch on.
As a stand of trees has grown – this is the external forcing –, it becomes susceptible and
can get active (burning) by catching fire from a stroke of lightning, a run-away campfire, or
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from some neighboring burning tree. After burning down of the trees, the site is again in the
passive state. For the spread of a concept or an idea, a satiated person or society represents
the passive state. It becomes susceptible, for instance through some environmental changes
like climate or competition, or maybe simply out of boredom, gets excited (activated) by
an inspiration or by an idea caught from a neighbor, which in time gets integrated and
absorbed, thereby returning the person or society to passive again.

6.3.1
Basic Models

We consider automata on a two-dimensional quadrangular grid G with three states, S =
{passive, susceptible, active}, and rule R that operates on the 5-neighborhood.

Relaxation For dissipative systems, relaxation of some active state into a passive one is
a key process. We look at a deterministic model with development rule R

passive æ passive
susceptible æ active , if a neighbor is active

active æ passive (6.5)

that is applied simultaneously to all cells. Starting from some initial configuration of states,
it will transform all those susceptible states to passive that are connected to an active
state through their neighborhood, possibly through the neighborhoods of further susceptible
states, and it will turn all active states passive. In addition to being a key process in more
general contact processes, we will also come to esteem it as a useful tool for analyzing discrete
random distributions.

Continuously Driven Contact Process Keeping a dissipative system away from its static
fixpoint, and thereby facilitating self-organization and the emergence of macroscopic struc-
tures, requires sustained external forcing. For the system sketched in Figure 6.11 this
includes: (i) turning a passive state susceptible, which demands the input of some sort
of energy, and (ii) activating it, which the system may be able to do autonomously, once
activation is initialized.

Using the same grid and neighborhood as before, we choose to define a stochastic au-
tomaton with the rule

passive æ susceptible, with probability p

susceptible æ active, with probability f

susceptible æ active, with probability 1≠ g if i
Õ
œ N (i) active

active æ passive . (6.6)

Such stochastic models facilitate the representation of fluctuations of the environment or of
statistical heterogeneity of the state.

Rule (6.6) is dissipative throughout its domain due to (6.6)4. This contrasts with the
sandpile model, which is non-dissipative except for the boundary. It furthermore contains
three parameters to shape its macroscopic behavior: (i) A uniform and saturating input is
described by the probability p for the transition passive æ susceptible. This sets the
characteristic time p≠1, in units of update steps, for the saturation of the susceptible states,
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either individually for a single cell or for the domain as a whole. We may think of this
term as a flow that supplies the “mass” that can react once it is activated. The required
activation makes for the threshold that is one of the prerequisite for SOC. (ii) Similarly,
the probability f for spontaneous activation sets the time scale f

≠1 for a site to become
active with the subsequent transit to passive. Since activations propagate to the cell’s
neighborhood, the more interesting quantities are f¸2, the number of potential activations
in the entire domain during a time step, and [fA]≠1, the characteristic time for any site
in a connected cluster of area A to be activated, which eventually turns the entire cluster
passive. A connected cluster is a set of cells that are connected through their neighborhood.
(iii) Finally, the parameter g œ [0, 1] describes the probability for a site to be resilient against
activation. Notice that this is just a probability, hence a site that happened to be resilient
in one time step may still get activated in the next. Depending on the storyline, we may
refer to this resilience also as immunity or obstinacy.

6.3.2
Spatial Organization of Random Fields
As an application of the deterministic automaton (6.5), we look at connected clusters in some
spatially varying distribution. Such a cluster is a set of cells that all carry the same property
and are connected through their respective neighborhoods. Connected clusters are of great
importance in many fields since they may behave as macroscopic objects in the sense that
activating a single cell, instantaneously, on the macroscopic time scale ·m, transforms the
entire cluster. Forest-fires are a prime example of this. For them, ·m is given by the growth
time of a tree, which is decades to centuries, very much longer than the fire’s duration of
just days to weeks. Another example are communication networks within groups, with ·m

corresponding to the time required to execute or implement some respective action.
Algorithm Consider the binary field with cell values 0 and 1, which in the context of the
automaton represent passive and susceptible. To analyze the field, the cells are visited
sequentially and, if they are susceptible and unmarked, the cell and its connected cluster
are marked, which corresponds to turning it active. A connected cluster is identified by
(i) marking cell i with the cluster identifier, for instance a number, (ii) recursively marking
all cells i

Õ
œ N (i), and (iii) stopping if N (i) is empty.

Apparently the above procedure is not limited to binary fields since instead of testing if
the state of cell i is susceptible, arbitrarily complicated criteria may be tested for cell i with
an arbitrary associated set of cells. Specifically, if the random field represents a continuous
variable, we may test for the value of cell i to be smaller than some prescribed value.
Comment Modifying and applying the basic algorithm to fields of continuous variables as
done above, or to even more complicated structures, is an example where a model rooted in
a strict-sense cellular automaton formalism is extended. Specifically, a CA asks for a small
set of states, which is clearly violated by introducing continuous variables. This is more of
a historical and implementation-related issue, however.
Random Fields with Uniform Distribution Construct a two-dimensional regular grid and
assign to each cell a random number Êij œ [0, 1]. Let these numbers be uniformly distributed
and statistically independent. They may represent the sampling of some random function
with a resolution that is much lower than the function’s correlation length.

Here, we use the field to explore connected clusters in binary, random, and statistically
uniform distributions with di�erent densities fl. These distributions are created by setting
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fl = 0.550 fl = 0.580 fl = flc = 0.592746

Figure 6.12. Realizations of statistically independent binary random fields for di�erent densities
fl (upper) and corresponding clusters connected in a 5-neighborhood (lower) for a domain with
40962 ¥ 16.8 · 106 cells. Susceptible cells in the same cluster are drawn in the same color (out
of a palette of 21). Passive cells are drawn in white, which leads to the overall gray and pastel
appearances. All three fields are generated from the same underlying realization by just shifting
the threshold for the separation between susceptible and passive. The area-distributions of the
clusters are shown in Figure 6.13.

the cell to susceptible if Êij < fl and to passive otherwise. Since the Êij are distributed
uniformly in [0, 1] and statistically independent, this leads for the susceptible states to the
areal density fl. Such a binary field could for instance represent a forest with tree density fl

and with the neighborhood defined by the distance a fire or a disease can jump.
The area-distribution of clusters depends strongly on density fl (Figure 6.12). For small

values of fl, the clusters are very small with a large fraction of the susceptible cells isolated.
The cumulative area-distribution indicates that smaller clusters approximately follow a
power-law distribution, which is cut o� towards larger values, however (Figure 6.13).

The size-distribution of clusters is readily understood by recognizing that increasing fl

corresponds to an aggregation process for the cluster, which may be described as a Yule
process. Indeed, as more cells are turned susceptible the density increases proportionally.
The area of the largest clusters grows much faster, however. The reason is that clusters
grow through two e�ects: (i) a new cell is added to an existing cluster, which increases its
area proportionally, and (ii) a cell connects two clusters by appearing in the single-cell gap
between them. The second e�ect leads to a rapid increase of cluster areas with fl. Indeed,
there is a critical density flc such that the area of the largest cluster diverges proportional
to |fl ≠ flc|

≠‹ , where flc and ‹ > 0 are constants that only depend on the geometry of
the local neighborhood. For a two-dimensional rectangular grid with a 5-neighborhood,
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Figure 6.13.
Complementary cumulative area-distribution of clusters
in Figure 6.12, for the di�erent values of fl. The area A
is the number of susceptible cells in a cluster and is by
the factor fl smaller than the visual area. The number
of clusters larger than A is NA. Logarithmic bins were
used to have comparable numbers in them. Still the
ends are rugged. At the large end of A, this is due to
the small number of clusters reaching that size. At the
small end, it reflects the spatial discretization, which has
several bins contain the same number of cells.
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flc = 0.592746 [Jacobsen 2014]. Finally, for fl > flc, there is always one cluster that spreads
the entire domain.

The exact value of flc is only obtained in the ensemble average over realizations with
infinite domains. Then, the area-distribution of the clusters for fl = flc can be shown to
follow a power law and the system is in a strict-sense critical state. The corresponding
transition at flc is a critical transition of a thermodynamic equilibrium system.

We notice in passing that the total number of clusters, NA(1), decreases with increasing fl

due to the aggregation of ever more sites into larger clusters. Also the exponent of the power
law, the slope of the straight part in Figure 6.13, decreases with fl.

Comments The two rows of Figure 6.12 represent two perspectives of the exact same
fields. The upper row shows local densities, which are essentially uniform with just minor
changes between the cases. Indeed, some small averaging would result in uniform continua.
This is guaranteed by the statistical independence of cell values, hence a lack of spatial
structures. Density thus does not reflect the critical transition, which indeed is one of the
properties of continuous phase transitions. The situation is completely di�erent when we
look at the spatial organization introduced through the definition of a neighborhood (lower
row). It reflects the critical transition by the divergence of the cluster area.

Which one of the two contrasting perspectives is appropriate depends on the processes to
be studied. For instance, estimating the harvest from a forest depends on the density, while
assessing the vulnerability to some disease depends on the distribution of clusters.

The spatial organization apparently depends on the definition of the neighborhood. Dif-
ferent choices lead to the same general phenomenology – the divergence of the cluster area
as the critical density flc is approached from below – but this happens at di�erent values
of flc. For instance, for a uniform random distribution on a two-dimensional quadrangular
grid with 9-neighborhood, flc ¥ 0.407 [Malarz and Galam 2005]. Further values for flc for a
wide range of topologies and neighborhoods are readily available.

Staying with the above example of a forest, we realize that di�erent neighborhoods are
associated with di�erent processes, e.g., for fire, wood cutting, diseases that are transferred
by wind, or by birds, or by mammals, but also for the competition between trees for light,
water, and nutrients. This understanding is readily transferred to spatial distributions
of other quantities, all of which exhibit a range of organizations with respect to di�erent
neighborhoods, many of which are indeed self-organized by the respective processes. We
will explore examples in the following sections.
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fl0 = 0.583

flf = 0.570

fl0 = flc = 0.592746

flf = 0.321

fl0 = 0.603

flf = 0.129

Figure 6.14. Percolation of a configuration initialized with a random uniform distribution of
susceptible cells with density fl0. All cells on the lower boundary are then activated. The final
distribution of remaining susceptible cells (green) with density flf is shown. Cells that turned
passive during the transition are shown in red, originally passive cells in yellow. The simulation
was run on a square grid with ¸ = 4096 with rule (6.5) operating on the 5-neighborhood.

6.3.3
Percolation

A two-state distribution where cells are either passive or susceptible, but none is active, is
stable under rule (6.5). Its spatial organization only becomes manifest if a subset of cells
is activated. In the most simple situation rule (6.5) is then iterated until a new stable
configuration is reached, a transition that relaxes the cluster of all susceptible cells that are
connected with the initially activated set. Such a process is called a percolation.

The name originates from the example of a liquid that invades and eventually percolates
through a porous medium. Such a medium may be thought of as a network of connected
pore-throats and -bodies. The diameter of the pore body in conjunction with the liquid’s
wettability and interfacial tension determines if the liquid can fill the pore. Percolation then
occurs if there is a continuous path from the liquid’s entrance through the porous medium
to its outlet.

In order to explore percolation, we start out from a random uniform distribution of
susceptible cells with density fl0 and all other cells passive. As initial activation, all cells
at the domain’s lower boundary are set to active. After relaxation, the density of the
remaining susceptible cells is flf . For this system, the density of the initial state determines
the quality of the final state, in particular whether the passive cells form clusters of bounded
or unbounded size.
Subcritical State For fl0 < flc, all susceptible clusters have a finite size. Hence, the
activation will stop eventually as it encounters local configurations with all passive cells in
the neighborhood. The area of cells that turned passive thus has a finite size and typically is
much smaller than the entire domain (left frame of Figure 6.14 with fl0 = 0.583). The final
configuration, here with flf = 0.568, corresponds to an absorbed state in Figure 6.10. Notice
that in the limit of an infinite domain with a localized initial activation, flf æ fl0.
Critical State For fl0 = flc, which is also referred to as the percolation threshold, the
largest susceptible cluster, the percolation cluster, just spans the entire domain. It can be
shown that this cluster has a fractal geometry and that, for a two-dimensional quadrangular
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fl0 = 0.397

flf = 0.388

fl0 = flc = 0.407

flf = 0.319

fl0 = 0.417

flf = 0.079

Figure 6.15. Percolation as in Figure 6.14 but with rule (6.5) operating the 9-neighborhood.
Notice that the lower initial density leads to a lighter appearance of the colors.

grid, its boundary has dimension 91
48 ¥ 1.896 [Sahimi 2014]. Notice that the critical state

here requires fine-tuning of the initial density fl0. Hence, it is not self-organized.
The probability of hitting the percolation cluster in the simulation with the initial ac-

tivating line is high. Indeed, some 46% of the susceptible cells are turned passive (middle
frame of Figure 6.14). Actually more than just the percolation cluster is turned passive in
this simulation because a number of smaller clusters is also activated. On the other hand,
for any finite domain, a fully penetrating cluster already occurs for fl0 < flc because a smaller
cluster already su�ces for this. Finally, notice the broad size-distribution of patches that
remain susceptible.

Supercritical State For fl0 > flc, the largest connected cluster of susceptible cells is larger
than the percolation cluster. Its activation thus turns a large fraction of the cells passive,
in the simulation with fl0 = 0.603 some 80% as calculated from 1 ≠ flf

fl0
(right frame of

Figure 6.14).

Comments As mentioned above, a critical state that separates the sub- and the super-
critical domains is generally found. The critical density flc depends on the topology of the
grid and on the definition of the neighborhood. This is illustrated in Figure 6.15 where a
9-neighborhood is used.

The transition between sub- and supercritical occurs in a narrow range of fl0, a range that
becomes ever smaller as the domain size increases. This illustrates the degree of fine-tuning
required to reach the critical state.

Figures 6.14 and 6.15 show single realizations and in addition a “fat” activation. In more
precise studies, we would use ensembles and point-like activation, and would correspondingly
sharpen the language to “for fl0 = flc the size of the cluster turned passive almost always
diverges with the size of the domain”. Choosing fat activation is a trick that ascertains, for
graphical purposes only, that a maximum cluster is found in one shot.

6.3.4
Forest Fires

Consider a large forest during the dry season. The trees stand densely with occasional
clearings where new trees grow. A stroke of lightning may set a tree on fire, which in turn



6.3 Contact Processes 223

may set its neighbors on fire, and so on until an entire cluster of trees is burnt down, thereby
creating a new clearing. Such new clearings apparently cannot burn anymore, even when
hit by a lightning, because there is not su�cient wood. Also, a tree may not catch fire even
when a neighbor is burning, for instance because the neighbor happens to be small and to
be a bit farther away. Then there is of course topography, the mix of vegetation, the soils
and their moisture, and the weather, temperature, wind, and precipitation that must be
taken into account for real forest fires.

Shortcutting the complications of reality, Bak et al. [1990] proposed the contact process
(6.6) as a minimal forest-fire model (FFM). They considered a system with three states,
{empty, tree, burning}, on a two-dimensional quadrangular grid with n¸ ◊ n¸ cells. The
boundaries are chosen as periodic, fixed, or impermeable and the neighborhood N comprises
either 5 or 9 cells. For the development rule, they used (6.6) with f = 0 and g = 0, hence did
not account for spontaneous activation and resilience. These two aspects were added later
by Drossel and Schwabl [1992, 1993] and Clar et al. [1996] and led to the Drossel-Schwabl
Forest-Fire Model whose rule

empty æ tree, with probability p (growth)
tree æ burning, with probability f (lightning)
tree æ burning, with probability 1≠ g if i

Õ
œ N (i) burning

burning æ empty , (6.7)

is a direct translation of (6.6). It is applied simultaneously to all cells.
The model’s state is typically initialized as a random distribution with some prescribed

density or as an empty field. This is not crucial, however, because the system is constantly
driven by the growth probability p that guarantees its self-organization that is independent
of its initial state.

Choice of Parameters Formulation (6.7) is generic and must be fleshed out to represent a
specific process and situation. This is where (i) the contact process becomes a forest fire, and
not a spreading of diseases, or such, and (ii) the actual coupling to the environment comes
in. Prerequisites for this step are a quantitative understanding of the specific environmental
system and a qualitative understanding of the model’s capabilities.

We first envisage the physical system and recognize three characteristic times that are
determined by (i) the time required for a stand of trees to grow from an empty domain, which
in a natural setting mainly depends on site conditions like climate and soil type, and on the
type of vegetation that develops there, (ii) the frequency of lightnings that can set a tree or
a stand on fire, which again depends on climate, specifically the number of thunderstorms
during dry spells, and local conditions like exposition and specific vegetation, and (iii) the
propagation velocity of a fire front, which depends on the dryness of vegetation and soil, on
the amount of dead material, on the local geomorphology, and on the weather, mainly wind
and precipitation. Typical values for forests are ·g = 50 . . . 200 y for the growth of a stand
and vf = 0.5 . . . 5 km d≠1 for the propagation velocity of a fire front.

Turning to the model, we notice that rule (6.7) can represent growth and lightnings
directly, through parameters p and f . There is no direct means to incorporate the velocity
of the fire front, however. The model indeed has an inherent maximum velocity of 1 – one
cell per time step – as any automaton that operates on a 5- or a 9-environment. Representing
vf thus is through the translation of cell size and time step into their physical analogs, the
spatial and temporal resolutions �¸ and �t, respectively. Choosing �¸ as 100 m to resolve
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small uniform patches that are represented as “trees”, yields �t = 0.2 . . . 0.02 d. Studying
the dynamics of the forest’s growth calls for simulated times of at least 10·g = 500 . . . 2000 y.
Resolving this with �t leads to nt = 105

. . . 108 time steps.
While a correct simulation of the fire front may indeed be required for representing

real landscapes, and then demands a supercomputer for the simulation, it is far beyond
reasonable for our study with its focus on understanding the general dynamics and self-
organization of such systems. To still explore (6.7) as a structurally correct representation
of forest fires, we ask for conditions on parameters g and f that warrant this. The key
aspect to this end is that the typical duration ·f of a fire is very much shorter than ·g, say
·g
·f
¥ 103

. . . 104. Notice in passing that parameter g for the probability for resilience a�ects
the velocity of a fire front in the model in two ways, by increasing the density required for a
fire to spread – recall the percolation threshold – and by then limiting the velocity to 1≠ g.
We neglect this aspect and set g = 0.

First focus on parameter p and recognize that in the absence of fires, the density of an
initially empty patch increases with rate fl̇ = p[1≠ fl] as an empty cell turns into a tree with
probability p and the probability for a cell to be empty is 1≠ fl. Hence, fl(t) = 1≠ exp(≠pt)
and

·g = p
≠1 (6.8)

is the natural choice. As fl(·g) ¥ 0.632 is su�ciently near to flc ¥ 0.593 for the 5-
neighborhood, ·g is the time required approximately for a large empty patch to transit
into a domain that would allow fire fronts to penetrate.

We look at parameter f in a similar fashion but start out from a domain with density
near flc. Lightnings that occur with probability f and then hit a tree with probability fl will
initiate fires that propagate with velocity 1. With (6.8), a burned down patch has a recovery
time of about ·g before a next fire can cross. It is the distance between such patches that
determines the characteristic time ·f for the duration of a fire. Consider a domain with n

2
¸

cells and approximately constant density fl. During time ·g, flfn2
¸·g trees are set on fire.

Assuming that their cells are uniformly distributed, the mean distance between burned-down
patches becomes ⁄ =


n

2
¸/[flfn2

¸·g]. Together with the maximum velocity, which is 1, and
(6.8) this leads to the characteristic time

·f = ⁄ =
Ú

p

flf
. (6.9)

With (6.8)–(6.9) we are finally in the position to choose parameters. Since, the develop-
ment of fires is resolved, burned patches shall be macroscopic. We choose ⁄ & 10, hence
burnt patches have an extent of O(100) cells. Further, choosing ·g

·f
& 103 for a realistic forest

fire, hence [p⁄]≠1 & 103. We choose p = 7.5 · 10≠5. This then also sets f = p
fl⁄2 ¥ 2 · 10≠6.

We choose f = 10≠6, which produces a bit larger patches. Simulated distributions of trees
for these parameters, starting from an initially empty domain, are shown in Figure 6.16.

Computational E�ort Two quantities determine the required e�ort: the spatial extent n¸
of the domain and the maximum time nt to be simulated. Expecting patches of linear
extent ⁄, we choose n¸ = 100⁄ to get su�cient coverage for a statistical analysis. With the
characteristic time ·g for growth, choose nt = 10·g to reach the self-organized regime. Both
are first estimates that in practice will be adjusted as a study progresses. Still, to get an
order of magnitude estimate, we insert the parameters chosen above and find that n2

¸nt =
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fl = 0.311

nt = 5000

fl = 0.478

nt = 10000

fl = 0.362

nt = 200000

Figure 6.16. Snapshots from a developing Drossel-Schwabl forest-fire model with growth rate
p = 7.5 · 10≠5 and lightning probability f = 10≠6 simulated up to nt = 2 · 105 time steps. The
boundaries remain empty at all times and at t = 0, the domain carries no trees. The simulation is
run on a grid with 10242 cells using rule (6.7) on a 5-neighborhood. The di�erent shades of green
result from the density of trees as empty cells are yellow. Hence, the shades indicate the patch’s
age.

[102
⁄]2 10·g = 105

flf = O(1011) cell-updates are required. The simulation for Figure 6.16
actually consumed 2 · 1011 updates.

Incidentally, the forest-fire model (6.7) is an example of a so-called sti� problem for which
two quite di�erent time scales must be resolved. While such simulations can be implemented,
they are not economical. We will pursue another route in the following.
Two-State Forest-Fire Model With the time scales for the growing and the burning down
of trees vastly di�erent, it is reasonable to separate the two completely and to simulate the
associated phenomena in two di�erent lines of models. One would focus on the propagation
of fires, and essentially neglect the growth of trees, the other one would aim for the growth
and dynamics of a forest with the instantaneous removal of connected clusters of tree if one
of them is hit by lightning. Here we choose the second line and express it by a two-state
model where each cell is either occupied by a tree or it is empty. The corresponding rule
then becomes

empty æ tree, with probability p (growth)
tree æ empty, with probability f (lightning) removing CN , (6.10)

where CN is the cluster connected to the tree hit by lightning. It depends on the neighbor-
hood N on which the automaton operates, and on the local density of trees. Rule (6.10)2
is implemented as the algorithm developed in Section 6.3.2. The probability g for resilience
could be easily included such that (6.7) in the limit of a forest would be completely repre-
sented.
Computational E�ort With the transit from (6.7) to (6.10), the model is no longer sti�
and the physical time step can be enlarged. The limit now is that the growth of stands
of trees are represented faithfully. Recalling that p

≠1 is the characteristic growth rate,
choosing p = 0.075 in the model leads to a temporal resolution of the growth time into
10 time steps. Compared to the parameters used for Figure 6.16, this corresponds to a
stretch of the physical time step by 103, hence the lightning rate becomes f = 10≠3. A
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fl = 0.320

nt = 5

fl = 0.475

nt = 10

fl = 0.371

nt = 200

Figure 6.17. Snapshots from two-state forest-fire model, rule (6.10), with p = 0.075 and f =
10≠3. Simulated time was scaled correspondingly to represent the coarser scale and thus stay
comparable with Figure 6.16.

consequence of this stretched time is a reduction of the computational e�ort by the same
factor, 103, which now allows to handle larger and more complicated problems.

Despite the drastic coarsening of the time scale and the correspondingly rough represen-
tation of the growth process, the simulation results compare quite favorably with no relevant
structural di�erence (Figure 6.17) and average densities deviating by less than 3%. Reducing
the scaling to 102 – by choosing p = 0.0075, f = 10≠4, and running the simulation up to
nt = 2000 – leads to a correspondingly higher temporal resolution of the growth process and
brings the maximal di�erences to less than 0.3%.

The more economic simulation directly reflects on the actual CPU time. For instance,
the simulation time for obtaining Figure 6.16 was by a factor of 103 longer than that for
Figure 6.17.

Phenomenology As a storyline imagine a large plain, initially devoid of trees, maybe after
a devastating fire, and surrounded by mountains. Represent this plain by a quadrangular
domain with n

2
¸ = 40962 cells and choose 1 y as the physical time unit. We then choose

p = 0.0075 as the probability for a new tree to appear, hence ·g = p
≠1 = 133 y, and consider

the e�ect of di�erent lightning rates f œ {10≠7
, 10≠6

, 10≠5
}. Notice that in contrast to the

previous section, the choices for p and f are no longer limited by some ·g
·f

-ratio, because ·f

exists no more. The phenomenology of course will depend on the ratio p
f .

For f = 10≠6 (Figure 6.18), the domain is on average struck by about n2
¸f = 17 lightnings

per year, of which the fraction fl actually hits a tree. We first look at short times t < p
≠1 =

133, for which the forest is practically uniform with fl < flc and clusters are correspondingly
small (Figure 6.19). Indeed, the some 1’677 lightning strikes by nt = 100 just left a few
minor marks even though the density already reached some 90% of its critical value (left
frame of Figure 6.18).

As the forest continues to become denser, cluster size increases rapidly. A lightning will
strike a large cluster eventually. The first consequence of this is that the mean density drops
significantly, eventually to just some 60% of the critical value. As a second consequence, the
originally uniform distribution of trees develops into a patchwork with a wide range of scales
from just a few trees all the way to the entire domain. This is illustrated by the distributions
for nt = 500 and nt = 5000 in Figures 6.18 and 6.19. Its cause is that a lightning destroys
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fl = 0.528

nt = 100

fl = 0.383

nt = 500

fl = 0.415

nt = 5000

Figure 6.18. Snapshots from a developing forest-fire model with growth rate p = 0.0075 and
lightning probability f = 10≠6. At nt = 0, there are no trees and the boundaries remain empty at
all times. The simulation is run on a grid with 40962 cells using rule (6.10) on a 5-neighborhood.
The corresponding distribution of clusters is shown in Figure 6.19.

fl = 0.528

t = 100

fl = 0.383

t = 500

fl = 0.415

t = 5000

Figure 6.19. Clusters of connected trees for the snapshots shown in Figure 6.18, with f = 10≠6.
The large, apparently gray areas in reality are composed of many very small clusters that result
from the regrowth of the forest after the large area has burned down. Indeed, no gray color is used
in this figure.

all trees in the connected cluster, leaving just some isolated small clusters that happened
to be engulfed by the burnt cluster but not connected to it. We already encountered this
e�ect when looking at percolation in Figure 6.14. With the burning of clusters, the local
density becomes approximately constant within the burnt area and discontinuous across its
boundary. As trees appear with constant probability, the density increases monotonically
and the clusters remain visible for a long time.

Organization We refer to the arrangement of connected clusters as the organization of
the distribution of constituents and we distinguish it from the density field. As is illustrated
by Figure 6.12, the organization of a uniform random field depends on the mean density of
constituents. Such a direct link need not exist for more complicated fields, however.

Comparing Figures 6.18 and 6.19 we recognize that there is a significant correlation
between the patches, the domains with uniform density, and the clusters, the connected
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Figure 6.20.
Same as rightmost frame of Figure
6.18 but with f = 10≠5 (left) and
f = 10≠7 (right). fl = 0.398

nt = 5000

fl = 0.390

nt = 5000

sets of trees, but that they generally do not coincide completely. The lack of coincidence
is expected because the patches mirror ancient clusters, that have burnt down, while the
current clusters might burn down in the future. They are thus separated in time. Where
does the observed correlation then come from?

Impact of Lightning Rate With a constant probability p for the appearance of a new
tree and a non-vanishing lightning rate f , the distribution of cluster sizes at the large end
is apparently determined by the value of f . This is because the probability of a cluster
to be hit is proportional to fA, where A is the number of trees in the cluster, which in
turn is proportional to its area. Increasing f is thus expected to lead to smaller clusters
since the time for expansion is reduced. This is illustrated in the left frame of Figure 6.20,
which shows the local densities for a higher lightning rate, f = 10≠5 with 167 strikes on
average per year. Conversely, with f = 10≠7 and less than 2 strikes per year, clusters
become much larger, actually larger than the simulated domain (right frame of Figure 6.20).
The corresponding distributions of cluster sizes and their development in time are shown in
Figure 6.21 below.

Self-Organization and Criticality The model forest is driven by two structureless but
counteracting processes, (i) creation, the appearance of new trees on empty sites with
constant and uniform probability, and (ii) destruction, the burning of connected clusters
that are ignited by random lightning with a constant and uniform probability distribution.
Clearly, this system is not conservative since trees are created and destructed throughout
the domain. In the language of the critical phase diagram (Figure 6.10), creation drives
the absorbing or immobile state towards the active or mobile regime and destruction drives
mobile states towards the immobile regime. We may expect, and the simulations confirm
this, that there exists a dynamic equilibrium where the two processes are of equal strength
and balance each other, thereby stabilizing the equilibrium.

Growth of trees and lightnings are both represented as structureless processes. Hence,
they cannot produce any structures by themselves. Their counteracting operation apparently
can, however. We recognize the key mechanisms by reconsidering the spatial structures in
uniform random fields as shown in Figures 6.12 and 6.13. There, it was demonstrated that
occupying sites on a regular grid in a completely random process leads to the formation of
clusters whose distribution depends in a characteristic way on the mean occupation density fl.
Specifically, for a given definition of a neighborhood there is a value flc such that with
flæ flc the size of the largest cluster diverges and the size-distribution of all clusters becomes
scale-free. The randomly appearing trees are an instance of such a process. Such growth
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Figure 6.21. Complementary cumulative distribution of cluster sizes at di�erent times for f =
10≠6 (left) and at nt = 5000 for di�erent lightning probabilities (right), where A is the number
of trees in a cluster and NA the number of clusters with at least A trees. The thin vertical lines
indicate the mean size ÈAbÍ of burnt clusters as estimated by (6.11).

apparently does not lead to any structures, the forest just develops as a uniform mass (upper
row of Figure 6.12). However, it does lead to a continuously coarsening organization of the
distribution of trees as flæ flc.

The probability for a random lightning to hit and destroy a cluster is proportional to
its size. This reduces the density of trees in the area originally occupied by the cluster
to flsusc π flc and produces an embedded distribution of smaller clusters that were not
connected to the burnt one. These smaller clusters may have arbitrary densities.

The e�ect of lightnings thus is to emboss some of the organizational structures onto the
density field, which in turn resets the organization in the a�ected patch. Furthermore,
this linking between organization and density depends strongly on the size of clusters.
Incidentally, any other type of ignition would work as well, for instance a constantly burning
fire at some point or on a line. Practically, however, the random lightning is easiest to
understand and analyze.

Trees that grow in an initially empty domain and without fires lead to a monotonic
coarsening of the clusters in time. As illustrated by Figure 6.13, the size-distribution of
small clusters thereby follows a power law whose upper limit diverges as flc is reached.
Since the trees grow continuously, a power-law distribution for all clusters is thus realized at
just one particular time. Maintaining it would require fine-tuning, hence this process alone
is not an instance of self-organization. A question then is: Is the power-law distribution
retained if the constantly growing forest is subject to random lightning? Already a glimpse at
Figures 6.18–6.20 reveals that if this is the case, it will not be at the static value of flc.
Size-Distribution of Clusters First focus on the temporal development (left frame of Figure
6.21) and on the case with f = 10≠6. For short times, nt = 100, the clusters are all small,
most of them encompassing less than a few hundred trees. Lightning has not yet had any
significant e�ect and the size-distribution is similar to the one shown in Figure 6.13. As
the critical density is approached, the clusters coarsen and ever larger patches burn down.
This rapidly transforms the size-distribution into an approximate power-law distribution.
While the density still develops between nt = 500 and 5000, the size-distribution appears to
remain approximately constant, following a power law over some 4 areal decades.
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Figure 6.22.
Complementary cumulative distribution of cluster sizes
in a few realizations with f = 10≠8 (color) and with
f = 10≠6 (gray) for reference. The huge spread between
realizations results from the dominating role of the largest
clusters and of their insu�cient statistical representation.
The corresponding density fluctuations are also manifest
in Figure 6.23.
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Turning to the role of f (right frame of Figure 6.21) we recognize that despite the two
orders of magnitude change in its value, the resulting size-distributions are quite similar.
Significant di�erences mainly occur for large values of A. These have di�erent causes: (i) For
f Ø 10≠5, the maximum cluster size is by a few orders of magnitude smaller than the domain.
This results from the high lightning intensity. Indeed, with f = 10≠5, some fln

2
¸f = 67 trees

are set afire in each time step and burn down with their associated clusters. For larger values
of f , the number of hits grows approximately proportionally with f . Since the probability
of a cluster to be hit is proportional to its size, larger ones burn down more often. (ii) For
f = 10≠6 the situation changes in that the largest cluster is still much smaller than the
domain, A = O(106), but the only about 7 lightnings that hit trees per time step cannot
deform the distribution any more. Hence, the domain is too small to capture this. Notice
that the largest cluster here is not a percolation cluster, far from it actually. Instead, its
size is determined by the growth rate of clusters and by the time available for unimpeded
growth. (iii) For f Æ 10≠7 the lightning rate is so low that clusters could grow to areas A
much larger than the simulated domain. Then, the probability to be hit in the simulation
– [fflA|¸]≠1, where A|¸ is the part of the cluster within the simulated domain – is smaller
than the one for an unbounded domain, [fflA]≠1. As a consequence, the simulated clusters
grow more dense. Once hit, the cluster’s higher density results in a more intense burn-down
and smaller remaining clusters. Finally, the chances to capture the state with the largest
cluster still existing when determining the size-distribution, which is done at a fixed time,
are small. Hence, the distribution’s larger end is deformed towards smaller numbers. This
is corroborated by looking at a small ensemble of distributions for f = 10≠8 (Figure 6.22).

Maximum Cluster Size There apparently is a maximum cluster size that increases with
decreasing f , and that can be expected to diverge as f vanishes. Smaller scales follow
a power-law, which appears to be approximately the same for di�erent values of f . The
operation of this system – individual trees that appear with a constant probability p and
clusters that disappear with constant probability f – thus leads to a size-distribution that
adjusts to the lightning probability f such that an approximately constant density emerges,
where the e�ective rates for the growth of trees and the burn-down of clusters balance each
other. The average rate of trees appearing in the domain with area n

2
¸ is p[1 ≠ fl]n2

¸ . The
average rate of burned trees is ffln2

¸ÈAbÍ, where ffln
2
¸ is the number of trees hit per unit

time and ÈAbÍ is the average size of burned clusters. Notice that ÈAbÍ is not the average
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Figure 6.23. Density fl(ti) of trees with growth probability p = 0.0075 and di�erent lightning
probabilities f . Time-averaged values fl̄ for ti > 1000 are indicated by short lines at the right hand
boundary. Snapshots of the corresponding spatial distributions are shown in Figures 6.18 and 6.20.
The dashed lines indicate the percolation threshold flc = 0.592746 and the density fl ¥ 0.320 after
the percolation cluster has been burnt down, respectively, both in a uniformly growing distribution
as illustrated in Figure 6.14.

cluster size in the domain, because the probability for a cluster to be hit is proportional to
its size. Equating the two rates yields (right frame of Figure 6.21)

ÈAbÍ = p

f

1≠ fl

fl
, (6.11)

which reflects that p adds one tree to an empty cell, 1≠fl, while f removes an entire cluster,
on average ÈAbÍ trees.

Self-Organized Critical (SOC)? On spatial scales 1 π ¸ π nc =

ÈAbÍ, the distribution

of clusters is scale-free. The boundaries are determined by length scales that break the
scale-invariance. The lower one results from the spatial resolution of the automaton, the
upper one from the mean size of the burnt clusters. Since there is no fine-tuning involved in
approaching this distribution, the system is self-organized. While the forest-fire model is not
strict-sense critical for ¸ > nc, we still call it critical because is undergoes a rapid transition
towards the boundary between the mobile and the immobile phase where it gets dynamically
stabilized (Figure 6.10). On intermediate scales, however, it actually is a strict-sense SOC-
system with all the attributes like a finite-size scaling as discussed with Figure 6.8.

It is instructive to identify the size of nc, for instance in the left frame of Figure 6.20
for which (6.11) yields


ÈAbÍ ¥ 34. The typical extent of such a cluster is


ÈAbÍ/fl ¥ 53,

which corresponds to a length fraction of 0.013, about 0.5 mm in the image. The length
scale nc is thus much smaller than what might be deduced from visual inspection. This is
also corroborated by Figure 6.21.

Mean Density As a lowest order description of the complicated dynamics encountered
above we look at the density of trees, fl := ntree/n

2
¸ , and its development with time

(Figure 6.23). Apparently, this system has an attractive fixpoint that is oscillatory stable for
su�ciently large values of f . Furthermore, the inherent frequency appears to depend only
weakly on f , as may be conjectured from the developments for short times and su�ciently
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Figure 6.24.
Asymptotic mean state of forest-fire model for di�erent
lightning probabilities f . As f æ 0, the system reaches
its self-organized critical state with fl̄ ¥ 0.41.
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large values of f . Finally notice that, as f decreases, the magnitude of the density oscillation
around its fixpoint increases, eventually transiting into an apparent chaotic regime. The
reason for this is that for ever smaller values of f , the clusters can grow ever denser,
locally and eventually also globally exceeding flc, which upon burn-down leads to density
undershoots, relative to percolation in uniform domains.

The development of fl(t), the average state of the system, is reminiscent of the nonlinear
and chaotic systems studied in previous chapters. The main di�erence is that now a
significant noise is present, which stems from the spatial distribution. However, as the
simulated domain gets much larger than n

2
c , the noise becomes negligible, even though we

know that the fluctuations persist. This opens an important route to greatly simplify the
system’s representation and leads to a mean-field theory [Christensen et al. 1993]. It is
the way to go in situations where (i) the mean, together with some low-order statistical
moments, su�ces as a representation of the complex system, (ii) the domain is su�ciently
large to allow a meaningful average, and (iii) details of the spatial structure of the complex
system are not essential for its dynamics.

Finally, we glimpse at the fixpoint reached by the forest-fire model after the initial
transients have vanished. To this end, we calculate the time-averaged density fl̄ and relate
it to the lightning probability f (Figure 6.24). Apparently, fl̄ approaches a constant, about
0.41, as f æ 0. This, together with the power-law distribution of cluster sizes indicated
in Figure 6.22 hints at a strict-sense self-organized critical state for which we recognize
– recalling the earlier operational definition – (i) slow driving as f vanishes, (ii) friction
domination since there is no overshoot from a burning cluster, and (iii) the threshold from
the growth of susceptible clusters that are released eventually.

It is interesting to notice that limfæ0 fl̄ remains constant even though the largest clusters
can no longer be represented by the simulated domain. It is found in the limit of long
averaging times, which incidentally corresponds to an ensemble average. Alternatively, the
domain size could be increased such that the largest clusters can be represented, using (6.11)
as an estimate, and fl approaches a constant.

6.3.5
Contagious Diseases
Contagious diseases, more generally host-pathogen and host-parasite interactions, comprise
a huge range of specific situations that include microbial infections of plants, the annual
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flu of humans, and viruses in computers and their networks. These interactions are yet
more complicated than wild fires. They specifically demand representations of the detailed
processes in the hosts and pathogens together with their interactions, including the defense
and attack systems, of the transmission paths, of the motion of hosts and pathogens,
including long-distance travel, and finally of their evolution and coevolution.

Again we forego all complications and focus on the fundamental contact process as
formulated in (6.7). As a storyline that somewhat conforms with that simple model, we
stick with trees and imagine some disease that takes a long time for developing on a tree
before it can get transmitted to its neighbors. With this the state burning in (6.7) is
renamed as infected and correspondingly “lightning” as “infection”. The long incubation
time in this storyline brings the time scales of growth and death nearer to each other and
leads to a characteristically di�erent phenomenology.

We retain 1 y as the unit of time and the probability p = 0.0075 for the appearance of a
tree, hence · = 133 y for the characteristic growth time of the forest. Actually, ·c, the time to
reach the critical density flc from an empty state, is more interesting than · . With (6.8) and
flc = 0.593 for the 5-neighborhood in two dimensions, we find ·c = ≠ log(1≠ flc)/p ¥ 122 y,
which is close enough to · .
Invasion We start out with an empty domain and let the new forest grow next to an
infection source, which is represented by a lower boundary with constantly contagious trees.
As a preliminary, we notice the system’s two time scales: (i) ·c ¥ 122 y for the growth of a
connected cluster of trees and (ii) ·p = n¸ for a front to propagate through a domain with
side length n¸. In the following simulations, n¸ = 4096, hence ·p

·c
¥ 33.6.

Propagation of Front We focus on the initial stage, the domain’s first infection. As fl

approaches flc a front starts to propagate into the domain with a velocity of at most 1, leaving
behind areas with initial densities fla π flc. Since trees grow with constant probability p

throughout the domain, the stand ahead of the front becomes ever more dense, saturating
at fl = 1, and the density behind increases approximately linearly with distance from the
front. It is this asymmetry that forces the infection to propagate forward. As a consequence
of the high density ahead of the front, the trees there are almost all connected, the front’s
velocity vf approaches 1, and the density right behind it is 0. Indeed, by nt = 1000 with
the front propagated by about 846 cells, the density ahead is fl = 0.999 (Figure 6.25) and
the propagation velocity is 1.
Waves As the stand of trees behind the first infection front begins to grow and fl again
approaches flc, a new front is initialized at the lower boundary and the development starts
all over again, in time leading to a moving wave-like pattern. Apparently, the first few of
these waves are farther separated than those further back. The reason for this is that the
first front starts at the lower boundary around time ·c, after the density has reached flc,
which allows unbounded propagation. At the start, vf < 1 because there is still a significant
fraction of empty cells that inhibit propagation. As the density ahead of the first front
continues to increase and approaches 1, so does vf and the density right behind the front
drops to 0. The second front to set o� thus encounters a di�erent situation. It again starts
to propagate around ·c, flc has been reached. However, in the domain ahead fl < flc, hence
its velocity remains below 1. With the distance to the first front increasing due to that
velocity di�erence, hence also the time for the density to increase from fl = 0 to fl > flc,
the velocity of the second front also increases, eventually to 1, which is attained already
for values of fl somewhat smaller than 1. Behind the second front, fl > 0 because ahead of
it fl < 1. Actually, right at the start with flc ahead, fl ¥ 0.32 right behind the front (see
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fl = 0.526

nt = 100

fl = 0.999

nt = 1000

fl = 0.490

nt = 5000

Figure 6.25. Snapshots from the development of a forest that grows with rate p = 0.0075 in
an initially empty domain next to a continuous infection source at the lower boundary. There are
no external infections within the domain, f = 0. The simulation is run on a square grid with
n¸ = 4096 and rule (6.7) that operates on the 5-neighborhood. Each cell is in one of three states:
empty (yellow), tree (green), or infected (red). The resolution of the graphics is too low for the
infection front to be seen, however. The density fl is calculated for the upper half of the domain.
The apparent darkness of green results from the local density of trees. Notice that the coloring
scheme di�ers from the one in Figures 6.14–6.15.

Figure 6.26.
Asymptotic regime of the invasion shown in Figure 6.25. The
original regular waves are completely displaced by the cauliflower
patterns, which, as will be corroborated below, is the self-organized
state of the contagious disease model. fl = 0.422

nt = 25000

Figure 6.14 on page 221). Hence, it takes less than ·c to again reach flc for the next wave
to start. With this, the first wave “pulls” the following ones accordion-like, which leads to
the decreasing separation distances.

Already the first invasion front is not flat because a range of extended clusters already
exists for fl < flc and allows local propagation. This roughness grows with every new
front that is generated. Eventually, newly emerging fronts become so rough that the wave
field starts to become “turbulent”, which here happens by about nt = 5000. Apparently the
invasion process is unstable even though the lower boundary is a constant source of infection.
Such an instability can be expected whenever a front propagates into a region with fl ¥ flc,
while regions with fl ∫ flc will just maintain a front’s shape. This instability indeed is the
mechanism that causes the system to transit into its self-organized state (Figure 6.26). We
will find below, that this state no longer depends on details of the excitation.
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fl = 0.629

nt = 200

fl = 0.539

nt = 800

fl = 0.425

nt = 6000

Figure 6.27. Similar to Figure 6.25, with p = 0.0075, but now with all boundaries inactive
and infections occurring as random point processes with probability f = 10≠6. The density fl is
calculated for the entire domain.

Random Point-Infections Again imagine the forest growing in an initially empty domain,
but now in a pristine environment with infected agents hitting at random locations. These
agents may be envisaged as wind-blown spores or some biological vectors transported by
birds. In a wider context, this is the one infected traveler – infected by a disease or a brilliant
new idea – who arrives from afar. The situation is reminiscent of the forest-fire scenarios
studied in Section 6.3.4, with the major di�erence that now the propagation velocity of the
infection is finite while it was infinite for the fire.

Intermediate Infection Probability We choose f = 10≠6 for the infection probability, as
for Figure 6.18 above. This again translates into some 17 possible infections per unit of
time, fl of which will be realized.

For short times, nt = 200, the same general phenomenology is encountered as with the
invading front before. The di�erence is that propagation now is approximately circular,
which leads to predominantly isolated patches in a field with a rather high density of trees
(Figure 6.27).

By nt = 800, the initially uniform density is already strongly modified throughout the
entire domain. Indeed, the earliest spreading infections that originated around nt = 100
in the meantime grew to patches with diameters of about 1

3 of the domain’s size. The
superposition of many of them causes the fuzzy and roughly uniform background, and the
reduction of the mean density. Recent infections, which are correspondingly small, still
stand out on this background.

After su�ciently long times, here nt = 6000, the forest’s architecture, i.e., its size-
distribution and arrangement of clusters, has developed into a completely di�erent state
that apparently is highly adapted to the given random infections to the point that none of
the still occurring infections leaves a discernible trace. We conclude from this that details of
the infections are no more relevant in this state. Relevant is only that there is some uniformly
distributed random infection occurring continuously in time. These then propagate as highly
irregular wave-like patterns through the domain, on their path interacting nonlinearly with
each other. Despite the intricacy of the structure, which in addition is in constant motion,
we recognize an approximately constant distance between density minima. Recalling the size
of the domain, 4096, the maximum velocity in this system, 1, and the typical time for an
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fl = 0.592

nt = 800

fl = 0.604

nt = 2000

fl = 0.418

nt = 10000

Figure 6.28. Similar to Figure 6.27 but now with the reduced infection probability f = 10≠7.
The three snapshots, whose times are di�erent from those in Figure 6.27, display the propagation of
the primordial infections as 45¶ fronts (nt = 800), the appearance and spreading of bullseye pattern
(nt = 2000), and their decay into cauliflower patterns (nt = 10000), which is completed by nt =
20000.

empty domain to grow critical, 122, we recognize this distance (some 1.1 mm in Figure 6.27)
as a result of the forest’s recovery after a catastrophic infection.

Low Infection Probability Reducing the infection probability to f = 10≠7 leads to about
one infection per year. The initial phase, say at nt = 200, is thus very similar to the first
frame in Figure 6.27, except that there are by a factor of 10 fewer infection patches. Two
consequences follow: (i) The patches grow much larger before they start to interfere with
each other and (ii) the tree density outside of the patches grows to practically 1, thus allowing
the maximal propagation speed of the infection front. With this, the fronts, which emanate
from various centers, propagate with the characteristic 45¶ angle of the 5-neighborhood
(Figure 6.28). This artifact is not as pronounced in Figure 6.27 because the patches interfere
before the density is su�ciently high for straight fronts to form. Incidentally, these fronts
would be vertical and horizontal with the 9-neighborhood and they would be isotropic on
an equilateral triangular grid.

By nt = 2000, the mean density is still above critical and, more interestingly, some
fronts have developed into bullseye patterns. How can these emerge? Repeatedly hitting
the approximately same spot to create waves is highly improbable in a grid with some
16 million cells and using just some 2000 shots, 1 per year. The regular structure of the two
bullseyes thus insinuates a di�erent origin: the infection continues to be active at the center
of the structure and sends out new waves whenever the forest has recovered, very much like
the situation encountered with the invasion. This is corroborated by the separation distance,
which is approximately the same as found in Figure 6.25. How can the infection survive in
the center? Zooming in reveals that the center actually consists of an open mushroom-like
structure that is infected at its surface and where the infection also propagates around the
center, where the density is too low to allow propagation. By the time the two ends meet,
the forest has recovered su�ciently to carry the infection towards the center and to start a
new mushroom.

By nt = 10000, the bullseyes have expanded over the entire domain, they interfere with
each other, and they reduced the mean density. While the ring-like structures still prevail,
the cauliflower patterns found in the final state of the previous case (Figure 6.27) start to
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fl = 0.781

nt = 1000

fl = 0.414

nt = 10000

fl = 0.419

nt = 20000

Figure 6.29. Similar to Figure 6.28 but with the further reduced infection probability f = 10≠8.
The three snapshots, whose times are di�erent from those in Figure 6.27, display the propagation of
the primordial infections as 45¶ fronts (nt = 800), the appearance and spreading of bullseye pattern
(nt = 2000), and their decay into cauliflower patterns (nt = 10000), which is about to be completed
around nt = 20000.

emerge at the center of the original bullseyes. Simulation for longer times show that by
nt = 20000 they eventually embrace the entire domain.
Very Low Infection Probability Reducing the infection probability further, to f = 10≠8,
with about one infection every 10 time steps, leads to much stronger manifestations of the
di�erent phases (Figure 6.29). The reason is that infected patches grow very large before
they interact. Interaction, however, is a prerequisite for density variations to develop, which
then lead to the transition into the self-organized state. Another cause for such heterogeneity
are of course the new infections. To be e�ective for heterogeneity, they must hit near the
front of an already existing patch. With the low infection rate the probability for this is
also low. Indeed, running this simulation on a 10242-grid instead of the 40962 shown in
Figure 6.29, which reduces the number of infections by a factor of 16, leads to much longer
transition times.

Similar to the primary patches, also the bullseye patterns grow to much larger sizes.
By nt = 10000, there is just a single one of them that is feed by the single center that
fortuitously formed at least some 3000 time steps back and that now covers the entire
domain. By nt = 10000, the center apparently already became unstable and a few more
centers of instability are visible. These are consequences of random infections that interfered
with the otherwise uniform pattern. Finally, by nt = 20000, the bullseye pattern is all but
gone with just some remnants lingering around.
High Infection Probability We increase the infection rate to f = 10≠5 (Figure 6.30). At
the equilibrium density fl = 0.414, this corresponds to some 69 infections per time step.
Inspecting the parts of the previous figures with regular patterns yield a typical distance
between wave crests of about 120, hence typical times of 120. During this time, some 8’300
infections occur on the 40962-grid with a mean distance of


40962/8300 ¥ 45 between

them. Hence, the infection rate is so high that no regular patterns like the bullseye can
occur. The system is thus forced into quite a di�erent state, one that is still self-organized,
but more along the lines of the forest-fire model studied before.

For the case of low infection rates – f < 10≠5 for p = 0.0075 – the equilibrium states
appear to be independent of f and to depend on the system’s internal dynamics alone.
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fl = 0.243

nt = 200

fl = 0.526

nt = 800

fl = 0.414

nt = 7000

Figure 6.30. Similar to Figure 6.27 but with the higher infection probability of f = 10≠5. The
first two frames happen to capture two extreme states: the first minimum at nt = 200 (left), after
the first maximum was reached at nt = 136 with fl = 0.602, and a later maximum at nt = 800
(middle), actually the fifth maximum. The distribution in the right frame reflects the dynamic
equilibrium state.

Figure 6.31.
Dynamic equilibrium state for the very high infection probability
f = 10≠4. In equilibrium, this corresponds to some 630 new
infections per year, which add to the fronts that are already active. fl = 0.375

nt = 5000

This will be further corroborated below. In contrast, higher values f > 10≠5 lead to a
self-organized state that depends also on the external forcing, in addition to the system’s
internal dynamics. This is corroborated by Figure 6.31 which shows the equilibrium state
for a still higher infection rate.

Mean Density Similar to the forest-fire model, the mean density of trees, fl = ntree/n
2
¸ ,

approaches a constant value also in the contagious-disease model (Figure 6.32). It further-
more appears to be approximately equal, fl ¥ 0.42 < flc, for systems with f . 10≠5. For
larger values of f it decreases. The latter is readily understood as a consequence of the
large creation rate ffln2

¸ of infection foci discussed above. For f = 10≠4 this leads to some
630 new propagating fronts per unit of time, in addition to the already existing ones. The
corresponding loss of trees is balanced by regrowth at a rate of p[1≠ fl]n2

¸ ¥ 72000.
During the initial phase, while the system is far from its equilibrium state, fl(t) oscillates

strongly, with both amplitude and relaxation time decreasing as f increases. These curves
are deceivingly simple and hide the massive reorganization of the tree distribution – from
single fronts to bullseyes an eventually to cauliflower patterns – that is required to reach
the asymptotic regime. It also hides the fact that the equilibrium regime is highly dynamic
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Figure 6.32. Mean density fl(t) of trees in the contagious-disease model with growth probability
p = 0.0075 and di�erent infection probabilities f . Snapshots of corresponding spatial distributions
are shown in Figures 6.27–6.31. The dashed line indicates the percolation threshold flc = 0.593 for
a uniform distribution.

fl = 0.629
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fl = 0.539
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Figure 6.33. Clusters of trees in contagious-disease model with infection probability f = 10≠6

corresponding to the spatial distribution shown in Figure 6.27. Clusters are connected through
their 5-neighborhood.

and constantly restructuring all the while fl remains constant with minor fluctuations that
would decrease with an increasing domain size.

Self-Organization and Criticality The contagious-disease model is clearly self-organized.
However, its operation and its manifestations are quite di�erent from those of the forest-fire
model (Section 6.3.4). As illustrated by Figures 6.25–6.29, the same dynamic equilibrium
state appears to be reached under quite di�erent forcings. This state is a cauliflower pattern
that is in constant motion, has an approximately constant mean density (Figure 6.32), and
an approximately constant width ·c of the strip-like segments of the pattern.

Clusters and their Role For a first look into the organization of the spatial distribution and
the functioning of the pattern, we again employ clusters (Figure 6.33). Before interpreting
them, we recognize that clusters now play a role quite di�erent from that in the forest-fire
model before. There, a cluster disappears momentarily when hit by a lightning. Here, an
infection spreads through the cluster at a maximum speed of 1 all the while the cluster itself
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Figure 6.34. Size-distribution of connected clusters of trees in the contagious disease model.
(Left) Development in time for f = 10≠6. The clusters are shown in Figure 6.33. For nt = 200,
there is one single cluster that encompasses almost the entire domain with all the others being at
least 4 orders of magnitude smaller. Notice that NA = const in some interval signals that there
are no clusters of the respective sizes. (Right) Role of infection rate f for the distribution in the
dynamic equilibrium state. As before, the size A of a cluster is defined as the number of non-infected
trees and NA(A) is the number of clusters whose size is larger than A. The apparent areal coverage
of a cluster is by the factor fl≠1 larger than its size because of the empty sites and infected trees it
encloses.

develops, growing with the emerging trees and being consumed by infection fronts. Notice
that while fronts propagate with velocities . 1, a cluster’s speed of expansion is not limited
because it can grow by merging.

Phenomenology We first look into the initial development when starting from an empty
domain. As shown in Figure 6.32, for all values of f there is a density overshoot, which for
small values even exceeds the critical density flc. This corresponds to the formation of very
large clusters in the early phase as is confirmed visually by Figure 6.33 and quantitatively
by their size-distribution as exemplified in the left frame of Figure 6.34. The largest such
early-phase clusters are of the size of the entire domain and about an order of magnitude
larger than those occurring in forest-fire models with the same parameters (Figure 6.21).
The reason for this is that clusters in the contagious-disease model continue to grow also
after infection and that they can actually outgrow the infection front.

As the development progresses, the clusters become smaller and at the same time thinner.
With this, the random infections have only a minor quantitative impact. Indeed, the growth
of trees is not balanced by new infections but by the propagation of the existing infection
fronts, more accurately by the total length of such fronts per unit area. Notice that in
contrast to the forest-fire model, where at any one time, there are no active fires, the
contagious disease model always contains several extended active fronts – the stripe-like
features – that propagate through the domain. The role of new infection foci is to keep the
infection fronts going by initiating ever new waves. This is very di�erent from the role of
lightnings, which emboss organizational clusters onto the density distribution.

The negligible direct impact of new infections explains why the size-distributions for quite
di�erent infection probabilities are so remarkably similar (right frame of Figure 6.34). As
a detail in passing, which is not shown here, between nt = 10000 and 20000 the bullseye
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Figure 6.35. Cluster distribution in contagious-disease model for f = 10≠5. For intermediate
times, a wide range of scales develop. These are again destroyed as the equilibrium regime is
reached.

patterns in the systems with f = 10≠7 and 10≠8 are displaced by cauliflower pattern. While
this does a�ect the perception of the spatial distribution, its e�ect on the size-distribution
of clusters is minor. More importantly, f = 10≠5 leads to a density distribution that is quite
di�erent from those reached with higher infection rates. This becomes obvious by comparing
the rightmost frame of Figure 6.30 with that of Figure 6.29, for instance. Nevertheless, the
size-distributions of clusters are rather similar. This only changes with the still higher
infection rate f = 10≠4, which leads to a completely di�erent distribution that is more akin
to those found in purely random fields as shown in Figure 6.13.

SOC? The contagious disease model is clearly self-organizing with well-defined, albeit
complicated and dynamical equilibrium states that balance the growth of new trees (forcing)
and the infection of existing trees (dissipation). However, the distributions of its structures
do not follow a power-law, hence are not scale-free. This is also illustrated by the stripes
whose constant width, which is determined by the growth rate p, introduces a scale. The
contagious disease model is thus a further instance of a weak-sense SOC systems.

To be sure, there are regions in parameter space that lead to scale-free distributions,
at least within certain ranges. These domains are more typical for the forest-fire storyline,
however. Also, there are transient states with a wide distribution of scales, e.g., for f = 10≠5

(Figure 6.35).

Paths to Dynamic Equilibrium First we ascertain that “equilibrium” here is quite di�er-
ent from some static state or from the statistical fluctuations in thermodynamic equilibrium.
We look at continuously developing and rather well-structured patterns that are in equilib-
rium in the sense that their low-order macroscopic properties remain constant in time. This
indeed is quite a typical situation also for other complex systems. We already encountered
it with the forest fires, even though the structures there were completely di�erent and more
akin to the fluctuations found in thermodynamic equilibrium.

Dimension of State Space Describing the dynamic equilibrium is challenging because the
system’s microscopic state space has a very high dimension, here 40962. Obviously, at any
one time the state only occupies a minute subspace with a much lower dimension. This
can be gathered from the presence of the complicated patterns, which are manifestations of
neighborhood relations that extend over quite a distance and thereby reduce the e�ective
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Figure 6.36.
Trajectories of the contagious disease model in
the lowest order representation for constant line-
infection with f = 0 (red dashed) and for random
point-infections with di�erent values of f (solid).
The initial state for all is an empty domain. For
the line-infection, the times shown in Figure 6.25
are marked. The final state is shown in Fig-
ure 6.26. For the case of f = 10≠7, time is color-
coded linearly from violet (nt = 0) to red (nt =
10000).
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dimension. This subspace changes with time, however. A first, and very crude approach is
to just consider the lowest order terms, here densities fli of di�erent quantities i. We already
did this in Figure 6.32 for the density of healthy trees. Clearly, this cannot represent spatial
structures at all and the same values of fl can result from completely di�erent configurations.
This issue can be resolved if the underlying structure is known and its quality does not
depend on fl. An instance are the random fluctuations in thermodynamic equilibrium, which
allow the use of quantities like temperature, pressure, and mass density in thermodynamics.
Another instance are the self-organized patterns encountered here.

Phase Diagram Going with the lowest order representation of mean densities fli, we look
at trajectories of the system as it develops from the initially empty to the asymptotic state
for di�erent forcings and di�erent values of the infection rate f (Figure 6.36). For f . 10≠5,
with p = 0.0075, these trajectories all end in the same equilibrium even though their paths
are very di�erent. In all cases, flsusc at first increases rapidly while flact remains essentially
negligible. This changes only long after flsusc has grown beyond flc = 0.593. The exception
to this is the case with f = 10≠5 for which we already found above that direct infection is
a significant contribution to the balance between growth and death of trees.

First consider the situation with the constant line infection, the red dashed line with
phase distributions shown in Figure 6.25. The infection front starts to propagate once flsusc
exceeds flc, here by nt ¥ 122. Since the front only propagates with velocity 1 and the density
in the untouched domain continues to grow, so does flsusc. Inspection of the data reveals
that infections can only start to balance growth by nt = 504 by which time the maximum
density with flsusc = 0.929 is reached and growth in the untouched domain all but ceased
as there are almost no empty sites left. Furthermore, the patterns of waves are established
and propagate with approximately constant velocity. With this, flsusc decreases while flact
increases, both linearly. This regime ends when the first infection wave reaches the upper
boundary. It leads to some characteristic downward loops in the phase diagram, which are
hardly perceptible in the figure, however. In the final phase, the waves transform into the
cauliflower pattern, with densities continuing to change as before, although with a slightly
di�erent slope. Eventually, the densities fluctuate in a rather well-defined equilibrium state.
Indeed, using the last 10% of simulation data yields

flsusc = 0.421± 0.0018 and flactive = [4.30± 0.06] · 10≠3
. (6.12)
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With random point infections, the paths become characteristically di�erent. After the
initial growth phase, which is identical in all cases, the states develop on spiraling trajectories
whose amplitudes and end points depend on f . Interestingly, for f < 10≠5, these spirals’
end points lie on the trajectory followed by the line infection, from which the trajectories
continue essentially on the approximately straight line towards the equilibrium densities.
Why is this so? The equilibrium densities are found as

flsusc = 0.420± 0.002 and flactive = [4.30± 0.08] · 10≠3
. (6.13)

Hence, they are identical to the case with constant line infection, even for f = 10≠5, which
is a border case since the end point of its spiral is at the equilibrium point. In contrast, the
system with f = 10≠4 reaches a di�erent state with

flsusc = 0.375± 0.0007 and flactive = [4.65± 0.05] · 10≠3
. (6.14)

Its trajectory also spirals, although o�set to smaller values of flsusc, as is manifest in Figure
6.32 above.

Low-Dimensional Dynamical System? Looking at the phase diagram in Figure 6.36, it is
tempting to recognize an e�ective two-dimensional dynamical system. This is not the case,
however, as is signaled by the self-intersection of the trajectories for f = 10≠7 and 10≠8, on
closer scrutiny also for 10≠5. In fact, every macroscopic state (flsusc, flactive) can be produced
exactly by a large number of di�erent microscopic states. Some of these are very far away
from the self-organized regime and will take a long time to relax towards it. Imagine for
instance an arrangement where all healthy trees are in the left part of the domain and all
the infected ones in the right part. However, in the self-organized regime, nearby states
in lowest order representation can be expected to develop similarly, and to react similarly
to macroscopic forcings, because they will consist of the same microscopic structures, the
cauliflower patterns. In this regime, a low-dimensional representation of the complex system
may indeed be feasible.

Exercises
6.1 Edge Detection
Devise a rule for a cellular automaton that detects edges in one-dimensional binary patterns, that
is, looking at Figure 6.2, transitions from black to white or vice versa. What is the number of this
rule?

6.2† Percolation
Consider a uniform square domain with side length 2n with the forest fire dynamics where connected
clusters are burnt instantaneously. Assume an initially empty domain, a constant growth probability
p, no lightning, and the lower boundary always on fire.

1. Describe the expected dynamics of this system. (No simulation required. You still may wish
to produce a movie to verify your expectations.)

2. Draw time series of fl(t) for domains of increasing size with n œ {3, 4, 5, . . . }.
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3. Calculate and draw the asymptotic values of expectation fl and of its variance ‡2
fl as functions

of n.

6.3† Percolation and Fractals
For a uniform and binary random field {0, 1} with density fl on a two-dimensional, square grid,
estimate the dimension of the 0-phase, of the 1-phase, and of the boundary length between them
that result from relaxation – rule (6.5) – after activation of a diagonal line if fl ”= flc and of the
percolation cluster if fl = flc. Choose the 5-neighborhood for which flc = 0.592746. Plot the results
as a function of fl.

Steps:
1. Generate a realization of a uniform continuous random field Êij œ [0, 1[ on a regular square

grid with n2 cells, where Êij are statistically independent random variables with indices i and
j running in 1- and 2-direction, and n is a power of 2, say 4096.

2. Based on the continuous field Ê define a raw binary field búfl by letting búflij = 1 if Êij > fl and
0 otherwise. From this raw field generate the final one by randomly choosing locations ij and
setting them to 0 or 1, respectively, in order to get the desired density fl exact.

3. For fl ”= flc activate a diagonal and relax the field using (6.5).
For fl ”= flc randomly choose location ij, activate the cell if its value is 1 and again relax the
field, keeping track of all the cells that become passive in the process. Determine if the so
relaxed domain can be the percolation cluster. If not, restore the original field and try again.

4. Estimate the requested dimensions by box-counting for the phases and by the yardstick
method for the boundary between them using definition (5.6). To generate the required
sequences with ever higher spatial resolution, divide the original n2-domain into 4 subdomains
by dividing the sides by 2, and iterate until the highest resolution is reached.

6.4 Utopia – Getting Operational
Utopia is a framework for the numerical simulation, exploration, and analysis of complex and
evolving systems. It provides, among several other models, implementations of the BTW sandpile
model, of the two-state forest-fire model, and of the contagious disease model. For the following
exercises, Utopia is used as a blackbox and its inner workings are not of our primary interest. It is
this supplied as a Docker image. The aim here is to get operational with the framework.

1. Download the Docker Desktop from docker.com/products/docker-desktop and install it on
your machine.

2. Following the instructions on hub.docker.com/r/ccees/utopia, pull the Utopia docker image
ccees/utopia:latest and run the container.

3. Open the Utopia documentation available at hermes.iup.uni-heidelberg.de/utopia_doc/
latest/html/ and follow the tutorial to familiarize yourself with the following aspects of the
framework:

(a) run already implemented models SandPile and ForestFire,
(b) configure those model using YAML, a human-readable data-serialization language com-

monly used for configuration files,
(c) configure plots, and
(d) implement your own plotting function.

Configure and run simulations of a model of your choice using some interesting parameters. Specif-
ically,

1. plot a single simulation run,

docker.com/products/docker-desktop
hub.docker.com/r/ccees/utopia
hermes.iup.uni-heidelberg.de/utopia_doc/latest/html/
hermes.iup.uni-heidelberg.de/utopia_doc/latest/html/
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2. run and plot a parameter sweep, and
3. design and implement your own plotting function.

A suggestion for your own plotting function is a variation of the SandPile model’s mean_slope
plot such that the e�ect of the seed parameter can be studied. Consult the plotting section of the
Utopia documentation for instructions on how to implement new plotting functions.

6.5 Forest Fire Model (FFM)
Explore forest fires in heterogeneous environment (rocks) and ways to prevent large fires. Specifically
consider the following cases:

1. The environment consist of randomly distributed rocky patches (cells) with density flr. (If
these patches are regular, they may also correspond to fire lanes.)

2. Active fire management: Occasionally set fires at sites with local densities –1flc < fl < –2flc,
where –1 < –2 < 1, where “local” is defined as the nn- or nnn-neighborhood.

3. A mixed forest with some more fire-resistant trees: Study the role of (random) immunity g.
For all cases
• look at the dynamics by plotting some spatial distributions after selected times (a movie may

be helpful)
• compare time series of the density fl(t) with that for the uniform base situation, specifically

plot the asymptotic mean density and its variance as a function of the pertinent parameter(s)

6.6 Contagious Disease Model (CDM)
Explore the propagation of contagious diseases in heterogeneous environments and the role of
immunizations. Look at the following cases:

• Let the environment consist of randomly distributed rocky patches (cells) with density flr.
• Study the role of (random) immunity g.

For understanding and analysis do as for the FFM. Discuss the di�erences.

6.7 Threshold of a Contagious Disease
A contagious disease is eventually self-maintaining, hence needs no further external infections.
Study this in a square domain with side length n, e.g., with n = 1024, by inserting N infections
and observe their possible dying out or propagation.

As initial state choose a uniform domain with density fl0. What is the impact of fl0, i.e., how to
choose the value? Think of the di�erent modes for inserting these infections:

• initial condition: infect N randomly selected occupied sites,
• deterministic sequence: infect N randomly selected occupied sites at time intervals �t,
• fully probabilistic: choose a rate f of infection and a duration �t of infectious time such that

N = fl0n
2f�t, and think about the role of f .

To do:
1. What do you expect for the possible asymptotic values of fl? (No simulation needed.)
2. Plot fl(t) for di�erent choices of parameters.





7
Pattern Formation and Dynamics

Patterns are coherent structures in space, in time, or in both, where “coherent” refers to some
regularity across extended domains. They are omnipresent in nature [Ball 1999] and easily
observable in our environment (Section 5.1.2). We may roughly group them into two classes:
(i) Externally determined patterns depend in detail on a highly structured external forcing.
In the extreme case, there is a one-to-one relation between the pattern and the external
process that creates it. Examples include patterns that grew under fluctuating conditions, for
instance tree rings and layers in glaciers or in other sedimentary deposits. They also include
the patterns of agricultural fields in a plain, of cities, of a page in book, or of a computer
chip. This class of phenomena results from fine-tuning, often a highly sophisticated one,
and thus does not belong to the class of complex systems. (ii) Self-organized patterns are a
manifestation of systems that are non-linear in an essential way. They transform some rather
unspecific external flow into an internal organization that is largely independent of the details
of the forcing. A few examples from our physical environment are given in Section 5.1.2 and
Section 6.3.5 also demonstrates how they emerge in discrete complex systems.

Self-organized patterns are a hallmark of complex systems that contain at least two
counteracting processes that operate on di�erent spatial or temporal scales. We choose
to study them in continuous complex systems. The underlying processes are invariably
nonlinear and typically described by partial di�erential equations. In this chapter, we will
only consider the most simple pattern-forming systems, (i) the heuristic Swift-Hohenberg
model that was explicitly constructed to produce and study patterns and (ii) the reaction-
di�usion model, which represents a large class of processes in our physical and sociocultural
environment.

7.1
Self-Organized Patterns
The spontaneous formation of structures out of a uniform state was a conceptual enigma for
a long time. The issue was only resolved by Rayleigh [1916] for flow processes and by Turing
[1952] for transport and reaction processes in chemical and biological systems.

Patterns invariably signal a system that is away from its static equilibrium, driven by
the flow of some quantity like energy, momentum, mass, information, or money through the
system. This driving flow need not be structured and can even be uniform in space and
constant in time. The most important such driver for our physical environment at large is
the radiative flux from the Sun. We notice that this flux is structured both in space and time
for most environmental systems, in space for instance through variations in the exposition, in
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time through Earth’s rotation. For many self-organizing patterns in our environment, these
structures in the forcing are far away from those in the resulting patterns, however.

While patterns that are dynamically sustained by some flux are typical for dynamic
environments, there are many phenomena where the system is in a metastable locked state
long after the pattern-forming processes have ceased. As we already encountered with the
study of sand piles, such metastable states are quite common in complex systems and are
linked to the aspect of thresholds that are at the base of self-organization. Examples of such
metastable or even completely frozen states include solidified and subsequently cracked lava
flows, soil patterns that are remnants of structures formed by ice-wedges during the last ice
age, but also the furs of many animals.

7.1.1
Origin of Dynamic Patterns
Environments that may give rise to dynamic patterns include flowing fluids, which are de-
scribed by the Navier-Stokes equation, and multicomponent transport and reaction systems,
which lead to convection-dispersion equations together with sets of algebraic equations.
The general behavior of such nonlinear systems can often be expressed in terms of some
dimensionless quantity µ and its critical value µc, or by sets of such parameters. The
Reynolds number Re and the Rayleigh number Ra are examples for fluid flow and for heat
transport, respectively.

For µ < µc, the system is in a uniform state, which may be characterized by spatially
uniform or layered fields of quantities like density, temperature, or velocity. As µ grows
beyond µc, this uniform state becomes unstable. We already studied this in some detail
for thermal convection in a small, two-dimensional, vertical domain that admitted just a
single circulation cell (Section 4.2). Now, the focus is on a horizontally extended setting
that admits a large number of cells. With µ growing beyond µc, we thus expect such cells
to first emerge with some critical wave vector kc and corresponding angular frequency Êc.
The reason for the instability still is that convection transports the driving quantity more
e�ciently than the corresponding uniform state. The reason for the periodicity is the fact
that there exists some optimal geometric configuration between friction-limited thin and high
cells on the one hand and wide and rather ine�cient cells on the other. Once initiated, the
periodic structures will rapidly saturate in the sense that their amplitude will quickly adjust
such that the surplus flow beyond the critical point can be maintained without a�ecting the
structures’ geometry. Their amplitude can be expected to be described by f(µ≠µc), where
f is some monotonic, ideally also homogeneous function, often [µ ≠ µc]–, where – is the
corresponding critical exponent.

Looking in more detail into the drivers behind dynamic patterns, we find a number of
mechanisms. The typical one for flow systems is the antagony between some conservation
law and some constraint as exemplified by the Rayleigh-Bénard convection where buoyancy
would lift the entire fluid mass that is heated from below but cannot do so because the
constraining walls prevent this [Cross and Hohenberg 1993]. The typical mechanism for
transport systems are competing interactions where some short-range activation is opposed
by some long-range inhibition. As an example we will consider two reactants in Section 7.3
below. They di�use with di�erent rates and thereby give rise to a Turing instability. Other
mechanisms, which require a modulated forcing however, include parametric resonances or
other noise-induced transitions like the random switching between uniform states [Borgogno
et al. 2009].
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7.1.2
Representation of Patterns and their Dynamics

We focus on spatial patterns and their development in time. Let u(x, t) be the quantity
of interest, for instance a velocity component, temperature, or concentration. The uniform
stationary state is thus described by the constant field u(x, t) = u0. As the critical point is
crossed, some spatial and/or temporal variation will emerge. In an unbounded and uniform
medium, and with the system’s state driven across the critical value µc su�ciently slowly,
we expect spatial Fourier modes to be a convenient tool for describing the processes.

Fourier Decomposition Fourier modes, the functions exp(ik ·x) with wave vector k, form
an orthogonal basis for the Schwartz space S, the space of infinitely di�erentiable functions
f(x) that decrease rapidly together with all their derivatives as |x| æ Œ. Functions that
faithfully describe environmental state variables belong to this space. Hence, the spatial
function u(x) may be written as

u(x) =
⁄

�
Âu(k) exp(ik · x) dk , (7.1)

where Âu(k) is the amplitude, in general a complex number, of the Fourier mode exp(ik · x)
in the function u(x), and � is the domain of all wave vectors. In d dimensions, we typically
have � = Rd with Âu(k) as the Fourier transform of u(x), its spectrum, and (7.1) as the
corresponding Fourier decomposition.

With (7.1) we may describe the temporal development of the spectrum Âu(k) instead of
the one of u(x). While the two are formally equivalent, the spectrum is much simpler for
the transition state, which can be expected to emerge at some critical value kc.

The focus in this chapter will be on spatial patterns for which (7.1) is convenient. The
analogous also can be used for time, by replacing exp(ik · x) with exp(iÊt).

Local Stability Transitions between a uniform stationary state and a structured state
may be represented as bifurcations that are associated with some control parameter µ. As
a system’s state is pushed from the uniform regime towards the transition at µc and across
it through external forcing, we expect the pattern to emerge with characteristic spatial
and/or temporal frequencies, kc and Êc. If they exist, they define the critical length and
time,

⁄c = 2fi
kc

‚k and ·c = 2fi
Êc

, (7.2)

where ‚ù denotes the unit vector. These scales are related to the reach of the activating and
inhibiting processes, the simultaneous action of which leads to the formation of the pattern.
Individually, none of these processes would lead to a pattern.

In analogy to Section 2.3.3, we describe the stability of some state u(x) by the initial
development of some small fluctuations. With the focus on the transition at µc we assume
the macroscopic uniform state as u(x) = 0 and ask for u̇ in the linear approximation. As a
physical backdrop, we assume this macroscopic state to actually consist of a wide spectrum
of microscopic states as it is for instance the case for thermal fluctuations. Let Âu(k) be the
spectrum of these fluctuations and consider their development in time. Following (2.25),
we would then first gain the Jacobian matrix from the underlying process at the state of
interest – for instance from (4.35) for Rayleigh-Bénard circulation with given values of Ra
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Figure 7.1. Growth function –k for the three types of instabilities for Á < 0 (dashed), Á = 0
(solid), and Á > 0 (dashed-dotted).

and Pr –, determine the eigenvalues ‡ = –+ i— of the matrix for each of the Fourier modes,
and write

Â̇u(k) =
#
–(k)≠ iÊ(k)

$
Âu(k) , Ê(k) = ≠—(k) , (7.3)

where we assumed an isotropic medium, which then leads to eigenvalues that only depend
on the magnitude k = |k|. Waves propagate in k-direction with the choice Ê = ≠—.

Integrating (7.3), and using the shorthand –k := –(k) and Êk := Ê(k), leads to

Âu(k, t) = Âu(k, 0) exp
!
–kt

"
exp

!
≠iÊkt

"
(7.4)

and, inserting into (7.1) and rearranging, further to

u(x, t) =
⁄

�
Âu(k, 0) exp(–kt) exp

!
i[k · x≠ Êkt]

"
dk . (7.5)

We recognize that exp
!
i[k · x ≠ Êkt]

"
is a plane wave with wave vector k and angular

frequency Ê. It travels with velocity c = Ê/k into the direction of k. Its amplitude develops
with exp(–kt) from the initial amplitude Âu(k, 0). Apparently, the fluctuation with wave
vector k decays if Re(‡k) = –k < 0. We call –k the growth function.

In addition to k, the growth function –k also depends on the system parameter µ. Since
we here are interested in the behavior near µc, we introduce the dimensionless control
parameter

Á = µ≠ µc

µc
, (7.6)

which vanishes at the critical point. This turns the growth function into –k(Á). Again, we
often suppress this argument for better readability.

Notice that (7.5) is only useful near the onset of an instability, i.e., for Á small and also –kt

small, such that the system’s dynamics is approximately linear, the principle of superposition
thus applicable.

Classification of Instabilities With a focus on spatial patterns we classify instabilities
according to (i) the value kc at which the system first loses stability and (ii) the cor-
responding value of Êc. We distinguish three types, I. . . III (Figure 7.1), each with two
subtypes, monotonic and oscillatory with respective subscripts m and o. In the literature,
the monotonic subtype is also called “stationary” and then gets the subscript s.
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Type I
–

I
k(Á) = 1

·

#
Á≠ ›

2[k ≠ kc]2
$

(7.7)

This is the main type of a pattern forming instability. As Á grows positive, the Fourier mode
with k = kc ”= 0 becomes unstable and spatial structures with wavelength 2fi/kc emerge out
of the uniform state. As Á grows further, the range of unstable modes grows with

Ô
Á/›.

The parameter · is a time-scale of the instability.
Type II

–
II
k (Á) = ›

2

·
k

2#
Á≠

1
2›

2
k

2$ (7.8)

This is the pattern forming instability that is often found with quantities u that are con-
served. For them, the uniform state k = 0 is neutrally stable for all values of Á, reflecting
that uniformly adding quantity u just shifts the state and leaves it there. Fluctuations with
k ”= 0 are damped away exponentially below the critical point, i.e., for Á < 0. For Á > 0,
modes are unstable for k œ]0,

Ô
2Á/›[, with the maximum growth rate for k =

Ô
Á/›. The

factor 1
2 was introduced for comparability with the type I behavior. As an aside, notice that

›
2
/· has the dimension of a di�usion coe�cient.

Type III
–

III
k (Á) = 1

·

#
Á≠ ›

2
k

2$ (7.9)

This is the special case of type I for kc = 0, an instability where in first order no spatial
patterns emerge but where the uniform state either drifts away monotonically (IIIm) or
oscillates (IIIo). Patterns may still form at higher orders, however.
Behavior near Critical Point As always, a linear analysis is only useful near a continuous
critical point, i.e., with a saddle node or a supercritical bifurcation. It is in general not
applicable with a subcritical bifurcation where the state variables change discontinuously
and transitions are often hysteretic. When applicable, however, we notice that for small
values of Á every growth function –k can be locally approximated by one of the above
types. Hence, after appropriate scaling, all transitions between a uniform and a structured
state look initially identical, independent of the underlying processes and their details.
Only if the system is driven farther from its critical point, which often occurs naturally
as time progresses, this need no longer be true. Then, nonlinear phenomena like pattern-
coarsening occur that depend on the degree of nonlinearity, which in turn depends on process
details.

7.1.3
Initial Conditions, Boundary Conditions, and External Forcing
We assumed an unbounded uniform domain and a slow and uniform crossing of the critical
point. Only then do the narrow-range Fourier modes emerge. Environmental systems are
more complicated, however. They are typically bounded by some non-trivial shape, exhibit
an at least mild heterogeneity, and are usually noisy, sometimes even driven by strongly
fluctuating forces. All these aspects lead to the selection of an often small subset of modes
that are feasible in the unbounded, slowly driven, and uniform medium. This subset becomes
accessible when the critical point has been su�ciently transgressed, Á > 0, such that the
correspondingly wider interval of modes gets amplified (left frame of Figure 7.1). We look
at some instance of complications in the following.
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Periodicity At the transition from the uniform into a patterned state, at Á = 0, a type I
instability in a uniform and unbounded domain produces a periodic pattern of parallel lines
separated by ⁄c. Consider the same situation in a square domain with side length ¸, with
prescribed values of u on two opposing sides, e.g., u = 0, which corresponds to a Dirichlet
boundary, and with vanishing gradients on the other two so-called Neumann boundaries.
If ¸ is an integer multiple of ⁄c, lines with wavelength ⁄c will emerge parallel to the Dirichlet
boundary upon transgressing Á = 0.

If ¸/⁄c is not an integer number, such parallel lines will still emerge, but with a di�erent
wavelength and at a larger value of Á. For other conditions – non-constant Dirichlet
boundary, non-vanishing Neumann boundary, more complicated shape of the domain, or
non-uniform domain – some pattern will still emerge, but this will be no longer parallel lines
and Á will have to be still larger to allow for the required broader range of modes.

Heterogeneity and Rapid Transitions The critical properties µc and ⁄c are determined
by properties of the domain, for instance densities, conductivities, or di�usion and reaction
coe�cients. If these properties vary in space, so do µc and ⁄c. In addition to the necessity
to fit the pattern into the domain, a further complication arises in that at di�erent locations
the transition from the uniform to the patterned state will occur at di�erent values of µ.
As µ increases, patches of patterns will thus emerge and they will be quite independent
of each other. They will expand with further increasing µ until the entire domain is
eventually patterned. Depending on the formation process and on the range of parameters,
the individual patches are still deformable as they merge, which then leads to a macroscopic
reorganization of the entire field, or they may already be in rather stable state, which leads
to discordant patterns at their interface and so-called “frustrated patterns”. For processes
for which a potential exists – for example (7.21) below for the Swift-Hohenberg model –
such configurations represent local minima of the (high-dimensional) potential that are far
from the global minimum, however.

A similar situation also arises in uniform domains with an initial noisy state that is
pushed very rapidly across the critical threshold µc. Fluctuations of the noise then lead
to the simultaneous emergence of patterns at di�erent locations. Their amplitude grows
rapidly and they expand in space. Depending on the relative speed of these two processes
– one approaching the saturation of the process’ nonlinearity, the other one reaching the
limit of the domain – this will produce a late macroscopic reorganization of the entire field
of frustrated patterns.

Periodic Domains A partial remediation against the e�ects of boundaries is to remove
them by invoking a periodic domain. Some of their aspects still remain e�ective, however.
Specifically, the largest structure that can be represented is still determined by the domain’s
extent. Similarly, periodic structures only fit if the domain size is an integer multiple of the
wavelength.

The two classes of domains – bounded or periodic – are used with di�erent foci, the
first one primarily for studying interactions between the dynamics of the system and the
particular boundary, the second one for exploring the dynamics per se.
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7.2
Swift-Hohenberg Model
The Swift-Hohenberg model was originally constructed to study the influence of thermal
fluctuations on hydrodynamic bifurcations and in particular the link to the thermodynam-
ics of phase transitions [Swift and Hohenberg 1977; Hohenberg and Halperin 1977]. It
indeed reproduces some of the characteristics of Rayleigh-Bénard convection and of similar
processes. Today, it is used in a much larger field, primarily as a generic model for studying
the formation and temporal dynamics of patterns for di�erent domains and forcings. We
just touch the surface in the following but broader expositions are o�ered by Cross and
Greenside [2009], Hilali et al. [1995], and Lloyd et al. [2008].

7.2.1
Heuristic Model Construction

For imagination, consider a horizontal plane through Rayleigh-Bénard convection in a hori-
zontally domain that is much larger than the critical wavelength ⁄c. Let the scalar quantity
u(x, t) represent the fluctuation of the vertical velocity v

Õ
z or of the temperature T Õ within

this plane. The two are closely related because ÈvÕzT ÕÍ is the convective heat flux.
Experimental evidence teaches us that a Rayleigh-Bénard process has a type Im instability

and is inherently isotropic, with anisotropy possibly entering later through boundary condi-
tions. With this we use (7.7) for the growth function and slightly reformulate it as

–k = ‹ ≠D[k ≠ kc]2 , (7.10)

where the control parameter ‹ may be written as [r ≠ 1]/tc with the relative Rayleigh
number r already introduced with (4.42) for the L63 system, and tc the time-scale of the
instability. The parameter D, with units of a di�usion coe�cient, describes the increase of
the interval with unstable modes as ‹ grows positive.

With a focus on the onset of convection, we consider a single Fourier mode. For a type
Im instability, where Ê = 0, it may be written as

uk(x, t) = exp(–kt) exp(ik · x) . (7.11)

Notice that for this mode

u̇ = –ku =
#
‹ ≠D[k ≠ kc]2

$
u and Ò

2
u = ≠k2

u . (7.12)

While (7.12)1 already looks like a development equation, it does not describe the role of
the spatial structure of u(x) in its temporal change u̇. Apparently, (7.12)2 opens such a
possibility. However, just formally incorporating it leads to the awkward expression u̇ =#
‹≠D

#Ô
≠Ò2≠kc

$2$
u. To ameliorate this, we modify (7.10) such that (i) its form is retained

near kc and (ii) it leads to an operator that is more manageable than
Ô
≠Ò2. To this end

we follow Cross and Hohenberg [1993] and use (Figure 7.2)

–k = ‹ ≠D

Ë
k + kc

2kc

È2

¸ ˚˙ ˝
¥1 for k¥kc

#
k ≠ kc

$2 = ‹ ≠
D

4k2
c

#
k

2
≠ k

2
c

$2
. (7.13)
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Figure 7.2.
Type I growth function (7.10) (black) for di�erent values of
control parameter ‹ and its approximation (7.13) (red) as used
for the Swift-Hohenberg model.

–k

k
kc

‹ > 0
‹ = 0
‹ < 0

Introducing the dimensionless wave vector Ÿ and absorbing the resulting constant into the
dimensionless time · then leads for (7.12)1 to

u̇ = µu≠ [Ÿ2
≠ 1]2u , (7.14)

with
Ÿ := k

kc
, › := kcx , · := Dk

2
c

4 t , and µ = 4
Dk2

c

‹ . (7.15)

At this point we may now use (7.12)2 and write, for the single Fourier mode (7.11),

u̇ = µu≠ [Ò2 + 1]2u , (7.16)

where [Ò2 +1]2 is the so-called bi-harmonic operator. Recall that this equation is only valid
for this one mode and near the bifurcation point with µ = 0 and Ÿ = 1. The key construction
step for the Swift-Hohenberg model is to postulate (7.16) as the model’s general development
equation, which is a linear partial di�erential equation with constant parameter µ.

With (7.16) and µ < 0, the Fourier modes (7.11) decay in time for all values of k.
For µ > 0, some of them grow exponentially, however. In physical systems, the resulting
blow-up will be suppressed by some nonlinear terms that become dominant as |u| increases.
For many physical systems, the dissipation term is invariant under the parity transform
u ¡ ≠u. Choosing ≠u3 as the lowest order nonlinear stabilizing term finally leads to the
classical Swift-Hohenberg equation

u̇ = µu≠ u
3
≠ [Ò2 + 1]2u . (7.17)

Qualitative Phenomenology To recognize the working of (7.17), it is useful to separate
it into an amplitude and a spatial part,

u̇
ampl = u[µ≠ u

2] and u̇
sp = ≠[Ò2 + 1]2u , (7.18)

with u̇ = u̇
ampl + u̇

sp.
The amplitude part (7.18)1 apparently is a supercritical pitchfork bifurcation as intro-

duced with (2.51). Its stable fixpoints are ±
Ô
µ. The amplitude is thus determined by

control parameter µ and by the chosen nonlinearity (Figure 7.3). For µ < 0, uampl decays
at least exponentially since u̇

ampl and u
ampl then always have di�erent signs. This decay

is faster for larger |uampl
|. For µ > 0, amplitudes with 0 < |u| <

Ô
µ grow, while large

amplitudes |u| > Ôµ continue to decay. Hence, in the unstable range, fluctuations of u tend
to grow to a maximal amplitude of Ôµ.
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Figure 7.3.
Amplitude part u̇ampl = µu≠ u3 of the classical Swift-Hohenberg
equation (7.17) for µ œ {≠1, 0, 1}. The symbols indicate the stable
and unstable fixpoints for µ = 1.
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2 Figure 7.4.

Growth factor –sp
Ÿ of the spectral component with dimen-

sionless wave number Ÿ of the spatial part usp for the
isotropic Swift-Hohenberg equation (7.17). The dashed line
indicates range of modes for which the growth due to the
amplitude component can compensate the the decay due
to the spatial component.

The spatial part of (7.17) is best studied in Fourier space. There, (7.18)2 becomes

Â̇usp = ≠[Ÿ2
≠ 1]2Âu , (7.19)

which leads to
Âusp(Ÿ, ·) Ã exp(–sp

Ÿ ·) , –
sp
Ÿ = ≠[Ÿ2

≠ 1]2 (7.20)

where –
sp
Ÿ is the growth factor of the spatial part (Figure 7.4). It reveals that all spatial

modes decay exponentially, except for the critical one with Ÿc = 1, whose amplitude in u
sp

remains constant. Specifically, large structures with |Ÿ| π 1 vanish on time scale 1, small
structures with |Ÿ|∫ 1 on even smaller ones. Hence, we choose ·

sp = 1 as a time scale for
the selection of spatial features.

Summarizing our qualitative understanding, for µ > 0 fluctuations of u grow to a typical
amplitude Ôµ while their wave numbers are selected towards Ÿc. Indeed, with u̇ = u̇

ampl +
u̇

sp, the growth due to the amplitude component can compensate the decay due to the
spatial component within a certain range of Ÿ. This is determined the maximum of u̇ampl,
which is found as 2[µ3 ]3/2. It leads to the range Ÿ œ [Ÿ≠,Ÿ+] with Ÿ± =

Ò
1±

Ô
2[µ3 ]3/4 for

Fourier modes that are amplified.

Variational Formulation It can be shown that a potential V (u) exists such that V (u(x, t))
decreases monotonically as the state develops. The original formulation indeed started out
from this potential [Swift and Hohenberg 1977], which is

V (u) = ≠
⁄

�

Ë1
2µu

2
≠

1
2
#
[Ò2 + 1]u

$2
≠

1
4u

4
È
dA , (7.21)
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where � with areal element A is the domain of interest. To ascertain the claim, calculate
the temporal rate of change of V by taking the derivative of the integrand of (7.21) with
respect to time and recognize that it equals (7.17) multiplied by u̇. Hence,

ˆtV = ≠
⁄

�
[u̇]2 dA , (7.22)

which demonstrates that V decreases monotonically as u(x, t) develops in time. The Swift-
Hohenberg model thus describes the relaxation of some excited state.

As already in Section 2.2.2, having a potential for the development of u(x, t) evokes
the imagination of a mass that slides down the mountain range V in a steepest descent,
with friction so high that acceleration is negligible. It will come to a halt eventually, at
a minimum that may or may not be the global minimum of V . Notice that in contrast
to the typical potential V (x) encountered in classical physics, the potential here exists
in a high-dimensional space – the space in which the function u(x) is represented – with
correspondingly intricate and diverse paths between states.
Generalized Swift-Hohenberg Equation An extension of the formulation (7.17) is the
introduction of a quadratic growth term ÷u

2 that leads to

u̇ = µu+ ÷u
2
≠ u

3
≠ [Ò2 + 1]2u , (7.23)

which is referred to as the generalized Swift-Hohenberg equation. In the context of Rayleigh-
Bénard circulation, the additional term represents the temperature dependence of viscosity
[Hilali et al. 1995]. For ÷ = 0, the state with the lowest potential is a set of parallel lines
with distance ⁄c. Increasing ÷ shifts the state towards a regular hexagonal arrangement of
cells [Lloyd et al. 2008].

Another extension is the choice of the nonlinearity, for instance replacing ≠u3 by ≠u5 or
by some higher odd power. Whatever the detailed functional shape, the function must be
odd in order to limit the system.
Caveat The Swift-Hohenberg equation (7.17) is a first-order perturbation approximation
for the Rayleigh-Bénard class of processes. As such it produces some of the phenomena that
are also observed in various physical systems. However, as an essentially linear approxima-
tion it is only able to correctly describe the onset of patterns for small values of the control
parameter µ. Crucial issues are the replacement of the nonlinear operator [

Ô
≠Ò2 ≠ kc]2 in

(7.13) with the linear operator [Ò2 + 1]2 in (7.1) and the choice of ≠u3 for the nonlinear
stabilization term. Other choices have been used and have been shown to produce di�erent
patterns. The qualitatively most important deviation from reality is that patterns in physical
Rayleigh-Bénard systems tend to develop in time, in particular if they are strongly driven,
corresponding to large values of µ. This was one of the topics studied with the L63 system
in Section 4.2, which neglected the spatial organization and dynamics, however. In contrast,
the Swift-Hohenberg model reaches a stationary state due to its potential dynamics. The
two approaches thus o�er complementary simplified perspectives on the Rayleigh-Bénard
class of processes.

7.2.2
Numerical Simulations
We consider the classical Swift-Hohenberg model (7.17). In contrast to the development
equations considered in previous chapters, where the right-hand side was some simple
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function, (7.17) now contains a di�erential operator. This turns the formulation into a partial
di�erential equation, which is much more di�cult to solve. However, the situation can be
salvaged by transiting into Fourier space, which we will exploit in the following.
Algorithm Applying the Fourier transform F to (7.17) leads to

Â̇u = µÂu≠ [Ÿ2
≠ 1]2Âu≠Êu3 , (7.24)

where Âu = Fu and we used that F is a linear operator.
Discretization in Time With (7.24) we now have an ODE, in Fourier space, for which we
formulate an implicit Euler-step as

Âui+1 = Âui + �t Â̇ui+1 , (7.25)

where Âui is the value of Âu at time ti and �t is the time step. This formulation is implicit
because the derivative Â̇u is evaluated at the future time ti+1. This is numerically more
stable than the explicit formulation that would evaluate Âu at ti. Next, insert (7.24) to arrive
at

Âui+1 = Âui + �t

Ë#
µ≠ [Ÿ2

≠ 1]2
$
Âui+1 ≠Êu3

i+1
È
. (7.26)

An easy solution is prevented by the term Êu3
i+1, the Fourier transform of u3, which we

cannot express in terms of Âui+1. To resolve the issue, we evaluate it at time ti, at the cost
of thereby breaking the fully implicit formulation and loosing stability for late times with
their typically very strong gradients. This, and some rearranging, finally leads to

Âui+1 = “
#
Âui ≠�tÊu3

i

$
, “ =

Ë
1≠�t

#
µ≠ [Ÿ2

≠ 1]2
$È≠1

. (7.27)

Discretization in Space Consider a two-dimensional quadratic domain with side length ¸

and discretize it into a regular grid with grid constant �›. This leads to n
2
¸ nodes with

n¸ = ¸
�› + 1. In Fourier space, this corresponds to a grid constant �Ÿ = 2fi

¸ , again with
n

2
¸ nodes. With this, (7.27) translates into a propagator for the Fourier modes Âumn =

exp(i[m�Ÿ ›1 + n�Ÿ ›2]), where (›1, ›2) are the coordinates in the physical domain. Notice
that (7.27) is formulated for a single mode while operationally all modes are propagated
simultaneously as the Fourier transform operates on the entire field u.
Propagator The propagator consists of two parts, (i) the linear one with “mn described
by (7.27)2 with Ÿ

2
mn = [m2 + n

2]�Ÿ
2 and (ii) the nonlinear term Êu3

i. Notice that with
a constant time step �t, “mn is constant in time, hence need not be updated during the
iteration. The second term is more di�cult since the nonlinearity cannot be evaluated in
Fourier space. It is thus transformed into real space, evaluated, and transformed back,
i.e., Êu3 = F

#
[F≠1Âu]3

$
. This same procedure is also used for more complicated nonlinearities

as for instance in (7.23). Employing two Fourier transforms per time step is feasible also for
large domains with the fast Fourier transform (FFT). It is most e�cient on grids for which
n¸ is a power of 2.

Notice in passing that with just the linear part, Âumn;i+1 = “Âumn;i, the development of u
at di�erent nodes is decoupled. This manifests that linear processes cannot introduce new
scales, here a transfer of the quantity described by u from mode mn to some other mode.
This changes with the appearance of a nonlinear term. While this may not be immediately
apparent from (7.27), it is brought in by the term F

#
[F≠1Âu]3

$
, which links di�erent modes

with each other.
Finally, the formulation in Fourier space lends itself naturally to periodic boundary

conditions, which we will employ in the following.
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· = 0 · = 1 · = 100

Figure 7.5. Development of solution of the Swift-Hohenberg equation (7.17) with µ = 0.01 for
a random initial condition and periodic boundary conditions over short times · . The dimensionless
spatial extent is 32 with the domain discretized as a 2562 regular grid. Dimensionless time ·
between the frames increases because the development slows down. Upper: Amplitudes u(›, ·).
The maximum decreases with time. For the three frames it is 1, 0.51, and 0.18. The contour
levels are adjusted accordingly. Blueish and reddish colors represent negative and positive values,
respectively. Lower: Power spectrum Âuú(Ÿ, ·)Âu(Ÿ, ·) with linear scaling from 0 to the maximum.
The dotted line represents the asymptotic shape expected from Figure 7.4.

Development with Small Growth Rate We consider a square domain with dimensionless
extent ¸ œ N+. The state with minimal potential consists of a bundle of parallel stripes sep-
arated by approximately ⁄c and oriented such that it conforms to the boundary conditions.
Since periodic boundaries are used, the optimal bundle can deviate from the horizontal or
vertical orientation to thereby realize the separation distance ⁄c exactly. Initializing the
system near to this state indeed leads to a rapid convergence. This results from the strong
damping of deviating Fourier modes (Figure 7.4).

Initializing the system state far from the minimum potential leads to a long path in state
space that may or may not end at the globally minimal potential. Key to the development
is the time scale µ

≠1 on which the patterns grows. For illustration, we choose ¸ = 32
and uncorrelated uniform random noise as initial state, which leads to the widest possible
distribution of initial Fourier modes. Such a state is apparently far away from the single-
frequency optimum. To allow for a slow growth of the pattern, we choose µ = 0.01.

Short Times The random initial pattern relaxes rapidly. Already by time · = 1, patches
emerge whose sizes and separation distances are about the same (Figure 7.5). This is mainly
a selection process on the initial distribution of Fourier modes, most strongly on those with
Ÿ very di�erent from 1, which are damped strongly. Modes with Ÿ ¥ 1 are damped only
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weakly, or they even grow. However, with · π µ
≠1 = 100 the e�ect of the growth is still

negligible and the maximum amplitude decays rapidly.
The early patches tend to expand in the direction of their maximum elongation and to

thereby orient themselves parallel to neighboring elongated patches. By · = 100, this leads
to the appearance of string-like arrangements of short positive and negative patches that
are oriented locally parallel to each other but globally apparently randomly.

The power spectrum of u(›, ·) o�ers a more condensed perspective on the development
with the focus on structures, their size and orientation (bottom row of Figure 7.5). It
confirms that the initial distribution is quite structureless with small and large features
present in the same proportion and in all orientations. It further illustrates how structures
with wavevectors Ÿ whose magnitude di�ers significantly from 1 (dotted line) are strongly
suppressed already by time · = 1. Recalling (7.20), · sp = 1 has indeed been defined as the
characteristic time for the selection of spatial features. Finally, by · = 100, deviating struc-
ture elements have all but vanished and the spectrum has developed into a highly localized
function around |Ÿ| = 1 that also corroborates the isotropy of the structures.

Long Times For times · > µ
≠1, amplitude growth becomes an important process besides

the selection of Fourier modes. Hence, modes that pass the spatial filter grow slowly, with
time scale µ≠1 = 100, towards saturation, while the growth in other domains is suppressed
rapidly, on time scale 1. It is this joint action that forms the eventual pattern with the ratio
of the time scales determining the temporal progress and path of development.

By · = 100, the amplitudes in many of the patches already reached their maximum, sta-
bilized by the counteraction of the growth term µu and the nonlinear term ≠u

3 (Figure 7.6).
By · = 500, first bundles of parallel stripes have formed. They continue to expand, both in
their local longitudinal and lateral directions. This eventually leads to the interference with
other bundles and a very slow local reorganization that is accomplished by the spatial term
≠[Ò2 + 1]2u. Such reorganization obviously entails the dissolution of one bundle and the
expansion of another. It proceeds through the formation of “checkerboards”, instabilities
along stripes that lead to patches with alternating signs and separated by about 1

2 . This
processes becomes ever slower as the structures that have to be reorganized increase. In
fact, even by · = 6000 the pattern is quite a bit from its optimal configuration, which is
a bundle of parallel stripes. Locally, however, the organization is almost perfect with the
bundles parallel and at the correct distance.

The power spectrum of u shows that spatial features are narrowly limited to Ÿ = 1, as is
expected with the spatial operation some two orders of magnitude faster than the uniform
growth of amplitudes. It also reflects the eventual loss of isotropy.

Development with Large Growth Rate The part of the potential V that stems from
the spatial structure, [[Ò2 + 1]u]2 in (7.21), does not depend on µ. Hence, the pattern
of parallel stripes remains the global minimum also for large values of µ. However, for
strong nonlinearities, this optimal configuration is no more reached, not even approached,
as Figure 7.7 illustrates for µ = 0.3. The reason for this is that the time scales of the
two formative processes – uniform growth and size-dependent suppression – are now much
closer to each other. Hence, small fluctuations rapidly lead to localized pockets of stripes of
arbitrary orientation. They are furthermore much stronger – nonlinear stabilization limits
|u| to about Ôµ – and thus e�ectively block each other after a rather short time, forming so-
called “frustrated patterns”. These dissolve, if at all, on time scales that are very much longer
than those of their formation. While the local shape of these patterns is still determined
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· = 500 · = 1500 · = 6000

Figure 7.6. Continuation of Figure 7.5 for longer times. The contour levels are the same for all
three frames and span ±0.14.

by the spatial operator, hence wavenumbers will be near Ÿ = 1, the large-scale appearance
depends on details of the initial state.

Compared to the case with µ = 0.01, the power spectrum of u now is considerably wider.
This is a consequence of the shorter time scale for the amplitude growth. It compensates
the suppression by the growth factor –

sp
Ÿ (Figure 7.4) for a wider range of Ÿ around 1 and

allows their growth.

Macroscopically Structured Initial State Starting a pattern-forming system from a struc-
tured initial state can have a long-lasting e�ect, particularly in systems with short character-
istic growth times µ≠1. From an application perspective, such structured initial states often
result from some engineering action on an environmental system. Examples range from the
disinfection of microbial environments to agricultural operations in semi-arid regions.

We choose an initial state that is at odds with the optimal state of bundles of parallel
stripes by starting from some large circular structure Figure 7.8. The interior of this
structure consists of the same random distribution considered above, the noise amplitude
in the exterior is reduced by a factor of 100. To allow a su�cient development path
before the fixation of the pattern sets in, let µ = 0.1, hence the characteristic time for
organizing the Fourier modes is an order of magnitude shorter than that for the growth of
the amplitude.

The development in the interior of the disk is very similar to that encountered in the
initially uniform states above. Indeed, by · = 3 only features with k ¥ 1 remain, except for
the still existing shadow of the macroscopic structure that would still dominate the spectrum.
By · = 59, the organization of the pattern in the interior is practically completed.
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· = 10 · = 20 · = 200

Figure 7.7. Development of the solution of the Swift-Hohenberg equation (7.17) with µ =
0.3. The other parameters and the initial state are as in Figure 7.5. The dotted line in the power
spectrum again represents Ÿ = 1.

The situation is very di�erent in the exterior. Here, circular waves with wavenumber Ÿ = 1
appear to radiate outwards. Actually, they do not propagate but just induce the formation
of the next ring at the correct distance. Once formed, the structure remains localized in
space. These ring-like periodic structures demonstrate the formative role of macroscopic
shapes, whether they come with the initial state or with boundary conditions.
Resilience of Patterns We start out from a reasonably well-organized state and perturb it
to get an appreciation for the resilience of patterns once they have formed. For illustration,
the simulation shown in Figure 7.8 is continued. At · = 60, the interior of a disk with
radius 10.1 and o�set against the initial disk is reset to a uniform random distribution
(Figure 7.9).

In contrast to the first part of the simulation, for · < 60, the new macroscopic disturbance
can no longer propagate outward, into the already structured domain. Conversely, the
structures newly emerging in the reset interior prevent the invasion of the patterns from
outside the disk. In particular, the ring-like structures from the prior development do not
fill the gap created by the disturbance even though they continue to propagate outwards
and new such structures also emerge from the second disk.

Finally, we gather from the distribution at · = 119 that the ring-like features are rather
fragile and are not recreated once they are disturbed. This may happen by either an actual
disturbance as just observed, when the rings encounter some boundary, or, as in this case,
when they start to interact with other rings.
Generalized Swift-Hohenberg Model We turn to the generalized formulation (7.23) that
introduces the nonlinear local growth term ÷u

2 in addition to the linear term µu. This
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· = 0 · = 3 · = 59

Figure 7.8. Development of Swift-Hohenberg model with µ = 0.1 on a square domain with
spatial dimensionless extent 64 resolved by a 2562 regular grid. The initial state is a uniform
distribution of uncorrelated random values u œ [0, 1] in the interior of a disk with radius 20.2 and
some much weaker noise with u œ [0, 0.01] outside. For the spectrum (bottom row), a small disk
around Ÿ = 0 was excluded to suppress the strong peak that results from the macroscopic structure.
The dotted line again represents Ÿ = 1. Notice that it is larger than in Figure 7.5 because the ratio
between resolution and extent is smaller, 256

64 versus 256
32 .

term breaks the symmetry between positive and negative values of u in (7.18)1 and leads to
di�erent geometries for the domains with u > 0 and u < 0. With ÷ > 0, cells with positive
values emerge in a background of negative values (Figure 7.10). For ÷ < 0 the situation
would reverse. The cells tend to organize into a regular hexagonal grid, which turns out to
be very robust against disturbances similar to the one used for Figure 7.9.

Finally, we consider an initial state that leads to the formation of stripes, a step across
which u jumps from +1 to ≠1, with uniform noise with amplitude 0.01 superimposed (Figure
7.11). The flat discontinuity indeed induces strips with Ÿ = 1, which then also propagate
away from it. Farther away from the discontinuity, the initial noise leads to the emergence
of the natural pattern, the hexagonal cells, which eventually stop the fast propagation of
the stripes. On much longer time scales, the stripes are in fact dissolved and transferred
into cells.
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· = 60 · = 63 · = 119

Figure 7.9. Continuation of the development shown in Figure 7.8, which is disturbed at time
· = 60 by resetting it in the interior of a disk with radius 10.1, again to some strong random noise
with u œ [0, 1].

· = 10 · = 20 · = 300

Figure 7.10. Development of the generalized Swift-Hohenberg model (7.23) with µ = 0.2 and
÷ = 1 on a square domain with spatial dimensionless extent 32 resolved by a 2562 regular grid. The
initial state was a random uniform distribution with u œ [≠1, 1].

7.3
Reaction-Di�usion Model
The Swift-Hohenberg model focussed on generic mechanisms that lead to the formation of
patterns. In contrast, reaction-di�usion models aim to correctly represent a class of physical
processes, the di�usion of some components in some environment and the local reaction
between the components. For simplicity, the environment is usually assumed to be uniform,
isotropic, and at rest. The nature of the process details – the components, their interactions,
the mechanisms of di�usion – can be quite divers.

The context that historically provided the technical terms is a set of chemical components
dissolved in some fluid [Turing 1952]. They are transported by molecular di�usion alone and
interact with each other, thereby transforming one into the other and possibly also forming
new components.

In the meantime, the concept is applied to diverse fields and disciplines [e.g., Kondo
and Miura 2010]. One of them is patterned vegetation, where plant species are transported
through their seeds and they interact with each other through their competition for resources
[Klausmeier 1999; Deblauwe et al. 2008]. Another example are multifaceted sociocultural



264 7 Pattern Formation and Dynamics

· = 0 · = 40 · = 300

Figure 7.11. Development of the analogous model as in Figure 7.10 but with a di�erent initial
state and with ÷ = ≠1, illustrating the switch of cells to u < 0. Notice that the upper and the
lower boundary are connected, hence the additional discontinuity of the initial state.

environments that get transported through travelers, whose di�erent capabilities for trav-
eling is represented by di�erent values of the di�usion coe�cient, and they interact with
each in multiple ways, from cultural adaptation to destructive wars [Axelrod 1997; Fort and
Méndez 1999; Shennan 2000; Henrich and McElreath 2003].

7.3.1
General Formulation
To be specific, we consider a chemical reaction-di�usion system in a fluid that is uniform,
isothermal, and at rest. We first study a system with a single component, for which we
will find a type IIIm instability, and continue with a two-component system, which already
exhibits the basic characteristics of n-component systems, in particular a type I or type IIIo
instability (Figure 7.1).
One-Component System Let u be the concentration of the single component that is
produced with rate f(u) and that di�uses isotropically, described by coe�cient D. This
yields the development equation

u̇ = f(u) +DÒ
2
u . (7.28)

A concentration, in particular a chemical one, is a non-negative quantity. However, we also
admit more general quantities and thus allow u to become negative.

A process is called self-activating if ˆuf(u) > 0. If unchecked this leads to a runaway.
Conversely, a process is self-inhibiting if ˆuf(u) < 0. Notice that (i) for non-monotonic
functions f , the nature of the process depends on u, and (ii) f(u) = a > 0 also leads to a
runaway, a slow one, though.
Local Stability Focussing on pattern formation, we study the stability of a spatially
uniform state u0(x, t) that is stable per se, hence f(u0) = 0. We call this the base
state. The stability is assessed by studying the development of a small, zero-mean per-
turbation Á(x).

We follow the linear analysis introduced in Section 2.2.1 and first linearize f in (7.28).
With f(u0) = 0 we obtain the approximation

Á̇ = aÁ +DÒ
2
Á , a = ˆf

ˆu

----
u0

. (7.29)
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We solve this linear partial di�erential equation with the help of the Fourier transform for the
spatial part and assume for simplicity that the spatial domain is unbounded, with Á vanishing
as |x|æŒ. If the domain were bounded, the Fourier transform would have to be replaced
by a Fourier series into which the appropriate boundary conditions are integrated.

Transforming (7.29) into Fourier space leads to the ordinary di�erential equation Â̇Á =
[a≠ k

2
D]ÂÁ, where k is the wave number. This states that the individual Fourier modes are

decoupled, which is a direct consequence of the linear approximation. To be explicit, we
formulate the equation for an arbitrary but fixed mode k, i.e.,

Â̇Ák = [a≠ k
2
D]ÂÁk , (7.30)

which leads to
ÂÁk(t) = exp(‡kt)ÂÁk(0) , (7.31)

where ÂÁk(0) is the amplitude of Fourier mode exp(ik · x) in the initial fluctuation Á(x)
and

‡k = a≠ k
2
D (7.32)

is the amplification relation, which is also referred to as the dispersion relation. Notice that
this relation is isotropic, hence depends on k not on k, because we assumed di�usion to be
isotropic.

The base state u0 is stable if an initial perturbation Á(x) decays with time. This is the
case if all Fourier modes ÂÁ(k, 0) decay. Since ‡k is real this leads to the requirement ‡k < 0
for all k, which in turn is satisfied for a < 0 since k

2 and D are both positive quantities.
This represents a self-inhibiting reaction, which is thus seen to be stable against all small
perturbations.

For a > 0, the base state is unstable. Comparing (7.32) with (7.9), we recognize that the
single component reaction-di�usion process is type IIIm unstable. It is monotonic because
‡k is real. Hence, this system is most sensitive to uniform perturbations, which apparently
does not lead to patterns, not in the linear approximation at least.

The amplification relation (7.32) shows that high-frequency modes with k >


a/D

decay, whereas low-frequency modes grow exponentially with time, with the instability
first occurring for k = 0. This behavior is expected because di�usion is a fast process
at small spatial scales. It disperses fluctuations Á on spatial scale ¸ = 2fi/k on time
scale · = ¸

2
/[2D]. With · = 1/‡0 = 1/a, this gives the correct form for k >


a/D,

up to a constant factor.
Two-Component System An isotropic two-component reaction-di�usion system is de-
scribed in analogy to (7.28) by

u̇1 = f1(u1, u2) +D1Ò
2
u1

u̇2 = f2(u1, u2) +D2Ò
2
u2 , (7.33)

where the production rates fi and the di�usion coe�cients Di may di�er for the two com-
ponents. For notational convenience and easy generalization, we aggregate this into

u̇ = f(u) + DÒ2
u (7.34)

with
f(u) =

3
f1(u1, u2)
f2(u1, u2)

4
, and D =

3
D1 0
0 D2

4
. (7.35)
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General Operation The system (7.34) consists of two parts, (i) the reaction or interaction
part u̇r = f(u) and (ii) the transport part u̇t = DÒ2

u. With (2.16) and Section 2.3 we
recognize the reaction part as a continuous dynamical system and recall that, under the
premise that f is Lipschitz-continuous, the two-dimensional system may possess fixpoints
and limit cycles, but that it cannot turn chaotic. The transport part on the other hand
carries the system’s state to other locations, hence couples the otherwise isolated dynamical
systems at di�erent locations with each other.

Since the di�usion coe�cients Di can be di�erent for di�erent components i and the
components in turn can have activating or inhibiting e�ects on themselves and others,
the two-component reaction di�usion equation already leads to a rich spectrum of phe-
nomena that includes bulk oscillations, stationary patterns, and traveling waves. With
three and more components the spectrum gets even richer, first because of the increased
dimensions, more importantly because the underlying dynamical system may now contain
chaotic regimes.

Local Stability We again start from a spatially uniform and stable base state u0 =
!u10
u20

"

for which f(u0) = 0. Obtaining u0 entails solving a system of ordinary di�erential equations
– (7.34) with D = 0 –, which in general are coupled and nonlinear. The trivial solution
u = 0 may or may not belong to the solution space.

To study the development of the perturbation Á(x) =
! Á1(x)
Á2(x)

"
of the base state u0,

insert u = u0 + Á into (7.34), and linearize f at u0, using f(u0) = 0, to arrive at the
approximation

Á̇ = aÁ + DÒ2Á , a =
3

a11 a12
a21 a22

4
, aij = ˆfi

ˆuj

----
u0

. (7.36)

In analogy to the single-component system, we introduce the notion that component j

activates component i if aij > 0 and inhibits it if aij < 0. This includes self-activation and
self-inhibition, with the former leading to an autocatalytic process and the latter to satu-
ration. The system’s Jacobian matrix a is known by several names including amplification
matrix and, in population dynamics, community matrix.

Transforming (7.36) into Fourier space, again leads to an ordinary di�erential equation,
Â̇Á = [a≠ k

2D]ÂÁ, and explicitly for a fixed but arbitrary Fourier mode to

Â̇Ák = AkÂÁk , Ak := a≠ k
2D , (7.37)

with k
2 = k · k. Notice that as a consequence of the linear approximation, the reaction

system only couples Fourier modes with equal wavevectors.
We recognize the analogy between (7.37) and (2.25), hence proceed with the analysis

following Section 2.3.3 and transform (7.37) into the eigenspace of Ak, where it decouples into
a set of independent equations of the form (7.30) for the eigenvectors ÂÁÕk. Analogous to (2.32),
the eigenvalues of Ak are the roots of the corresponding characteristic polynomial,

det[Ak ≠ ‡kI] = ‡
2
k ≠ [tr Ak]‡k + det Ak = 0 , (7.38)

where tr Ak is the trace of Ak and det Ak its determinant. Hence,

‡
±
k = 1

2tr Ak ±
1
2


[tr Ak]2 ≠ 4 det Ak (7.39)
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with

tr Ak = a11 + a22 ≠ [D1 +D2]k2

det Ak = [a11 ≠D1k
2][a22 ≠D2k

2]≠ a12a21 . (7.40)

The relations ‡
±
k are again the amplification relations of the linear approximation (7.36).

Recall that ‡±k is shorthand for ‡±(k).
Classification of Solutions Decomposing the eigenvalues ‡±k in (7.39) into real and imagi-
nary parts, ‡±k = –

±
k ≠iÊ±k , we may write the development of Fourier mode k of component j

as

Á(x, t; k) = ÂÁÕk0 exp(‡±k t) exp(ik · x)

= ÂÁÕk0 exp(–±k t) exp(i[k · xû Ê
±
k t]) , (7.41)

where ÂÁÕk0 is the mode’s amplitude in the original perturbation at t = 0. The prime refers to
the eigenspace of amplification matrix Ak. Notice that for a two-component system, there
are just two eigenvalues, ‡±k , which can be either both real or conjugate complex.

With (7.41) we can now classify the possible phenomena. We first recall that the above
analysis is linear, hence only applies up to the onset of instabilities at the critical wavenumber
kc and to their initial growth phase. For this situation, –± is negative for all k outside of a
small interval around kc, hence the corresponding modes vanish exponentially fast. Then,
we distinguish three regimes: (i) For kc = 0 and Ê ”= 0, bulk oscillations emerge in a Hopf
bifurcation. (ii) For kc ”= 0 and Ê = 0, stationary patterns with wavelength 2fi

kc
will appear

through a so-called Turing instability. (iii) For kc ”= 0 and Ê ”= 0, waves traveling with phase
velocity Êkc

kc
will set in. All these transitions occur as at least one of –± turns positive. If

–
±
k < 0 for all k, then the base state u0 is linearly stable, of course.

7.3.2
Bulk Oscillations

Well-mixed systems may be represented with (7.34) by setting D = 0, which apparently turns
them into ordinary, and typically low-dimensional, dynamical systems. Away from static
equilibrium these systems may give rise to a stable limit cycle through a Hopf bifurcation. In
the terminology of reaction-di�usion systems, this then corresponds to a type IIIo instability
where the wave number kc = 0 is the first to turn unstable with a non-vanishing imaginary
part of the corresponding eigenvalue. This is manifest in a bulk oscillation [Noyes and Field
1974]. Prominent examples are the dynamics of a uniform population [May 1974] or the
class of Belousov-Zhabotinsky reactions in well-mixed cells [Zhabotinsky 1991].
Gray-Scott Reaction A minimal setup for studying systems in dynamical equilibrium are
chemical reactions in well-mixed cells with a constant flow through them. This flow brings
reactants into the tank and removes products, thereby preventing the system from relaxing
to static equilibrium.

With the aim to study autonomously oscillating systems, Gray and Scott [1985] proposed a
minimal configuration with a two-component autocatalytic reaction with active components
A and B, both dissolved in a liquid, and passive component S (Figure 7.12). The reaction
is observed in a well-mixed cell with volume V . Respective concentrations are a and b.
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Figure 7.12.
Well-mixed cell with volume V and through-flow q of an incompressible liquid.
The cell contains three components A, B, and S, besides the liquid. A and B
are dissolved with concentrations a and b, respectively, S is a solid phase. The
incoming flow imports component A at concentration a0. Since the cell is well-
mixed, concentrations in the outflow are the same as within the cell.
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10 2 Two-Dimensional Objects

Figure 2.2.
Color scheme for qualitative data by Tol [2012].
A color from this family for drawing and writing
is selected by sStroke(’Q’,O,M), where O and M
are integers that determine order and member,
respectively, and in analogy for filling. As an
example, sStroke(’Q’,3,2) produces the same
dark yellow as sStroke(’Q’,12,7). For any
given graphics, it is suggested to choose the
appropriate family, here “qualitative”, and the
smallest order that su�ces to represent the data.
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2.3 Color

PSgrafo�ers two ways to specify a color: (i) by its coordinates in one of the color spaces or
(ii) by selecting it in one of color schemes. Both methods can be mixed.

2.3.1 Color Spaces

Available color spaces are G (gray1), RGB (red-green-blue), HSB (hue-saturation-brightness),
CMYK (cyan-magenta-yellow-black) – which is set by the function sColorSpace. Each letter
in the name of the color spaces denotes a coordinate that can vary in the interval [0,1], where
0 corresponds to minimal intensity of the corresponding property and 1 to maximal intensity.
Example: The color defined by (1,0,0) is red in RGB-space, but black in HSB-space (red with
no saturation and no brightness). In HSB-space, the color red is represented by (1,1,1).

void sColorSpace(const char *cspace)
void sColorSpace(const char *stroke,const char *fill)
� void sColorSpace(int stroke,int fill)

Set the color spaces which will subsequently be used to define a specific color for stroke and
fill. Permissible values for the arguments are

const char int color space
"G" 0 gray (default)
"RGB" 2 red, green, blue
"HSB" 4 hue, saturation, brightness
"CMYK" 8 cyan, magenta, yellow, black

The first form, sColorSpace(const char *cspace), sets the color spaces for stroke and fill
to the same value.

An alternative to setting the color space with sColorSpace is the use of color vectors, struct
color, which set the space implicitly.

void gColorSpace(int*stroke,int*fill)
Return the integer codes of the current color spaces for stroke and fill pen. This comes
in handy if a particular color space must be used in some function without a�ecting the
external setting.

2.3.2 Color Schemes

PSgraf currently support the color schemes devised by Tol [2012], which are designed to be
optimally visible also for color impaired persons (Figure 2.3).

void sColorDark(double dark)

Make all colors darker by the factor dark � [0, 1] (Figure 2.5). Default is 0. This setting
remains active until changed.

void sColorLight(double light)

Make all colors lighter by the factor light � [0, 1] (Figure 2.5). Default is 0. This setting
remains active until changed.

1Although G is not a color space in the traditional notation, it is included here to obtain a coherent model.
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A, B, S

The flow q inputs reactant A at concentration a0 and removes A and B, at the current
concentrations in the cell. The liquid is assumed to be incompressible, hence qin = qout = q.
The component S is inert and plays no further role, it may precipitate or leave with the
flow.

Component A is the substrate that is transformed into B through the autocatalytic
reaction

A + 2B k1ab
2

≠æ 3B
B k2b
≠æ S , (7.42)

where ki are reaction constants. Through the inflow of substrate A, the system is pushed
out of equilibrium such that the back reactions in (7.42) are negligible. The departure
from equilibrium is assumed to be small enough that the law of mass action is still valid. It
ascertains that the rate of a chemical reaction is proportional to the product of the reactants’
activities, provided that the reaction is elementary. This is assumed in the following, and
we further assume that concentrations are so low that activities can be approximated by the
respective concentrations.

How does (7.42) operate? In the most simple mode, substrate A is added through the
constant inflow q with constant concentration a0. Provided that concentration b does not
vanish, one molecule of A is transformed into one molecule of B through the reaction with
two molecules of B, a cubic autocatalytic reaction. Finally, component B decays into S
and both, A and B, also leave the cell with the outflow. Apparently, there are two loss
channels for each of the active components: the common one through the outflow and
the independent channels AæB and BæS. These allow the system to remain finite and,
through the independent channels, to oscillate. Indeed, depending on the reaction constants,
substrate A can accumulate in the cell before it is transformed in a flash through the explosive
growth of B, whose concentration subsequently collapses again and allows the cycle to repeat.
Two comments are in order: (i) The glycolysis model introduced with (2.22) on page 41 is
closely related to the Gray-Scott model. (ii) With the constant input of A, (7.42) leads to
a continuous and autonomous two-dimensional dynamical system. As such, it can produce
fixpoints and limit cycles, but no chaos. This would become feasible, however, if the system
turned non-autonomous, by letting q or a0 vary with time, in analogy to the situation
encountered with the forced pendulum.

We now formulate the Gray-Scott reaction in the well-mixed cell as a dynamical system.
To this end, we first introduce dimensionless concentrations u1 := a

a0
and u2 := b

a0
. Then,

notice that V/q is a characteristic time for the turn-over of the cell and with this express
the flow through the rate constant kf := q

V . Finally, we deduce the rate of change of the
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concentrations. For the substrate A, this leads to ȧ = kfa0 ≠ k1ab2 ≠ kfa, where the terms
on the right represent, in this order, the inflow of substrate, the reaction AæB, and the
outflow of substrate. Apparently, terms can be collected to produce ȧ = kf [a0 ≠ a]≠ k1ab2.
Dividing by a0 then yields u̇1 = kf [1 ≠ u1] ≠ k

ú
1u1u2

2 with k
ú
1 = k1a2

0. As the last step,
introduce the dimensionless time · = k

ú
1t, hence refer time to the characteristic time for the

chemical reaction, to arrive at u̇1 = Ÿf [1≠u1]≠u1u2
2 with Ÿf = kf

kú
1
. We proceed in analogy

also for the catalyst B and finally obtain the development equation

u̇1 = Ÿf [1≠ u1]≠ u1u
2
2

u̇2 = u1u
2
2 ≠ [Ÿf + Ÿ2]u2 , (7.43)

with Ÿ2 = k2
kú
1
. Gray and Scott [1985] demonstrate that (7.43) has a rich phenomenology

that ranges from monotonic stable and unstable fixpoints, saddle nodes, oscillatory stable
and unstable fixpoints, all the way to Hopf bifurcations.

7.3.3
Turing Instability
If the underlying reaction system u̇ = au has a stable fixpoint the whole system may still
be spatially unstable if the components have di�erent di�usion coe�cients. Formally, this
is manifest in a type Im instability, i.e., the Fourier mode with wavelength 2fi/kc > 0 will
start to grow first and a non-oscillating pattern will develop. It was Turing [1952] who first
noticed that there exist reaction systems that are stable as long as they are well-mixed but
become unstable once di�usion is allowed to set in.
Local Stability We recall with Figure 2.4 on page 44 that the reaction system alone –
with D = 0 in (7.37) – is stable if tr a < 0 and det a > 0, hence if

a11 + a22 < 0 and a11a22 ≠ a12a21 > 0 . (7.44)

Next, we look at how di�usion turns the system unstable and first notice that Di > 0 and
k

2
> 0, hence tr Ak < 0 remains true. With this, the instability only arises from the di�usion

term in det Ak. Writing (7.40)2 as

det Ak = det a≠ k
2[a11D2 + a22D1] + k

4
D1D2 , (7.45)

we notice that det Ak is positive for su�ciently large values of k (Figure 7.13). The onset
of the instability is thus determined by the minimum of det Ak. Calculating the derivative
ˆk det Ak and choosing the solutions for k ”= 0 yields

k
2
min = a11D2 + a22D1

2D1D2
(7.46)

and further, inserting back into (7.45),

det Akmin = det a≠ [a11D2 + a22D1]2
4D1D2

= det a≠ k
4
min det D , (7.47)

with det D = D1D2 > 0. The uniform state is unstable and leads to patterns if det Akmin <

0, hence if det a/det D < k
4
min. It is critical if det Akmin = 0, which yields the critical

wavenumber

k
2
c =

Ú
det a
det D . (7.48)
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Figure 7.13.
Determinant of Ak as given by (7.45) for Turing instabil-
ity with a stable (solid), marginally stable (dashed) and
unstable (dotted) set of system parameters Di and aij .
Notice that det a > 0 by (7.44). The thin solid line shows
det Ak/det a = 1≠ [kmin/kc]4, the minima of det Ak.
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Recalling that a determinant can be interpreted as the unit volume in the respective space,
here with dim(det a) = T

≠2 and dim(det D) = L
4
T
≠2, shows that k≠1

c is determined by the
distance over which the components di�use during their characteristic reaction time. To
spell this out, we first notice that a11 and a22 have opposite signs. This is a consequence
of (7.44)1 and (7.46), recalling that Di > 0. We choose a22 < 0, hence component 2 as
self-inhibiting, and correspondingly a11 > 0. Next, we introduce the di�usion length ¸i for
component i, as a characteristic distance for its di�usion during the characteristic time for
its self-reaction. With the variance of a di�using, initially narrow pulse after time t given
by 2Dt, we define

¸1 :=
Ú

2D1
a11

and ¸2 :=
Ú

2D2
≠a22

. (7.49)

Inserting this in (7.47) and rearranging finally leads to

0 <
Ú

det a
det D <

¸
2
2 ≠ ¸

2
1

¸
2
1¸

2
2

. (7.50)

Hence, ¸1 < ¸2, which shows that the formation of patterns requires activation to occur over
shorter characteristic distances than inhibition.

Mechanisms At this point it is instructive to recall the results for the one-component
system where we found that in a self-activating setting, low-frequency modes with k <


a/D

grow exponentially. In the two-component system, the critical wave number has the same
general structure, given by (7.48), with the di�erence that modes with both lower and higher
wave numbers are suppressed. This is accomplished by the fact that two-component systems
that undergo Turing instability contain both an inhibiting reaction and an activating reaction
in such a way that self-inhibition is stronger than self-activation. The latter follows from
the necessary conditions

a11 + a22 < 0
a11D2 + a22D1 > 0 , (7.51)

where the first inequality was already demanded by (7.44) and (7.51)2 follows from (7.46),
together with Di > 0 and k

2
> 0, and leads to

D2 > ≠
a22
a11

D1 . (7.52)
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Furthermore, with a11a22 < 0 and (7.44)2, we deduce that a12a21 < 0. With this the
amplification matrix a must have one of the following forms

3
+ +
≠ ≠

4
,

3
+ ≠

+ ≠

4
,

3
≠ +
≠ +

4
,

3
≠ ≠

+ +

4
. (7.53)

We look at the first form to see the system’s functioning. The other ones work in analogy.
In (7.53)1, component 1 is the activator, a11 > 0, component 2 the inhibitor, a22 < 0,
with 0 < a11 < ≠a22 following (7.51)1. Then, 2 activates 1, whereas 1 inhibits 2, hence
1 is activated through both channels, whereas 2 is inhibited through both. With this,
(7.36) shows that component 2 vanishes quickly, while the concentration of component 1
increases indefinitely, hence the system would become uniform. This is prevented by (7.52),
which ascertains that the inhibitor di�uses faster than the activator, which has two e�ects:
(i) The concentration of component 2 decreases faster due to transport, which reduces
its decay. (ii) Inhibition reaches to longer wavelengths ⁄2 ≥

Ô
D2 than activation with

⁄1 ≥
Ô
D1 < ⁄2. Hence, there is an interval in which activation wins and corresponding

patterns develop.

Gray-Scott Reaction-Di�usion Model A popular instance of a reaction-di�usion system
is obtained by enhancing the Gray-Scott reaction (7.43) with di�usion terms with di�erent
coe�cients D1 and D2,

u̇1 = ≠u1u
2
2 + Ÿf [1≠ u1] +D1Ò

2
u1

u̇2 = u1u
2
2 ≠ [Ÿf + Ÿ2]u2 +D2Ò

2
u2 , (7.54)

This system was first presented by Pearson [1993] and supported with experimental studies
by Lee et al. [1993].

Exercises

7.1 One-Dimensional Swift-Hohenberg Potential
Study the one-dimensional form

V (u) = ≠
⁄

�

Ë1
2ru

2 ≠ 1
2
#
[ˆx

2 + 1]u
$2 ≠ 1

4u
4
È

dx

of the Swift-Hohenberg potential (7.11). Choose periodic boundary conditions wherever needed.

1. Show that this potential indeed leads to the one-dimensional form of (7.17).

2. Discuss the amplitude e�ect, hence V (–u), and illustrate it for some characteristic shapes
for u(x), for which

s
� u(x) dx = 0. Possible shapes are (i) a wide pulse, shifted such that its

mean vanishes, (ii) a periodic function, or (iii) two nearby pulses.

3. Discuss the size e�ect, hence V (u(–x)), the stretching of the x-axis, and again illustrate for
some shapes.
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7.2 Development of One-Dimensional Swift-Hohenberg Equation
Consider the one-dimensional form of the Swift-Hohenberg equation (7.17)

ˆ·u = ru≠ u3 ≠ [ˆx
2 + 1]2u

for u(x, t) and control parameter r. Study its development using a simple explicit Euler procedure
and in particular plot u(x, ti) for a few time steps i and the corresponding potential V (ti). Of course
also the variable x is discretized: First calculate the critical wavelength ⁄c, choose a domain of at
least 10⁄c, with a spatial resolution of at least 4 grid points per ⁄c, and choose periodic boundary
conditions.

7.3 Phenomenology of Two-Dimensional Swift-Hohenberg Equation (qualitative)
Explore the two-dimensional Swift-Hohenberg equation (7.17) using SH-experimental.cp, which is
an experimental C-code. In particular:

1. Install or adapt the code, modify directory names to fit your settings, choose parameters and
a small problem, say NX=64, run the code and check the data files and figures (compare with
figures from the lecture notes).
Alternatively, if you want to implement the model yourself, search for “heart” in the code,
implement those few lines.
Notice: fourn(u,...,1) is the two-dimensional Fourier transform, fourn(u,...,-1) is its
inverse. In the implementation provided, the inverse transform has to be scaled with the total
number of cells. Check if this is also the case with your implementation.

2. Run some choices of parameters to get acquainted with the phenomenology. In particular
observe how and where the large-scale reorganization of pattern is brought about. Besides µ,
also explore ‹, which leads to the formation of cells instead of rolls.

3. Calculate and plot the spectrum – this is already available in the iteration loop, just have to
plot it – and convince yourself that it is indeed isotropic.

4. Think of some disturbance to keep the state out of equilibrium. Notice that you can
manipulate the physical state u as well as its Fourier transform Âu, i.e., the spectrum.

7.4† Development of Two-Dimensional Swift-Hohenberg Equation (quantitative)
For the simulations done for Exercise 7.3 calculate, draw, and discuss

1. the potential V (u) along the path of development as a function of time,
2. the autocovariance functions Cuu(x) and Cuu(y).

We define the autocovariance function Cuu(x) in x-direction as

Cuu(xk) := 1
nxny

nx,nyÿ

i,j

[u(xi, yj)≠ u][u(xi ≠ xk, yj)≠ u] ,

where

u := 1
nxny

nx,nyÿ

i,j

u(xi, yj) .

Notice that the periodic boundaries must be used. The function Cuu(y) is defined in analogy.
Notes in passing: (i) The above can be generalized to Cuu(x). (ii) The suggested algorithm of

direct summation is computationally very ine�cient. A much more e�cient way is to recognize that
Cuu is essentially a convolution, the discrete version of Cuu(x) = (f ú f)(x) :=

s
f(y)f(y ≠ x) dy,

which in Fourier space becomes ÂCuu(k) = Âfú(k)Âf(k), where Âù is the Fourier transform and ùú the
complex conjugate. Hence, Cuu(x) is usually calculated using the discrete fast Fourier transform
(DFT).
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7.5 One-Component Reaction-Di�usion System
Consider (7.28) with a self-activating reaction, hence f(u) such that ˆuf = a > 0. Assume the base
state to be u = 0. (i) Let the domain be unbounded and let the initial concentration distribution
be such that its spectrum vanishes for k <


a/D. How does u(x, t) develop? (ii) How does this

change if the domain is bounded with impermeable boundaries?

7.6 Gray-Scott Reaction
Study the Gray-Scott reaction (7.43), i.e., fixpoints, linear stability, phase diagrams, and bifurca-
tions.





8
Population Dynamics

A population is a large set of interacting individuals, where an individual is an “atomic” unit,
i.e., a clearly distinguishable entity that has an existence of its own. Apparent examples for
populations are humankind with single persons as individuals, many other animal species,
or the trees of a forest. Less apparent but essential examples include the microorganisms
in some piece of soil, but also in the gut and on the skin of a person [Bouslimani et al.
2015]. Still less apparent examples are the genes of a single person or those of its assortment
of microorganism, industrial companies, the global banking system, or the stocks in some
market [Lucas 1976; May et al. 2008; Levin and Lob 2015]. Finally, we may think of various
cultural systems with their believes, ideas, and concepts.

8.1
Fundamentals
Population dynamics has a very wide applicability. To keep the terminology specific, we
will focus on biological ecosystems. Reasons are that (i) these systems are most relevant for
our physical environment and (ii) the development of the concepts started in this field and
it continues to be seminal for other disciplines. The specific populations may then consist
of plants, animals, microorganisms, or conglomerates of them. However, after appropriate
rebranding the same concepts are applicable to a wide range of populations also beyond our
physical environment.

8.1.1
Some History
Population dynamics has fascinated researchers for ages. First quantitative studies aimed
at understanding the growth and development of humankind, most influential the essay of
Malthus [1798] who came up with the law of exponential growth and Verhulst [1838] who
introduced the logistic model for limited environments. Later, and independently, similar
models were introduced in other fields.

A major advance beyond single species came in the 1920s and 30s with the works of
Austrian-American chemist A. J. Lotka, Italian mathematician V. Volterra, and Russian
microbiologist G. F. Gause. Lotka [1910], in early studies of multicomponent chemical
reactions, discovered systems that did not approach equilibrium in a monotonically but
oscillated indefinitely. He later realized that such behavior was not particular to chemical
systems but could be expected for rather general types of populations [Lotka 1920, 1925;

275
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Figure 8.1.
Elementary interactions with two species, 1 and 2, and one
resource r. The arrows indicate the flow that keeps the
system away from equilibrium. Resources may be matter or
energy, but also money, even ideas.

p-process
(competition)

s-process
(predator-prey)

r

1

2r1 2

Goel et al. 1971]. Initially unaware of the previous work of Lotka, Volterra [1926, 1927, 1939]
developed the mathematical formulation of interacting species and thereby explicitly referred
to the “struggle for life”, which was introduced as a key concept by Darwin [1859].

Volterra already distinguished the two basic modes of interaction: competition for a
common resource and predator-prey relation (Figure 8.1). He described the basic phe-
nomenology of the models, formulated them for k interacting species, and even explored
means to manipulate populations in order to achieve some desired result like a maximal
mean density of a particular species. Gause [1932] worked both experimentally in the lab
with di�erent species of single-cell organisms and, together with the physicist A. A. Witt,
also theoretically [Gause and Witt 1935]. His focus was on the quantitative study of the
dynamics of two competing species. One of his important contributions is the competitive
exclusion principle.

We will find that the two modes of interaction – competition and predator-prey – lead
to quite di�erent phenomenologies. For two species that compete for the same common
resource, the competitive exclusion principle allows coexistence only under rather special
circumstances. In contrast, for predator-prey systems, a stable limit cycle or even a stable
fixpoint is the rule.

8.1.2
Basic Processes

The development of populations is determined by a multitude of processes, which may
be classified into motion, interaction, and adaptation. In reality, these groups are rarely
identifiable in pure form. For instance, the predator-prey interaction invariably has a motion-
component in that either the predator has to move to the prey (chasing) or the other way
round (trapping). Still, we separate them here for a rough characterization.

Motion and Transmission The obvious mode of motion is by transferring from one
location to another. To cover a distance ¸ this requires a time proportional to ¸ for directed
motion and to ¸

2 for random motion. We notice as an aside that this rule of thumb needs
some further consideration in heterogeneous environments – think of walking in a landscape
of mixed grassland, bushes, and forests – and even more so in environments that have to
be represented by more complicated manifolds where “nearby” in Euclidian space does not
imply “nearby” on the manifold the object can move on. For the latter think of walking on
a meridian through the Alps or imagine a microbe in a soil’s pore space.

Many objects are not mobile in the strict sense. Examples include trees, lichens, many
microorganisms, but also factories. They may still move, sort of, by growing stolons, or
runners, like in many grasses and some bushes, by reproduction as in many microorganisms,
and through seeds. Still more ephemeral are the transmission of pollen, of fragments of
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genetic material as seen with horizontal gene transfer, or eventually just the emission of
chemical markers and similar signals.

Interactions Interactions may be roughly classified as local or non-local. Local inter-
actions require direct contact between individuals, e.g., one animal eating another one.
Non-local interactions involve some sort of extended e�ect, like the appearance of an eagle
above a colony of marmots. In the following, we will focus on local interactions, the e�ects
of which may be expressed in aggregated form as functions of species densities.

We distinguish elementary interactions according to the flow of the resource into p-
processes (parallel, competition-cooperation-mutualism) and s-processes (serial, predator-
prey) as illustrated in Figure 8.1. Looked at from a di�erent angle, species in p-interactions
are able to independently consume a common resource while in s-interactions the resource
must be transformed by one before it is accessible to the other. Whether this is in the grim
form of literal prey and predators is irrelevant.

With p-interactions, the associated species may be able to coexist, but they need not.
In contrast, with s-interactions all the lower levels through which the resource passes to
species k must exist for k to survive.

P-Process (Competition-Mutualism) Space is arguably the most fundamental resource
with a competitive consumption because no two individuals of comparable size can occupy
the same volume at the same time. It is immediately followed in importance by energy and
material resources, with matter (food) often the conveyor of energy. Occupation seldomly
means that the volume is filled out completely but only that no other individual of the same
species can permanently exist within the volume of another. Examples include trees in a
forest and plants in arid regions. The branches of a tree collect a significant fraction of the
available energy (sunlight), thereby depriving other trees from it, and they defend their space
through their motion. In analogy, plants in arid regions extend a root system far beyond their
surficial footprint to collect su�cient water and the roots defend their space with chemical
markers. Further examples include the territories of animals, including humans, and of
more general populations. Such territories are essentially determined by (i) the mean flux of
resources, (ii) the individual’s demand, and (iii) their capacity to conquer and defend their
space in the competition for resources like energy but also protection, breeding sites, and
mates. In general, occupation is a soft concept with territories being flexible, often highly
dynamic, and strongly dependent on internal organization and environmental forcing. Still,
for given situations it leads to characteristic spatial patterns and scales. These patterns can
undergo reorganizations that correspond to phase changes like for instance the condensation
of human populations from scatter colonization, to villages, and on to cities.

Competition apparently limits the growth and distribution of species. There are many
situations, however, where there is mutualism instead of competition, i.e., where two indi-
viduals benefit from the presence of the respective other. Mutualism within a species is often
referred to as cooperation. Examples from our environment include the joint modification of
the microclimate by di�erent plants, for instance trees and grasses where trees reduce wind
speed, hence wind erosion, and recycle strong precipitation, while grasses prevent surface
sealing and again erosion, and they recycle low intensity precipitation. Other examples are
the symbiotic existence of lichen, the association of mycorrhiza and plant roots, or the social
structures within species. Mutualism apparently is a process that leads to a higher carrying
capacity of the environment.

Competition and mutualism can occur within a species as well as between species. They
will be quantitatively rather di�erent, however.



278 8 Population Dynamics

Figure 8.2.
Interaction web of a small, well-mixed ecosystem. Cir-
cles and lines represent species and interspecies relations,
respectively. The planes indicate trophic levels, e.g., veg-
etation (green), herbivores (yellow), and carnivores (red).
The spatial extent here is irrelevant and in particular does
not imply spatial separation.

With three competing species, two additional interactions become possible, intransitive
(cyclic) ones, Aæ Bæ Cæ A, and transitive ones, A¡ B¡ C.
S-Process (Predator-Prey) This interaction introduces a hierarchy, certainly an order. In
ecology, it is called the trophic levels or the food chain. The typical example consists
of autotrophic plants as primary producers (level 1), herbivores (level 2), and carnivores
(level 3). The analogous situation with a resource that is processed at one level before it
can be consumed by the next higher level is found in many other populations as well, for
instance in the primary, secondary, and tertiary sectors of an economy.
Interaction Web Real systems form interaction webs that link many elementary interac-
tions and extend over several trophic levels (Figure 8.2). Main issues with such webs are
resilience and e�ciency. Resilience refers to the stability against internal fluctuations of
species-densities, environmental changes, immigration of new and disappearance of existing
species. E�ciency refers to the operation within a larger environment, for a terrestrial
ecosystem for instance the transformation of solar radiation into various qualities of biomass
that is exported to the environment or, at the largest scale, into the continued evolution of
ever more sophisticated structures.

Both issues, resilience and e�ciency, are currently discussed with respect to diversity,
which refers to the number and quality of species within the population. Experience from
natural ecosystems teaches that they grow more resilient as their diversity increases and as
their structures become more complicated. In contrast, uniform random webs turn more
unstable as they increase. Indeed, as cited by May [1972], a simple system of the form
u̇ = au, where a is a uniform random matrix, is stable with probability 1 if

n–
2
< 1 and næŒ , (8.1)

where n is the number of non-zero entries of a and – the average magnitude of the interaction
constant aij . Apparently, natural interaction webs are not random, as may be expected
after realizing that they result from a typically long evolutionary process. This has been
corroborated by several detailed studies, for instance Neutel et al. [2002].

What features of a natural interaction web determine its stability remains a hotly debated
field of current research [Montoya et al. 2006; May 2009; James et al. 2012; Allesina 2012].
Several aspects of stability have emerged so far: (i) A number of studies demonstrate that
p-interactions tend to weaken a web whereas s-interactions tend to stabilize it [Allesina and
Pascual 2008; Allesina et al. 2009; Allesina and Tang 2012]. Omnivorous species, which are
represented by a mixture of p- and s-interactions, tend to destabilize a web. This hints
at a stronger destabilization by p-interactions than stabilization by s-interactions. (ii) A
hierarchy of loosely connected sub-webs appears to stabilize the system at large. Indeed,
natural networks are often found to be nested, so-called disassortative, with more than 95%
of the species within 3 links of each other. (iii) Recalling (8.1), weak interactions and fewer
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connections may be expected to be more stable [Fussmann and Heber 2002]. (iv) James
et al. [2015] point out that while the topology of a web, for instance its nestedness, is
important, the coupling constants may play an important role as well. Looking at another
field with related questions – water flow through the network of soil pores [Vogel 2000]
– leads to the conjecture that first order correct representations of both metric (coupling
constants) and topology (connectedness) are required and su�cient to describe a web’s
e�ective behavior.

Organization We often distinguish further organizational levels between a population and
its individuals. The most important of these is the species, a subset of individuals that
are characterized by some common traits. These traits lead to often qualitatively di�erent
intra- and interspecies interactions, i.e., between individuals of the same and of di�erent
species. The most prominent example are biological species that are defined by whether
sexual reproduction is in general feasible or not. This narrow definition is useless for species
with no sexual reproduction, which is for instance the case for bacteria. Indeed, the very
definition of prokaryotic species is an open question [Gevers et al. 2005]. We will in the
following use “species” in the broader sense that the variation of interaction strengths within
is much smaller than the range of interaction strengths between. With this, we might for
instance conceptualize the banking sector, the metal industry, and information technology
as three species in our economy.

Depending on the situation, further organizational levels like quasi-species [Wilke 2005;
Gross et al. 2014], clans [Cantor et al. 2015], and metapopulations [Zhang et al. 2006;
Jackson et al. 2014] are introduced. With few exceptions, these concepts serve to categorize
the hierarchical reality that indeed may even be continuous. This then allows the formulation
of simple models. Important functions arise from interconnections across spatial scales and
organizational levels. Examples include the role of microbial communities in soil and in
ruminants’ guts for carbon cycling or of horizontal gene transfer for the rapid adaptation and
evolution of microbial life [Amábile-Cuevas and Chicurel 1993; Barraclough 2015].

8.1.3
Scales and Representations

The dynamics of a population is determined by the basic processes accessible to its individ-
uals and by the extent and architecture of the domain they exist in. This leads to a number
of characteristically di�erent situations, some of which we identify in the following and will
then study in later sections.

Non-Spatial vs Spatial Domains A first distinction comes with the motion of the individ-
uals relative to the extent of the domain. The two extreme situations are (i) a motion that
easily covers the entire domain and (ii) a domain that is much larger than the range of any
of the individuals. For the former, neither the details of the domain are relevant nor the
spatial distribution of the individuals. This leads to well-mixed systems, which we refer to
as non-spatial domains. The other end then are spatial domains whose extent and possible
structure are essential for understanding the population’s development.

Stochastic vs Deterministic A second distinction refers to the number of individuals in the
di�erent species that comprise the population. If this number is small, the system becomes
stochastic in an essential way as the survival of the population, at least of some of the species,
depends on the probability for specific configurations and interactions. An extreme instance
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is whether or not the last reproductive individuals fall prey to some predator, some illness, or
some accident before they can reproduce. Correspondingly, the population’s development is
no longer predictable. In contrast, if the number of individuals is very large, an individual’s
actions and its fate become irrelevant. The species can then be represented by their densities
and the interactions by continuous interaction relations. The development thus becomes an
essentially deterministic and smooth process. The latter would still allow for deterministic
chaos, of course, but the local development would be deterministic.

E�ective Representations Finally, consider the size ¸ of structures within the spatial
domain relative to its extent L. Such structures may originate from the domain’s architec-
ture, i.e., the population’s environment, or from pattern-forming populations themselves.
For a structured environment think of the assortment of grassland and mountains for
a herd of bisons with some packs of wolves, or of the human body’s di�erent domains
for its microbiome. For ¸

L π 1 and a self-organizing system, representing the entire
complicated situation with some low-dimensional, eventually even non-spatial system may
become feasible at least for some classes of forcings. Such representations are called e�ective.
Determining their feasibility and, if given, the respective e�ective parameters, is the key step
in transiting from some microscopic to a macroscopic representation. This is a still wide
open research field, however.

8.2
Non-Spatial Domains
We consider a population in a situation where spatial aspects are not relevant and first focus
on autonomous systems. These are good approximations for situations in which the time
scales of the population are very di�erent from those of the external forcing. Specifically,
if they are much longer, the environment acts as a high-frequency perturbation, whose
statistical e�ect is incorporated into e�ective properties of the population. An example
is the growth rate of trees given the daily variation of light intensity. If, on the other
hand, internal time scales are much shorter than external ones, then the environment is a
quasi-static setting. Climate change is such a forcing for grasses and perennials.

8.2.1
Stochastic Models

Consider a small population with a small number of interacting species and let it occupy a
uniform environment that can sustain at most N individuals. We presume that all species
have the same specific demand for resources. The individuals are subject to reproduction,
demise, and competition within and between the species. Since the population is small we
choose a discrete representation and, in order to account for natural randomness, a stochastic
one [McKane and Newman 2004; Black and McKane 2012]. For imagination, we think of a
population of bacteria in a marginal environment. Other storylines work as well.

Single Species True to the desired simplicity we model the non-spatial, resource-limited,
single-species situation with N beads marked as either E (empty) or B (bacterium), and we
look at n(t) œ N, the temporal development of the number of beads marked B. Since the
system is well-mixed, n describes its state completely. This is called an urn model.
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Construction of Model Interactions are implemented by (i) randomly selecting a required
number of beads and (ii) changing their marks accordingly with a certain probability. Such a
model represents a stochastic Markov process because the system’s future state only depends
on its present state and the development is probabilistic.

Specifying the two aspects of the model – the number of beads that interact in a single
event and the associated probabilities – is the key modeling step because, in reality, the
respective processes do not work in this simple way. The required probability distributions
and their parameters are thus not observable. Instead, they are chosen such that the desired
phenomenology emerges at some larger scale. This after all is the core of modeling.

We first conceptualize the processes: (i) Reproduction is asexual, a single individual
su�ces and it just divides. It needs an empty neighboring site for the new individual,
however. Alternative concepts would be sexual reproduction, which would require two
partners, or even some social construct required for successfully raising the newborn, an
experienced parent or a grandmother, for instance. (ii) Competition is for resources, which
may include cannibalism, such that if two individuals meet, which means that they exist
in close proximity, one of them vanishes, with a certain probability. Alternative concepts
would be that more than two individuals have to meet for a single one to vanish. Besides
competition, reality also shows cooperation. In the current formulation, one sort of coopera-
tion can be represented by more complicated rules for reproduction, like the social construct
mentioned above. The true value of cooperation, increasing the environment’s carrying
capacity cannot be represented in the current simple framework with a fixed value of N .
(iii) Demise, or death in a biological context, is due to age, independent of the neighborhood.
Notice that another form of demise is already included in the competition process.

With the above we have two types of interactions: demise, which operates on a single
individual, and reproduction or competition, which both operate on two of them, in the
simplest case. This will lead to di�erent rate equations, linear and quadratic ones.

Master Equation With the model formulated as a stochastic Markov process, the system’s
trajectory n(t) becomes a random function, which is a rather complicated object. To grasp
it, imagine a large ensemble of identical systems that are indexed by Ê (Figure 8.3). These
are realizations of the stochastic system. The development in each of them starts from the
same initial state n(0;Ê) and develops according to the same equation. However, due to
its stochasticity, the trajectories n(t;Ê) of the di�erent realizations will develop di�erently.
The system’s trajectory n(t) then is the set of all of its realizations n(t;Ê).

A local description of the random function n(t) is its probability density function (pdf)
p(n; t) that gives the occupation density of state n at time t, i.e., the probability to find n

beads marked B at time t. In the following, we deduce the development equation for p(n; t),
the so-called master equation.

First, we discretize time into equal steps and sample the population for interactions at
each time step. To this end – recalling that there are two types of interactions and following
McKane and Newman [2004] – a random pair of beads is considered with probability – and
a single bead with probability 1 ≠ –. The parameter – actually has no physical analogon
and is introduced for algorithmic and analytic convenience only. It will get absorbed into
e�ective parameters eventually, with (8.10). Depending on the configuration, one of the
following transformations is then performed

BE rú/2
≠æ BB , BB cú

≠æ BE , B dú
≠æ E ,

EB rú/2
≠æ BB , EE 1

≠æ EE , E 1
≠æ E , (8.2)



282 8 Population Dynamics

Figure 8.3.
Sketch of development of small single-species
population. Upper: The number of individuals,
n(t) œ [0, N ], is a discrete random function. An
exemplary realization is n(t;Ê), with the ran-
dom variable Ê indicating the chosen member
of the ensemble. In contrast to the individual
realizations, the ensemble average ÈnÍ(t) is a
smooth and continuous function. Lower: A
method to describe a random function is the
probability density function (pdf) p(n; t) for the
ensemble of realizations. Its temporal develop-
ment, i.e., the transfer of “probability mass”
between the states n œ [0, N ], is determined
by the corresponding transition probabilities,
e.g., (8.4), and leads to the master equation
(8.5).

0
1
2

N

n(t; �)

�n�

n

t

0
1
2

N

n

n(t; �)

�n�

n

p(n; t0)

p(n; t1)

t

�n�(t)

�n�(t)

where r
ú is the probability for reproduction, cú for competition, and d

ú for demise. The
factor 1

2 for rú enters because two configurations, BE and EB, lead to BB. The choice of
parameters {N,–, rú, dú, cú} completely describes the model. However, these parameters
are not orthogonal since di�erent choices lead to exactly the same phenomenology. This is
obvious for products of – with one of the starred parameters.

For a population with n beads marked B, and N ≠ n beads marked E, the probabilities
for the selection of configurations BE, BB, and B, respectively, are

prob(BE) = –
n

N

N ≠ n

N ≠ 1 ,

prob(BB) = –
n

N

n≠ 1
N ≠ 1 ,

prob(B) = [1≠ –] n
N

. (8.3)

Multiplying these with the probability for the corresponding interaction to then take place
yields the probability density T (nf |ni) for the transition ni æ nf of the system’s state
within a time step,

T (n≠ 1|n) = c
ú
–
n

N

n≠ 1
N ≠ 1 + d

ú[1≠ –] n
N

,

T (n+ 1|n) = r
ú
–
n

N

N ≠ n

N ≠ 1 . (8.4)
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Finally, we formulate the development equation for p(n; t) as the probability balance

ṗ(n; t) = T (n|n+ 1)p(n+ 1; t) + T (n|n≠ 1)p(n≠ 1; t)
≠
#
T (n≠ 1|n) + T (n+ 1|n)

$
p(n; t) . (8.5)

This is the generic form of the master equation for a system with single jumps only. Each of
the terms on the right hand side describes a probability flux to or from state n, the sum of
which gives the temporal rate of change of the probability density to find state n at time t.
Inserting (8.4) into (8.5) yields the master equation for the single-species system.

Next, we go for a low-order representation of the random function n(t) in terms of the
statistical moments

Èn
k
Í(t) =

Nÿ

n=0
n
k
p(n; t) (8.6)

of its pdf, where k is the moment’s order. Notice that n here is an independent variable,
not the function n(t). With this, the temporal derivative of the k-moment becomes

dtÈnkÍ(t) =
ÿ

n

n
k
ṗ(n; t) , (8.7)

which is also its development equation. In the following, we are content with the development
of just the first moment, dtÈnÍ(t), which we gain by inserting (8.5) into (8.7). The resulting
expression may then be simplified by relabelling the sums, using that n œ [0, N ], hence
probability densities outside this range are zero as are transition probabilities to and from
the outside. This then yields

dtÈnÍ =
Nÿ

n=0
T (n≠ 1|n)[n≠ 1] p(n; t)

+
Nÿ

n=0
T (n+ 1|n)[n+ 1] p(n; t)

≠

Nÿ

n=0

#
T (n≠ 1|n) + T (n+ 1|n)

$
n p(n; t) , (8.8)

which can be rearranged to

dtÈnÍ =
Nÿ

n=0
T (n+ 1|n) p(n; t)

¸ ˚˙ ˝
growth

≠

Nÿ

n=0
T (n≠ 1|n) p(n; t)

¸ ˚˙ ˝
decay

. (8.9)

As a preparation to the final step – inserting the explicit transition probabilities from (8.4) –
we rescale time from the microscopic frame of the individual interaction to the macroscopic
frame of the population. Specifically, the interaction probabilities rú, cú, and d

ú refer to a
single encounter. Macroscopically, the appropriate unit of time is the number of samplings
required to cover the entire population of N single beads, or N≠1 pairs. Hence, we introduce
the macroscopic probabilities for reproduction (r), competition (c), and demise (d),

r := – r
ú

N ≠ 1 , c := – c
ú

N ≠ 1 , d := [1≠ –] dú
N

. (8.10)
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These link microscopic and macroscopic parameters. The former are used for instance in
a numerical simulation but also in a detailed individual-based representation of some real
system. The latter characterize the phenomenology at the population level. Apparently,
any combination of {N,–, rú, cú, dú} that leads to the same {r, c, d} describes the same
macroscopic system. This illustrates that di�erent microscopic systems can have the same
macroscopic phenomenology.

Combining (8.4), (8.9), and (8.10) finally leads to

dtÈnÍ =
Nÿ

n=0
r n

Ë
1≠ n

N

È
p(n; t)≠

Nÿ

n=0

5
c n

Ë
n

N
≠

1
N

È
+ dn

6
p(n; t) (8.11)

and, using
qN

n=0 f(n)p(n; t) = Èf(n)Í, to

dtÈnÍ = r

e
n

Ë
1≠ n

N

Èf
≠ c

e
n

Ë
n

N
≠

1
N

Èf
≠ dÈnÍ . (8.12)

This is a deceptively simple ordinary di�erential equation for the mean development of the
single-species system and it is exact for all values of N . There is a trap, however, and this
is the term Èn

2
Í. With (8.6) we recognize it as the second moment of n(t). It could be

calculated by going through (8.8)–(8.12) in analogy. We readily gather, however, that this
would lead to yet higher moments. Hence, there is a fundamental closure problem.
Large Systems The closure problem vanishes as the size N of the well-mixed system
increases. As a preliminary to recognizing this we use that limNæŒ

Èn2Í
ÈnÍ2 = 1 for any system

whose population does not die out. This follows from (i) the central limit theorem, which
ascertains that with increasing size of the ensemble var(n) becomes proportional to ÈnÍ, and
(ii) a rearrangement of the definition of the variance to Èn2

Í = ÈnÍ2 + var(n).
Now, introduce the density u := ÈnÍ/N as state variable, divide (8.12) by N , neglect 1

N ,
which vanishes for increasing N , in contrast to n

N , which approaches some constant value,
and use Èn2

Í ¥ ÈnÍ
2 from above to obtain in the limit N æ Œ the nonlinear ordinary

di�erential equation u̇ = u[µ≠ ‹u] with µ = r≠ d and ‹ = r+ c. This is the so-called mean
field equation for the single species system. We express it in the more common form

u̇ = µu

Ë
1≠ u

uc

È
, µ = r ≠ d , uc = µ

‹
= r ≠ d

r + c
, (8.13)

which is the logistic growth model with net growth rate µ, the di�erence between reproduc-
tion and demise, and with the environment’s carrying capacity uc. Dividing both sides by
uc and relabeling u

uc
with u leads to u̇ = µu[1≠ u] that was introduced with (2.13).

Two Species Populations with two and more species can be treated along the same line
as above. The resulting expressions rapidly become complicated although they remain quite
intuitive. For instance, McKane and Newman [2004] consider the two-species population
{B1,B2} with the following transformation rules

B1E
rú
1/2
≠æ B1B1 , B2E

rú
2/2
≠æ B2B2 ,

B1B1
cú
11
≠æ B1E , B1B2

cú
12/2
≠æ B1E ,

B2B1
cú
21/2
≠æ B2E , B2B2

cú
22
≠æ B2E ,

B1
dú
1

≠æ E , B2
dú
2

≠æ E ,

EE 1
≠æ EE , E 1

≠æ E ,

(8.14)
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where the notation is analogous to (8.2). The represented processes are (i) reproduction,
or competition for the resource “space”, with (8.14)1, (ii) destructive interactions including
cannibalism with (8.14)2,3, (iii) demise or death with (8.14)4, and (iv) “nothing comes from
nothing” with (8.14)5. The master equation for such a single-jump system is

ṗ(n1, n2; t) = T (n1, n2|n1 ± 1, n2)p(n1 ± 1, n2; t)
+T (n1, n2|n1, n2 ± 1)p(n1, n2 ± 1; t) (8.15)
≠
#
T (n1 ± 1, n2|n1, n2) + T (n1, n2 ± 1|n1, n2)

$
p(n1, n2; t) ,

where n1 and n2 are the number of individuals of species B1 and B2, respectively, and ± is
sloppy shorthand for the two respective terms with the understanding that only one of them
n1 or n2 jumps. The transition probabilities are obtained in analogy to (8.4), inserted into
(8.15), and used to obtain the development equation of the mean numbers of individuals,
Èn1Í and Èn2Í, as in (8.8). Finally, looking at the limit of large systems, again using ui = ÈniÍ

N
and N æŒ, leads to

u̇1 = u1[µ1 ≠ ‹11u1 ≠ ‹12u2] ,
u̇2 = u2[µ2 ≠ ‹21u1 ≠ ‹22u2] (8.16)

with
µi := – r

ú
i

N ≠ 1 ≠
[1≠ –] dúi

N
, ‹ij :=

–[rúi + c
ú
ij ]

N ≠ 1 (8.17)

for the relation between microscopic and macroscopic parameters, where – is still the
probability for selecting a pair of beads. Rearranging in analogy to (8.13) yields

u̇1 = µ1u1[1≠ –11u1 ≠ –12u2] ,
u̇2 = µ2u2[1≠ –21u1 ≠ –22u2] (8.18)

with –
≠1
ij = µi

‹ij
taking the role of fractional carrying capacities.

Comments The master equations (8.5) and (8.15) describe the development of the entire
probability density functions and contain much more information than what (8.12) and its
analogon for the two-species system extract with their description of the mean developments,
let alone that of the large-system approximations (8.13) and (8.17). As hinted at above, the
development of higher moments are gained along the same way. They are indeed required
for small systems in order to push the closure problem to higher orders. Of particular
importance is the second moment, which provides a first-order description of the fluctuations
of ÈnÍ and thus brings in an essential feature of smaller systems. It leads to a Fokker-
Planck equation, essentially an advection-di�usion equation for the probability densities p(n)
and p(n1, n2; t). For uniform situations and neglecting moments of order 3 and higher, its
solutions are Gaussian distributions [e.g., van Kampen 2007; Gardiner 2009].

Whatever the order of moments considered, they invariably lead to smooth representa-
tions. This is of course what we expect for large ensembles even if the systems are small,
hence N is small. This may then yield a useful representation for the large-scale dynamics
of systems that consist of many, largely isolated subsystems. Examples include the regional
ecological impact of large numbers of herds, groups, or families of animals or humans.

In many circumstances, however, a population consists of just a small number of groups,
in the extreme case of a single one. If these groups are small themselves, the development of



286 8 Population Dynamics

ÈnÍ(t) and of the higher order moments ÈnkÍ(t) is misleading at best and structurally wrong
at worst. As a starter, recall that n is a discrete quantity while ÈnÍ is continuous. Hence,
the probability to vanish is finite for small populations. Indeed it approaches 1 as t æ Œ,
which is in blunt contradiction to the development of the continuous system. For instance,
(8.13) for the single-species system predicts limtæŒÈnÍ(t) = ucN . We already found this
with (2.14), which is obtained by scaling µ in (8.13) with uc.

The only way to adequately represent small ensembles of small systems is their explicit
stochastic simulation as an ensemble of individual realizations. A straightforward approach
is to implement the rules, for instance (8.2) or (8.14). This is not particularly e�cient,
however. A more advanced method, the Gillespie algorithm, was originally proposed by
Gillespie [1977] and has been improved ever since [e.g., Vestergaard and Génois 2015].

8.2.2
Deterministic Competition Models
Consider a large population of k species, the discrete nature of each of which can be neglected
at all times. Further assume that all species breed continuously and that they feed on the
same flux-limited resource in a common bounded environment that is equally available to
all individuals at all times. We obtained the development equations for the corresponding
single- and two-species populations already as limiting cases in Section 8.2.1, as (8.13) and
(8.16), respectively.

Historically, deterministic development equations were postulated heuristically, without
reference to the microscopic perspective of stochastic interactions. For instance, Lotka
[1925] looked at the development equation u̇ = f(u), stated that there must be at least two
fixpoints – u0 = 0 and uc > 0, the former because there must exist at least one individual
for the species to grow, the latter due to the environment’s carrying capacity – and that
f(u) = µu[1≠ u

uc
] is the lowest order function that satisfies these conditions. In population

terms, the rate of change of species i depends on three factors: (i) its current size ni, (ii) its
inherent growth rate µi, and (iii) the free resources, which for each species is determined
by the fraction of the resources’ total supply rate q that is not consumed or spoiled by the
population of all species, the “unutilised opportunity for growth” [Gause 1932].
Environment In our highly abstracted perspective, the environment is reduced to one
resource, which we envisage as a renewable rate q. We quantify the impact of a species in
terms of specific rates a, i.e., as quantity of resource per unit time per individual, such that
na
q is the fraction of the resource that is either consumed or wasted. Other situations, in

particular time-varying and non-renewable resources, can be implemented readily along the
same line, but are beyond our current scope.

We distinguish three di�erent specific rates: (i) The consumption rate a
cons
ii represents

the actual uptake of the resource by species i. (ii) Associated with each consumption is
some wasting of the resource, e.g., by the trampling of grass or diluting of ore in mining.
The resource may still be there, but it is no more accessible for species i. We call this
the self-wasting rate a

wast
ii . (iii) Wasting also a�ects other species and this impact may be

di�erent for di�erent species. It may actually even be beneficial in that the resource becomes
better available to species j after being wasted by species i. The latter is for instance the
case for savanna ecosystems with lions, hyenas, and gnus, where hyenas also consume kills by
lions. We call this the inter-species impact rate aji of species i on species j. In the following,
we aggregate the consumption and the self-wasting rate into the intra-species impact rate
aii.
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Gause-Lotka-Volterra Model With the above, we formulate the temporal rate of change
of species i as

ṅi = µini

Ë
1≠ 1

q

ÿ

j

aijnj

È
, aii > 0 , (8.19)

where n is the size – as number of individuals or as total mass –, q is the total supply rate,
and aij is the specific impact rate.

The development equation (8.19) implies various simplifications [Gause and Witt 1935]:
(i) The parameters µi and aij are assumed to be constant even though in real populations,
they depend on ni. (ii) The actual processes are completely hidden. In particular the
distinction between actual consumption and wasting or polluting, which is crucial for real
systems, is hidden in the single conglomerate parameter aij . It again is constant while in
reality it depends on ni and nj .

Next, we switch to dimensionless variables by expressing ni relative to the environment’s
carrying capacity for species i alone, and we introduce the competition factor –,

ui := aii

q
ni and –ij := aij

ajj
. (8.20)

This transforms (8.19) into
u̇i = µiui

Ë
1≠

ÿ

j

–ijuj

È
, (8.21)

the two-species version of which we already obtained as the mean field equation (8.18). The
intra-species competition factor –ii is apparently 1. In contrast, the inter-species competition
factor –ij may have any value. For easier interpretation, we write this factor as

–ij = aijnj

ajjnj
(8.22)

by expanding (8.20)2. The term ajjnj accounts for the part of the resource flux q that is
consumed by species j and wasted for itself. The term aijnj again accounts for the part
actually consumed by species j and in addition what it wastes for species i, which can be
di�erent from the waste for itself. Hence, for –ij > 1, species j wastes more of the resource
flux for species i than for itself. For 0 < –ij < 1, it wastes more for itself than for the other
species. Finally for –ij < 0 species j would make additional resources available to species i,
which apparently would no longer be a competitive interaction.

Example: Sheep and Cows To appreciate the simplicity of our current models, consider a
population of sheep (u1) and cows (u2) that is feeding on the grass of some common meadow. We
then make the unrealistic assumption that the grass is growing at a constant rate, independent
of the size of the animal populations and further neglect all other complications of such an
ecosystem to arrive at (8.21). Simplistic as this model is, we will gain some useful insight into
the possibilities of populations with p-interactions.

Notice that formulating more realistic models, which are necessarily more complicated, is not a
big challenge, neither is their possibly numerical solution for given parameters. The real challenge
is to fundamentally understand a natural system’s possibilities, given (i) its nonlinear nature and
(ii) the high dimension of the parameter space, and to gain the appropriate parameters. This
aspect continues to be a cause for much debate between theoretical and applied quarters.
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Two-Species System Returning to the simple two-species system it is convenient to
introduce the dimensionless time · = µ1t by referring to species 1 and thus the dimensionless
growth rate “ := µ2

µ1
for species 2. With this (8.21) transforms into

u̇1 = u1[1≠ u1 ≠ –12u2]

u̇2 = “u2[1≠ u2 ≠ –21u1] . (8.23)

Following the standard procedure, we calculate the nullclines

u̇1 = 0 : u1 = 0 or u2 = 1
–12

[1≠ u1] ,

u̇2 = 0 : u2 = 0 or u2 = 1≠ –21u1 (8.24)

and notice that the system has four fix points, namely

u0 = (0, 0) ,

u1 =
1 1≠ –12

1≠ –12–21
,

1≠ –21
1≠ –12–21

2
,

u2 = (0, 1) ,
u3 = (1, 0) . (8.25)

The Jacobian matrix at an arbitrary point u is

a =
A

1≠ 2u1 ≠ –12u2 ≠–12u1

≠“–21u2 “[1≠ –21u1 ≠ 2u2]

B
, (8.26)

with trace and determinant

tr a = 1 + “ ≠ 2u1 ≠ –12u2 ≠ “[–21u1 + 2u2] ,
det a = “

#
2–21u

2
1 ≠ [2 + –21 ≠ 4u2]u1 + [1≠ 2u2][1≠ –12u2]

$
. (8.27)

Inserting (8.25) then yields the quantities for discussing the linear stability of the fixpoints i,
tr ai and det ai (Table 8.1). Apparently, this system has a rather diverse phenomenology
with just one obvious general property: the fixpoint at (0, 0) is always unstable, at least for
species that each could exist alone. Indeed, with µi > 0 we have “ = µ2/µ1 > 0 and thus
tr a > 0 and det a > 0.

Table 8.1. Trace and determinant of the Jacobian matrix at the four possible fixpoints i as
obtained from (8.27). Recall that a stable fixpoint requires tr a < 0 and det a > 0 (Figure 2.4).

0 1 2 3

tr ai 1 + “ ≠
“[1≠ –21] + 1≠ –12

1≠ –12–21
1≠ “ ≠ –12 “[1≠ –21]≠ 1

det ai “ “
[1≠ –12][1≠ –21]

1≠ –12–21
≠“[1≠ –12] ≠“[1≠ –21]
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Figure 8.4. Nullclines and trajectories for the Lotka-Volterra model (8.23) for a) dominant
species, b) dominating interspecies competition, and c) dominating intraspecies competition. The
growth ratio for all cases is “ = 1, and the interaction parameters together with the corresponding
eigenvalues for the fixpoints are given in Table 8.2. The nullclines u̇1 = 0 (red) and u̇2 = 0 (blue)
separate regions with di�erent flow directions, highlighted by the color arrows in the left frame.
Small arrowheads on the trajectories are separated by identical time intervals.

We employ the nontrivial nullclines from (8.24) to classify the possible regimes. First
realize that the nullclines are independent of the growth ratio “. Hence, for situations with
only one attractive fixpoint, “ merely deforms the trajectories in the di�erent regions but
is otherwise immaterial. The case becomes more interesting with more than one attractive
fixpoint. Then, given an initial state, the relative growth rate “ determines in what state
the system eventually ends, i.e., which species survives and which one vanishes.

In the following, we focus on the e�ect of competition and let “ = 1 for most of the cases.
Assuming –ij > 0, there are three qualitatively di�erent cases, depending on whether –ij

is smaller or larger than 1 (Figure 8.4). Recall that this translates into whether inter- or
intra-species competition is stronger.

Dominant Species (Figure 8.4a) With –12 > 1 and –21 < 1, the competition within
species 1 is weaker than that with species 2, while for species 2 it is the other way round.
Correspondingly, (8.24) shows that the two nontrivial nullclines do not intersect in the
domain where u1 and u2 are both positive. Hence, fixpoint 1 does not exist. For illustration
we choose {–12,–21, “} = {2, 1

2 , 1}. Table 8.21 then shows that 2 is a stable fixpoint and
3 is hyperbolic, which also corresponds to intuition. It is instructive to deduce the same
result by geometric reasoning, considering the changing sign of flow components across
nullclines.

Table 8.2. Eigenvalues ‡ of Jacobian matrix ai evaluated at the fixpoints i for the three regimes
illustrated in Figure 8.4 a). . . c). The Jacobian matrix is given in (8.26). Recall that ‡ < 0 if the
manifold in the direction of the corresponding eigenvector is linearly stable.

–12 –21 a0 a1 a2 a3
a) 2 1

2 1 1 – – ≠1 ≠1 ≠1 1
2

b) 2 2 1 1 ≠1 1
3 ≠1 ≠1 ≠1 ≠1

c) 1
2

1
2 1 1 ≠1 ≠

1
3 ≠1 1

2 ≠1 1
2
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Figure 8.5.
Role of relative growth rate “ in two-species system for
dominating interspecies competition with –12 = –21 = 2 as
shown in Figure 8.4b for “ = 1. Here, 40 trajectories start
out uniformly distributed on quarter circles with radii 0.01
and 1.05, respectively. It su�ces to look at “ > 1 because
trajectories for “ and “≠1 are symmetric to each other with
axis u1 = u2. 0 1

0

1

u1

u
2

0

1

2

3

“ = 2

Looking at the trajectories, in particular at those that start near the unstable fixpoint 0,
we notice that initially small populations grow rapidly and independently of each other,
hence lead to trajectories that move radially out. We readily understand this from (8.23),
which for small values of u1 and u2 can be approximated by

u̇1 = u1

u̇2 = “u2 . (8.28)

The populations thus grow exponentially and independently, as expected far from the
carrying capacity. As the limited resources become manifest the interaction between the
species sets in. For the chosen parameters, it a�ects u1 much stronger than u2 and indeed
turns the growth of species 1 into a decay such that eventually only species 2 survives.

Populations that are initially larger than the carrying capacity decay, again u1 faster
than u2 because of the stronger competition.

Dominating Interspecies Competition (Figure 8.4b & Figure 8.5) For –12 > 1 and –21 > 1,
competition between species is stronger than within, for both. The nullclines now intersect
at fixpoint 1, forming a concave shape, and geometric reasoning readily reveals that they
enclose the unstable manifold of fixpoint 1. Table 8.22 classifies fixpoint 1 as hyperbolic, 2
and 3 as attractive.

With two attractive fixpoints, the stable manifold of fixpoint 1 separates the trajectories
into two groups. For “ = 1, this manifold is a straight line through u0 and u1, which
for –12 = –21 is the u1 = u2 line (Figure 8.4b). Initially small populations again grow
rapidly and practically independently as expected from (8.28), their trajectories get di-
verted symmetrically as the system’s capacity is approached, and they finally end up in the
corresponding fixpoint. For “ > 1, the development of u2 is faster than that of u1 by the
factor “. As a result, a larger fraction of the trajectories that start near the origin end up
in fixpoint 2 and a smaller fraction of those starting far away (Figure 8.5). The converse is
true for “ < 1.

On a more intuitive note, we recognize that in this system, with –ij > 1, any combination
of species consumes more resources than a corresponding single species would. Hence,
coexistence is not possible. This phenomenology led to the formulation of the principle
of competitive exclusion, which will be discussed below, and it is related to the allmende
dilemma, also known as the tragedy of the commons [Hardin 1968].
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Figure 8.6.
Domains of dimensionless parameter space {–12,–21}
where two competing species can coexist (blue), where
one, the dominating species, can exist (red), and where
one of the two can exist, which one being determined by
the competitive strength and the initial state (yellow).

Dominating Intraspecies Competition (Figure 8.4c) With –12 < 1 and –21 < 1, the
competition between species is weaker than within. The nullclines form a convex shape
and enclose the stable manifold of fixpoint 1, which now is attractive while fixpoints 2 and
3 are repelling (Table 8.23). Correspondingly, the two populations can coexist despite the
fact that they consume the same resource on the same territory.

Another formal way to recognize coexistence is to ask if both species could invade a
domain that is occupied completely by the respective other. Let species 1 be the invader,
hence u1 ¥ 0 and u2 ¥ 1, and find with (8.23)1 that u̇1 ¥ u1[1 ≠ –12]. Conversely, for
species 2, u̇2 = “u2[1≠–21]. Hence, we can define the growth rate for invasion, µ0, as

µ10 = 1≠ –12 and µ20 = “[1≠ –21] (8.29)

and find that invasion is possible if –12 < 1 and –21 < 1, respectively, and coexistence arises
if both are less than 1.

More interesting than the formal arguments are the settings that can lead to –ij < 1.
We recall (8.22) and the fact that the direct consumption by species j is contained in both
terms, aijnj and ajjnj . Then, three scenarios that would produce –ij < 1 are: (i) Species j
wastes more of the resource for itself than for the competing species i. (ii) The resource is
not uniform but consists of at least two di�erent components, one preferred by species j the
other one by species i. (iii) The waste of species j can be consumed by species i, which then
would correspond to an interaction that is intermediate between p and s. An instance of this
is symbiosis, where species 1 performs an operation that makes a resource more available
to species 2 and vice versa. Examples include providing shelter or food. This is realized in
lichen, symbiotic composites of algae or cyanobacteria with fungi.
Stability Diagram (Figure 8.6) Coexistence is possible if fixpoint u1 exists and is stable,
hence for tr a1 < 0 and det a1 > 0 with ui > 0. Table 8.1 shows that this demands
0 Æ –ij < 1. In all other cases, coexistence is not possible and one of the species will oust
the other. For the case of a dominant species j with –ij > 1 and –ji < 1, the outcome is
always the same, j prevails and i vanishes. The more interesting situation is –ij > 1 for
both species in which case the surviving species is determined by their relative competitive
strengths, i.e., by their relative growth and interaction rates, together with the population’s
initial composition.
Competitive Exclusion Principle (CEP) In a well-mixed environment, two species cannot
coexist if they depend in the same way on the same resource.
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The CEP is a key principle and an important driver for the colonization of new territory in
a rather general sense. It applies for instance to migration in physical space, to evolution in
species-space, and to diversification and division of labor in a society. It was first formulated
and studied experimentally using yeast by [Gause 1932] and using protozoa feeding on yeast
by [Gause and Witt 1935]. However, looking at its foundations, it is apparently not limited
to biological populations.

Experience of course teaches us that there are typically many coexisting species in any
one environment, a discrepancy that fired heated debates on the principle’s validity. The
early phase of this debate was summarized by Hardin [1960]. A later restart, by Ayala
[1969, 1970], was answered by Gause [1970]. Levin [1970] formulated a more general and
thus weaker version of the CEP by stating that in a well-mixed environment, k species can
only coexist if the e�ective number of limiting factors is larger than k. The keyword here is
“e�ective”, which has to be spelled out for every particular situation.

We notice that the CEP is just a mathematical consequence of its assumptions, hence
it is them that are to be scrutinized. Indeed, natural environments are often much more
complicated than permitted by the CEP’s necessary conditions: (i) Di�erent species typically
exploit slightly di�erent resources, possibly just need di�erent ratios of resources. Inciden-
tally, this would also be the case for the grass-sheep-cows example we used above since these
animals both consume plants, but have di�erent preferences. Natural environments indeed
are always very much richer than what can be presented by a single uniform resource.
Actually, “resource” is almost never a single quality but ranges from di�erent types of
food all the way to shelter. Furthermore, species do have some adaptability and thereby
may occupy or even develop di�erent ecological niches. This led to the formulation of the
competitive niche shift principle [den Boer 1986]. (ii) Species may be separated spatially
by heterogeneous habitats or when they are constantly on the move in wave-like patterns
[Vandermeer and Yitbarek 2012]. Such situations are clearly not well-mixed. (iii) There
may be a separation of the demand in time or a separation in scale.

8.2.3
Deterministic Predator-Prey Models

The basic building block of hierarchical ecosystems is the s-interaction, two species on
di�erent trophic levels with the higher one feeding exclusively on the lower one (Figure 8.1).
Examples are sheep feeding on grass or wolves feeding on sheep. We refer to a species
through its functionality, either as predator (species 1) or as prey (species 2). In reality,
there also need to be some resources for the prey, actually all the way down to some prime
energy like sunlight.

In the most general form, a two-species predator-prey system may be written as

ṅ1 = n1f1(n1, n2)
ṅ2 = n2f2(n1, n2) , (8.30)

where f1 and f2 are e�ective specific growth rates. They conglomerate the inherent proba-
bilities of birth and death with the interactions between the species. True to their roles as
predator and prey, the growth rate of the predator increases with increasing density of prey,
ˆf1(n1,n2)

ˆn2
> 0, and vice versa for the prey, ˆf2(n1,n2)

ˆn1
< 0. Figure 8.7 shows nullclines and

corresponding tangents to trajectories for typical situations.
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u2

Figure 8.7.
Sketch of nullclines for the Kolmogorov (solid lines) and the
Lotka-Volterra (dashed) predator-prey systems together with the
respective unstable (open symbol) and stable (filled) fixpoints.
The short lines on the non-trivial nullclines are tangent to the
corresponding trajectories. The trivial nullclines, the 1- and the
2-axis, are tangents themselves. Notice the qualitative di�erence
to the competition systems shown in Figure 8.4.

Model (8.30) was already formulated in essentially the same form by Volterra [1927].
Today, it is often referred to as the Kolmogorov model since it was Kolmogorov [1936] who
proved that the corresponding dynamics has either a stable fixpoint or a stable limit cycle.
Bulmer [1976] introduced further conditions for f1, f2, and their derivatives such that n is
guaranteed to remain finite for all conditions. He showed that also with the added realism,
(8.30) is guaranteed to either produce a stable fixpoint or a stable limit cycle. The latter
proof is based on the Poincaré-Bendixon theorem.

We recall, however, that (8.30) is a model for large populations, hence ni ∫ 1 at all times.
If this is not the case, a stochastic representation is required (Section 8.2.1).
Unlimited Resources (Lotka-Volterra Model) Let n1 be the areal density of the predator
and n2 that of the prey, and assume f1 and f2 to be linear functions of n2 and n1, respectively.
Further assume that the growth rate µ of the prey is constant, corresponding to an unlimited
supply of resources, and that also the death rate ‹ of the predator is constant. Finally, let the
feeding be the only death process for the prey and the only growth factor for the predator.
With this we obtain the classical Lotka-Volterra model

ṅ1 = n1[a12n2 ≠ ‹]
ṅ2 = n2[µ≠ a21n1] , (8.31)

where a12n2 and a21n1 are the interaction terms. This system apparently has two fixpoints,
the trivial one at (0, 0) and

(nú1, nú2) =
1
µ

a21
,
‹

a12

2
. (8.32)

Introducing the dimensionless variables

u1 := n1
n
ú
1
, u2 := n2

n
ú
2
, · := ‹t , “ = µ

‹
, (8.33)

where · expresses time in units of the predator’s lifetime ‹≠1, transforms (8.31) into

u̇1 = u1[u2 ≠ 1]
u̇2 = “u2[1≠ u1] . (8.34)

One can show – by calculating ˆtg(u1(t), u2(t)) and inserting (8.34) as local descriptions of
the trajectory – that along every trajectory

g(u1, u2) := “
#
log(u1)≠ u1

$
+
#
log(u2)≠ u2

$
= const. (8.35)

Indeed, inserting (8.34) into dtg(u1, u2) = ˆg
ˆu1

u̇1 + ˆg
ˆu2

u̇2 = Òg · u̇ yields 0.
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Figure 8.8.
Phase diagram for the Lotka-Volterra model (8.34) for “ =
1 together with the nullclines u̇1 = 0 (red) and u̇2 = 0
(blue), and the unstable and stable fixpoints. The unstable
fixpoint, (0, 0), actually is a hyperbolic point with the u1-
axis as the stable and the u2-axis as the unstable manifold.
The trajectories are initialized at (u1, u2) = (1, 1 + �u2)
and are simulated for one full period. The arrows indicate
the time, with �· = 1. 0 1 2 3 4
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To determine the stability of the fixpoints, we calculate the Jacobian matrix from (8.34).
At an arbitrary point u,

a =
A

u2 ≠ 1 u1

≠“u2 “[1≠ u1]

B
. (8.36)

Inserting the fixpoints u
ú
0 = (0, 0) and calculating the eigensystem yields the eigenvalues

‡0 = {≠1, “} with eigenvectors (1, 0) and (0, 1), respectively. Since “ > 0, u
ú
0 is a hyperbolic

point with stable manifold u2 = 0 and unstable manifold u1 = 0. Similarly, the eigenvalues
at u

ú
1 = (1, 1) are ‡1± = ±iÔ“ with eigenvectors (û iÔ

“ , 1). The stability of this fixpoint
is thus neutral, Re(‡±) = 0, with orbiting trajectories, Im(‡±) ”= 0. The phase diagram
in Figure 8.8 furthermore illustrates that all trajectories are closed, also those beyond the
validity of the above linear stability analysis. More formally, this follows from recalling
that g(u1, u2), defined by (8.35), is constant on every trajectory and from contemplating
the function’s shape, which is smooth with a single maximum. This function also yields the
general shape of the trajectories.

Some of the system’s characteristics are easier to see in the trajectories (Figure 8.9)
than in the phase diagram. Specifically, this is the increasing asymmetry of the individual
trajectories as the amplitude increases and the trivial manifolds are approached ever closer.
This approach is associated with a slowdown of the trajectory, hence ever flatter valleys and
an increasing period. For “ > 1, the symmetry between the trajectories of predator and prey
disappears. The prey’s trajectory becomes narrowly peaked and the predators amplitude
decreases.
Applicability We notice from Figure 8.9 that one or both of the species can drop to very low
densities as the amplitude increases. While this is the correct behavior of the mathematical
model (8.31), it need not be a correct representation of a real system. The reason is that
the model’s formulation presumes large populations at all times, which practically limits it
to at most moderately fluctuating situations.

For illustration, we calculate the ratio max(u2)/min(u2) from (8.35). To this end, we solve
g(1, u2max) = g(1, u2min) for u2min with prescribed u2max . The solution may be expressed in
terms of the product logarithm W (z), which is the solution of w exp(w) = z. For u2max =
5, i.e., the maximum prey population is by a factor of 5 larger than its value in static
equilibrium, it yields u2min = 0.035, hence a ratio of about 143. For u2max = 10, the ratio
grows to 2.2 · 104, for 20 to a quite impossible 5 · 108. Since the minimum population
must be large for model (8.31) to correctly represent the dynamics, say n2min = O(100), the
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Figure 8.9.
Dimensionless trajectories of the Lotka-Volterra
model (8.34) for “ = 1 (upper) and “ = 10
(lower). Initial values are 1 for the predator
(red) and {2, 3, 4, 5} for the prey (blue), with
smaller values represented by thinner lines. Re-
call that this corresponds to initial prey popu-
lations that are by factors of 2, 3, 4, 5 larger
than the stationary population at fixpoint uú1.
As obtained from (8.35), for u2(0) = 5 the prey
population fluctuates by the factor max(u2)

min(u2) ¥
143.

maximum sustainable population must be larger by the above factors. Such population sizes
are easily reached with microorganisms in di�erent ecosystems, but not with larger animals.
In any case, a further restriction is that the system must be well-mixed.
Limiting Environment With (8.31) resources were assumed to be unlimited, hence the
growth of the prey was only checked by the predators. Introducing a limiting environment
for the prey, which indirectly also limits the predators, has the interesting e�ect that the
system is no longer conservative and that the fixpoint where both species coexist becomes
attractive. Maybe astonishingly, such a population is thus much more stable than one in an
unlimited environment.

We formulate the environment’s limited carrying capacity for the prey in analogy to (8.19)
and introduce, instead of the constant growth rate µ, the e�ective rate µe� = µ

#
1≠ n2a22

q

$
,

where q
a22

is the specific carrying capacity for species 2. This transforms (8.31) into

ṅ1 = n1[a12n2 ≠ ‹]

ṅ2 = n2
Ë
µ
#
1≠ n2a22

q

$
≠ a21n1

È
. (8.37)

This system possesses three fixpoints: (i) n
ú
0 = (0, 0), where both species vanish, (ii) n

ú
1 =

(0, q
a22

), where the predator has vanished and the prey has grown to the capacity limit, and
(iii) the coexistence point

n
ú
2 =

1
µ

a21

#
1≠ ‹

a12

a22
q

$
,
‹

a12

2
. (8.38)

We use n
ú
2 in analogy to (8.33) to introduce dimensionless quantities,

ui := ni

n
ú
2i

, · := ‹t , — = ‹

a12

a22
q

, “ = µ

‹
. (8.39)

Before proceeding, we look at the meaning of these quantities. As before, the state variables
ui are densities in units of those at fixpoint n

ú
2 and · is time in units of the predator’s
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lifetime ‹
≠1. The parameter “ > 0 is the ratio between the growth rate of the prey and

the decay rate of the predator. To interpret —, we first notice that the prey’s density at the
fixpoint only depends on parameters of the predator, nú22 = ‹

a12
, and that it is in particular

independent of whether the environment limits the prey or not. This is readily understood
since at the fixpoint the input rate from the prey just balances the predator’s death rate ‹.
With this we write — = nú

22
nc

, where nc = q
a22

is the environment’s carrying capacity for the
prey. Hence, 1≠— quantifies the predation pressure on the prey. With this (8.38) transforms
into

n
ú
2 =

1
µ

a21
[1≠ —], ‹

a12

2
. (8.40)

This demonstrates how the predator is the dependent species, even though it is stronger
than the prey on an individual basis. The reason for this reversal is the predator’s sole
dependence on prey for survival. We further notice that — œ [0, 1] and that n

ú
2 æ n

ú
1 as

— æ 1.
Stability Using (8.39) we transform (8.37) into the dimensionless form

u̇1 = u1[u2 ≠ 1]
u̇2 = “u2

#
1≠ u1 ≠ —[u2 ≠ u1]

$
. (8.41)

Fixpoints of this system are u
ú
0 = (0, 0), u

ú
1 = (0, 1

— ), and u
ú
2 = (1, 1). The Jacobian matrix

is

a =
A

u2 ≠ 1 u1

“u2[— ≠ 1] “
#
1≠ u1 ≠ —[2u2 ≠ u1]

$
B

. (8.42)

Evaluating it at the fixpoints and calculating the corresponding eigenvalues ‡ yields
‡|uú

0
:
)
≠1, “

*
,

‡|uú
1

:
)
≠“,

1
—
≠ 1

*
,

‡|uú
2

: ≠1
2—“

5
1± i

Ú
1
—“

Ë 4
—
≠ [4 + —“]

È6
. (8.43)

Recalling the permissible parameter range – — œ [0, 1] and “ > 0 –, we find that u
ú
0 is always

a hyperbolic point, which, except for — = 1, is also the case for u
ú
1. For — = 1 the predator

vanishes and u
ú
1 becomes neutrally stable. The interesting point is u

ú
2, whose eigenvalues

(8.43)3 have a negative real part for — < 1. Their imaginary part vanishes for
“

4 >
1≠ —

—2 . (8.44)

With this, u
ú
2 is always stable, either monotonic or oscillating, with — = 1 just neutrally

(Figure 8.10). Interpreting the stability 1
2—“ in terms of the dimensional quantities, it

increases with decreasing carrying capacity q
a22

, with decreasing coupling constant a12, and
with increasing inherent growth rate µ of the prey.

For the oscillatory case, we may furthermore calculate the period as

‹tp = ·p = 2fi
Im(‡) = 2fiÒ

“
#
1≠ — ≠

—2“
4 ]
$ . (8.45)

Recall that this period stems from a linear approximation near the fixpoint, hence holds only
for trajectories with small amplitudes. A typical phase diagram for the oscillatory regime is
illustrated in Figure 8.11 and some trajectories are given in Figure 8.12.
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Figure 8.10.
Stability classification of fixpoint uú2 – the coexistence of
predators and their prey – through its eigenvalue (8.43)3.
Notice with (8.39) that — œ [0, 1], with — = 1 corresponding
to a vanishing predator.
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Figure 8.11.
Phase diagram for a Lotka-Volterra system in a limited
environment with — = 0.05 and “ = 1. Comparing to
Figure 8.8, notice the inclination of the non-trivial u2-
nullcline together with the non-vanishing dissipation that is
manifest by the spiraling-in of the single trajectory shown
here. Figure 8.8 in contrast shows several trajectories.

Applicability The considerations from the previous model also apply here, although in a
milder form. With the fixpoint u

ú
2 now attractive the system faces two challenges: (i) If

the environment is too small, u
ú
2 may be in a regime where the populations’ stochastic

nature is relevant. Stochastic fluctuations may then lead to either the extinction of the
predator, with the prey subsequently growing to the system’s capacity, or to the extinction
of the prey with the consequential demise of the predator, hence the collapse of the entire
system. Such fluctuations cannot be represented in the continuum model, which is based on
the large-number assumption, but require a stochastic formulation as it was introduced in
Section 8.2.1. (ii) If the environment is su�ciently large such that the probability for any of
the species to vanish is negligible, then an odd initial state or external disturbance may still
bring the system on a trajectory that leads into regimes that are dominated by stochastic
fluctuations. However, the system as a whole is much more stable than one with unlimited
resources.

Provided a population already existed for some time in a limited environment, hence
is su�ciently near to its fixpoint, the main issue typically is its reaction to external forc-
ing.
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Figure 8.12.
Dimensionless trajectories for a Lotka-Volterra
system in a limited environment with — = 0.05,
and “ = 1 (upper) and “ = 10 (lower). Initial
values are 1 for the predator (red) and {2, 3, 4}
for the prey (blue), with smaller values repre-
sented by thinner lines. The periods calculated
with (8.45) are T ¥ 6.45 and T ¥ 2.05 for the
upper and lower frame, respectively.
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8.3
Uniform Spatial Domain

In many environmental systems, the accessible domain is larger than the characteristic
radius of action of an individual. Such situations in general must be represented by spatially
extended domains, which are also called distributed. Such a domain is uniform if all processes
operate in the same way at each location. It is nonuniform or heterogeneous otherwise.
Uniformity of the domain does not imply uniformity of the populations’ distributions as
their dynamics can lead to pattern formation.

The mere fact that a domain is spatially extended allows for states and developments that
are not feasible in well-mixed situations where only uniform distributions are permissible.
Such states include in particular local separations of species in static or fluctuating config-
urations including traveling waves. For instance, this facilitates the coexistence of species
that are subject to competitive exclusion [Shnerb et al. 2000] or the existence of highly
e�ective but somewhat stupid predators that would destroy all prey in a well-mixed system,
and thereby cause their own demise.

There are two rather di�erent paths for transiting from a well-mixed to a spatially
distributed domain: (i) The urn model introduced in Section 8.2.1 may be extended by
arranging the beads in a regular grid and by defining appropriate local interaction laws to end
up with a formulation akin to a cellular automaton (CA). Such an individual-based model
(IBM) retains the discrete and stochastic nature of the population and, conceptually, allows
to run the full gamut from small populations in well-mixed domains to large and spatially
distributed populations. This path is typically taken for situations where the individuals
are large entities and there are few of them. (ii) The models gained for the deterministic
limit are used for the local description and are augmented by appropriate representations of
the population’s motion in the domain, in lowest order typically advection and dispersion.
This leads to partial di�erential equations, specifically to generalized reaction-di�usion
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systems. To be valid, such models require a su�ciently large number of individuals for
all species, at all locations, and at all times. If this is warranted, however, the model is
computationally much more e�cient than a corresponding discrete model, albeit also more
challenging to implement. A typical field to use such models are chemical reaction systems,
where populations are usually very much larger than in a typical ecosystem. Indeed, a mole
of salt fits into a small beaker but there is no mole of rabbits on the entire Earth.

In the following, we take the first approach and employ IBMs. In contrast to the
CA studied in the previous chapters, individuals now may have some internal degrees of
freedom, hence this is a first step towards agent-based models (ABM). For imagination and
guidance, we will employ specific storylines. These are rather generic, however, and are
easily replaceable.

8.3.1
Predator-Prey Model

Let the domain of interest be covered by a regular grid where each cell carries at most one
individual of each of the species. This restriction implements the environment’s limited
capacity. Then, let these individuals be described by a small number of properties, which
in turn only possess a finite number of states. Together with a complete set of rules for all
the combination of states, this system constitutes a cellular automaton (Section 6.1). The
dimension of the grid sets the spatial dimension and the nature of the rules determines if
the automaton is deterministic or stochastic. Notice that while this setup remains a finite
cellular automaton, it is much more complicated than the systems used in Chapter 6, which
consisted of just a few states. The specific implementation used in the following is the one
by Weber [2015].
Geometry We consider two-dimensional systems and assume that their topology is that
of a torus, i.e., corresponding boundaries are linked. Such a topology is convenient for
numerical simulations since with it the boundaries vanish. This allows for instance traveling
patterns that are nowhere retained. Still, the domain has a finite size and thus restricts the
maximum size of features that can be represented.

The second important aspect of the geometry, besides topology, is the domain’s discretiza-
tion, that is the number of grid elements in the di�erent directions. It determines the range
of scales that are representable, an issue that becomes virulent for system’s with scale-free
regimes. Away from the corresponding critical states, we can typically distinguish three
scales, (i) the microscale ⁄µ determined by the size of a grid element, (ii) the process scale ⁄,
or the corresponding finite range of scales, that emanate from the system’s dynamics, with
⁄min < ⁄ < ⁄max, and (iii) the integral scale ¸ of the domain. For a faithful representation
we demand ⁄µ π ⁄min and ⁄max π ¸.
Processes We focus on the role of the spatial extent and thus only consider the most
simple s-processes. These are 2- and 3-species predator-prey systems in a linear interaction
chain, specifically predator Ω prey and predator Ω prey Ω plant, where the arrows
indicate the flow of resources. We further assume that there is just one essential resource
for the primary producer. Such simple systems could for instance represent a marginal
ecosystem or a dominant interaction chain in a more complicated network.

Predator and prey are mobile and they may possess an internal state, the food reserve
ef > 0. Plants are immobile. For the specific implementation we follow Weber [2015] who
accounted for five basic aspects of a population: (i) cost of living, (ii) motion, in search
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of food or to flee, (iii) eating, if food is available, (iv) reproduction, if the individual has
su�cient reserves, if some free space is available and, in case of sexual reproduction, if a
corresponding partner is in the neighborhood, and (v) the flow of resources that keeps the
system out of static equilibrium.

The simulation runs in discrete time. During one unit of time, the above basic operations
are performed once on the N grid cells, either deterministically, really a�ecting each cell, or
stochastically in which case each cell is a�ected once on average. In the following, we choose
a mixed formulation that contains stochastic as well as deterministic components. For all
operations that depend on the neighborhood, the 9-neighborhood is chosen.

Apparently, already with the few ingredients outlined above, a range of di�erent models
can be constructed, each with some fitting storyline. In the following, two rather simple
configurations are chosen and formulated algorithmically for both the 2- and the 3-species
setting.

Two-Species We choose asexual reproduction, which in the context of ecosystems would
for instance be appropriate for bacteria. The following operations are performed in the given
order:

1. Cost of living: Each individual’s food reserve ef is reduced by 1 unit. An individual’s
existence ends with ef = 0.

2. Motion: A grid cell is picked at random. The action performed then depends on the
cell’s state (occupation):

• empty or prey: no action,
• predator: search the neighborhood for prey and if there is one, move to there,

else do a random step to an empty cell,
• predator and prey: the prey flees with probability pflee to an empty cell in its

neighborhood, if there is one.

The sequence of picking a random cell and acting on it is repeated N times. On
average, every grid cell is thus touched once in this motion step, but it may also be
touched more than once or not at all.

3. Eating: At each cell that is occupied by a predator and a prey, the prey is consumed
and the predator’s food reserve increases by �e, up to some maximum value efmax . If
there is just a prey, its food reserve also increases by �e, up to the same maximum
value. This implements that there is always food for the prey.

4. Reproduction: With probability prepro, every individual with ef Ø efmin and a cell in
its neighborhood that is not occupied by the same species creates a new individual
there. It transfers 2 of its own food reserve units to it, which warrants that the o�spring
will survive at least one time step.

Starting from an initial configuration, the above sequence is repeated for a prescribed number
of time steps. Notice that the choice of the unit of time such that all grid cells are acted
upon once, on average, reflects the simultaneous dynamics and also guarantees independence
of domain size. Translating into the imagined reality, a time step corresponds to the typical
time required to move by one grid cell, which here is the same as the time for eating.
Reproduction of individuals then occurs on time scale [prepro]≠1.
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Three-Species Sticking to asexually reproducing predator and prey, plants are introduced
as a new trophic bottom layer. We further stick to a strict s-process, hence it is only
prey that feeds on plants. With this the two-species algorithm is modified to the following
consecutive steps:

1. Cost of living: Plants have no cost of living while predators and prey do as in the
two-species model.

2. Motion: In addition to the above, if the randomly picked cell contains a prey but
no plant, the prey searches through its neighborhood to find a cell with a plant and
nothing else. If it succeeds, it moves to that cell, else it takes a random step. Such a
random step may actually take the prey to a cell with a predator. This implements
trapping as a way for predators to feed on prey, in addition to hunting.

3. Eating: If a cell is occupied by all three species, it is only the prey that gets consumed
by the predator. If there are two species, the predator consumes the prey, the prey
consumes the plant, but predator and plant do not interact.

4. Reproduction: This step is unchanged from the two-species case.

5. Plant Growth: Plant seeds are envisaged to be everywhere and all cells are capable
of carrying plants. After being consumed by prey, a plant reappears either with
probability µplant or after time ·plant. Plant growth is thus conceptualized as a
stochastic process by the former and as deterministic by the latter.

Life Time The above formulations with the individuals’ internal degree of freedom, their
food reserve ef , lead to a many-state automaton. While this is a formidable challenge for
analytical analysis, it is not an issue for numerical simulations. A common alternative is
to drop the concept of the food reserve and to introduce a death probability ‹ at least for
the predator, typically also for the prey. This completely removes the internal degrees of
freedom, but with it also an important aspect of life, namely the need and possibility to
acquire the necessary resources.

For both concepts of life time – according to performance (finding food) or to purely time
– storylines are readily found in nature. Microbial life as well as many plants typically are
performance-limited, with a chance for practically unlimited life. In contrast, higher forms
of life are essentially time-limited with just some dependence on performance.

True to the simple life forms we envisage here, life time will be modeled as purely
performance-limited. Individuals thus can live indefinitely, as long as they find food and are
not consumed.
Initialization Numerical simulations of dynamical systems invariably involve a transition
phase, a so-called spin-up, between the initial state and the asymptotic state or regime. This
is true already for the most simple systems like the logistic map or the L63 system. There, it
led to the use of ensembles to cover a range of initial states. The issue becomes more severe
with more complicated settings like the interaction of multiple species in spatially extended
and possibly nonuniform domains.

Initialization and the resulting transitions are also of practical interest even though the
joint evolution that led to many of natural systems often mitigates the issue. Examples where
initialization is relevant include new setups of any sort like a lab experiment on microbial
populations, the remodeling of landscapes like terracing, flooding, or draining to increase
agricultural productivity, and the control of ecosystems for instance the introduction or
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removal of plant or animal species. Closely related situations arise when evolution in one
species leads to a significant change in its behavior on time scales that are short compared
to the life time of other species. Examples include the adaptation and eventual evolution of
viruses and bacteria.

Initialization of more complicated systems becomes challenging because (i) they often
possess multiple attractors or at least quasi-attractors with associated long transients and
(ii) the use of ensembles is prohibitively expensive due to the high dimension of the state
space. For real systems, using ensembles may be outright impossible because they are too
large to copy or too important to fail.

In the current context of population dynamics, multiple attractors arise already with
a simple distributed 2-species predator-prey system, which possess at least three di�erent
asymptotic regimes: (i) both species may vanish because the predators grew so fast that
they eradicated the prey, their own food, (ii) only the prey survives, and (iii) some form
of self-organized coexistence, invariably with a complicated and fluctuating spatial struc-
ture.

Since the characteristics of the eventual self-organized state is not known a priori, a
common approach is to initialize the state as uniform random distributions of predators and
prey, both with prescribed densities and food reserves efinit . This state typically is far from
dynamic equilibrium and undergoes a rapid transition, during which there is a chance that
one or both of the species disappear. A uniform random distribution may actually be outside
of the system’s basin of attraction. Then, initializing needs a more elaborate configuration
where the di�erent species are already arranged in some appropriate pattern that allows
self-organization to get on the way before the system has destroyed itself. One possibility
are random distributions whose densities vary with given correlation lengths. This increases
the chances for getting viable configurations at least in some parts of the domain from where
they can expand further. Another approach are localized “seed domains” for the di�erent
species where their concentration is maintained constant until a system state near to the
attractor has established.

External Forcing The population is driven by an inflow of resources, either directly as
food available to the prey in a two-species system or as some flux that allows the plants
to grow in a three-species system. The inflow of resources is balanced by a corresponding
outflow, typically through incomplete consumption across tropic levels and through the
death of the top consumers. This flow keeps the system out of static equilibrium and allows
its self-organization.

In many circumstances, particularly with a focus on environmental systems, the external
flow is not constant but may vary in a complicated manner. For natural environments
this may include some deterministic drift and periodicity together with occasional pulse-like
events, for instance a rainstorm, and some random noise. Managed environments typically
experience additional pulses, e.g., from fertilization, feeding, or disease control, and often a
more constant environment.

8.3.2
Two-Species System

We consider an asexually reproducing two-species system with constant forcing and a uni-
form random initial distribution of both species. Despite its simplicity, such a model already
has a number of parameters that make it hard to grasp its full range of manifestations. We
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choose the parameters such that the model represents two physiologically very similar species
(Table 8.3). In this system, prey finds food at every cell and at all times. Incidentally, this
makes for a complicated coupling to the environment as the input of energy depends on the
system’s internal state, here the spatial distribution and internal status of prey. This aspect
is not our current focus, however.

Transition to Self-Organized Regime A uniform initial state is quite far from the dy-
namic equilibrium, hence is unstable. Indeed, with the chosen initial densities, in particular
with the high predator density (Table 8.3), the state was intentionally moved far away
to allow a better focus on the transition phase. Akin to the general behavior already
observed in Figure 8.11 for the non-spatial case, the system undergoes massive fluctuations
before it settles into a dynamic equilibrium. However, due to the spatial extent, there are
characteristic di�erences, generally with three pronounced phases. To observe these, we look
at (i) the spatial distributions of the two species for some selected times (Figures 8.13 and
8.16) and (ii) the trajectories and phase diagrams of the mean densities

ui = ni

N
, (8.46)

where ni is the number of individuals of species i œ {1, 2} in the entire domain and N is the
number of grid cells (Figures 8.14–8.15).

Initial Rapid Transient Phase The initial high densities of predators results in many
local configurations with predator and prey together on the same grid cell or in the same
neighborhood, which in turn leads to a very high eating rate. Even with the given high
probability for fleeing, the predators’ consumption rate is considerably higher than the
growth rate of the prey. Consequently, the predator population increases while the prey
population collapses. Inspection of the data shows that the prey population decreases by a
factor of about 2 in each time step up to t = 6. With this rapid decline, also the growth
of the predator population comes to a rapid end, by t = 3, and it starts to collapse, just
delayed by the individuals’ food reserve.

By about t = 48, the minimum predator population is reached, in the 512◊ 256 domain
with just 2 individuals surviving. Apparently, this is a highly probabilistic phase, which in
the realization shown leads to the eventual recovery of the predator configuration. Other
realizations, with the same initial densities, and even more so with higher densities, lead to

Table 8.3. Parameters of the 2-species predator-prey system whose development is shown in
Figures 8.13–8.15. Most parameter values are the same for predator and prey, indicating their
physiological similarity.

parameter predators prey
reproduction probability µ 0.2 0.2
movement range 1 1
probability for fleeing pflee – 0.5
gain from eating �e 3 3
max. food reserve efmax 8 8
min. food reserve (reproduction) efmin 4 4
number of o�spring 1 1
initial density ui0 0.285 0.2
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Figure 8.13.
Spatial distribution of prey (yellow),
predator (blue), and predator
together with prey (red) in 2-species
population on a 512 ◊ 256 domain
simulated with the model of Weber
[2015].
At t = 0, the distributions are
uniformly random with density
0.2 for the prey and 0.285 for the
predators. Since this is far from
the dynamic equilibrium for this
system, both populations collapsed
almost instantaneously. By t = 48,
the predator was at its minimum,
on the brink of extinction with just
2 individuals surviving. By t =
100, it has recovered and counts
43 individuals near the lower right
corner of the domain. Later times
illustrate the di�erent developments
of pure prey regions and of mixed
ones, t = 250, and the transition
into the self-organized regime,
t = 700. Spatial distributions
for later times, after the self-
organized dynamical equilibrium
has established, are shown in
Figure 8.16. The development of
densities ui = ni/N on this and on a
larger 1024◊ 1024 domain is shown
in Figures 8.14–8.15. Recall that the
boundaries are periodic, the domain
thus has the topology of a torus.

t = 1

t = 100

t = 250

t = 700
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Figure 8.14. Development of predator- (u1) and prey-density (u2) for short and long times in
a 512 ◊ 256 (thin lines) and a 1024 ◊ 1024 domain (thick lines). The dashed lines also represent
the large domain but with initial densities equal to those of the empirical fixpoint (8.47). Spatial
distributions for the small domain and for the times indicated by thin vertical lines are shown in
Figure 8.13. The phase diagrams are given in Figure 8.15.

the extinction of the predators and, with a high probability, to the takeover of the domain
by the prey, i.e., to u1 = 0 and u2 = 1.

The situation is less critical in a larger 1024◊1024 domain where the minimum population
consists of 31 individuals and is almost never in danger of extinction. The fact that the
ratio of the minimal number of individuals between the two domains, 31

2 = 15.5, is much
larger than that of the domain sizes, 10242

512·256 = 8, corroborates the system’s probabilistic
nature.

In contrast to the predators, the prey population does not collapse completely since, once
it is separated from the predators, it can survive and thrive on the available nutrients. Again
inspecting the data, the minimum of the population is reached by t = 11 with 224 individuals
in the 512 ◊ 256 domain and 1’883 in the 1024 ◊ 1024 domain. Their ratio is 8.4, which
approximately equals the ratio of the domain sizes.
Intermediate Slow Transient Phase The initial flash of extinction leaves highly dispersed
populations. All the remaining predators are closely associated with small clusters of prey
as they would not have survived otherwise. In the realization shown in Figure 8.13, there
remain some 50 clusters of prey. Incidentally, the two predators that survived the collapse
are associated with just one of them.

Having passed their bottleneck phase, most of the prey grow unimpeded with reproduction
probability prepro, leading to an initial exponential expansion. This rapid phase lasts for just
a short time, however, until small compact clusters have formed. Since there is no room
for o�spring in their interior, individuals there can no longer reproduce. The growth rate
thus decreases and becomes proportional to the length of the clusters’ boundaries, which
grows approximately proportionally to t. This situation is illustrated by the distribution at
t = 100. As the growing clusters start to coalesce the prey’s growth rate declines further.
By t = 250, much of the domain is already occupied by prey, with u2 = 0.73. Consequently,
the distribution’s boundary grows no more but actually decreases.

While most of the prey clusters develop following their own dynamics, those with associ-
ated predators take an entirely di�erent route. As long as a pack of predators just comprises
a few individuals, it forms an approximately random distribution and consumes the prey on
their individuals’ paths as illustrated with the distribution at t = 100. As time progresses
and the prey clusters grow large and compact, the predators develop into somewhat fuzzy



306 8 Population Dynamics

Figure 8.15.
Phase diagram corresponding to the trajectories shown in
Figure 8.14. Thin straight lines indicate the asymptotic
mean densities as given by (8.47). The green dashed
line represents the development of initial uniform ran-
dom distributions with densities equal to their respective
asymptotic means. 0 0.2

0

0.2

0.4

0.6

0.8

u1

u2

fronts that eat their way through a cluster. Since the cluster is compact, the prey cannot
flee, hence the predators always find food. This is preferably in the direction towards the
interior of the prey clusters, while the opposite direction tends to be empty. With the chosen
parameters, the advance of such a front is faster than the growth of the prey cluster, hence
predators outrun the prey. Such a front also tends to inhibit the predator’s reproduction,
however, since o�spring placed behind it is separated from the food, whereas o�spring placed
ahead separates its parent from the food. With this, predators never enter an exponential
growth phase even if prey is abundant. We recognize that this is a consequence of the
model’s design. The situation would be quite di�erent if we considered a predator species
that could jump or fly to some more distant places.

For the realization shown in Figure 8.13, a large-scale predator front has developed by
about t = 250 and it runs through the domain of an increasingly compact prey distribution.
This leads to the transition of domains with u2 = 1, pure prey, into domains of self-organized
clusters that already are in the dynamic equilibrium. The straight final approach to the
apparent attractor is a manifestation of this (Figure 8.15).

By t = 700 the macroscopic front has travelled almost the entire domain and has thereby
eradicated all the structures that remained from the specific initial condition. It did not
eradicate all of the prey, however. The reason for this is that the front is not compact,
hence some prey individuals, even some small clusters survive its passage. This is due to
the probabilistic nature of the processes, to the probability of the prey able to flee, and to
the limited depth of the predator front.

Dynamic Equilibrium With the transients vanished, the populations fluctuate in a dy-
namic equilibrium (Figure 8.16). Analyzing the data for this regime, which is reached by
t ¥ 900, yields for the mean densities

u1 = 0.043± 0.001 (0.003)
u2 = 0.272± 0.005 (0.015) (8.47)

where the uncertainties are standard deviations calculated for the 1024 ◊ 1024 domain.
The values in parentheses are for the 512 ◊ 256 domain. Notice that the uncertainties
scale approximately with

Ô
8 ¥ 2.8 as expected from the ratio of the domain sizes. This

indicates that the fluctuations are of a statistical nature and that the system possesses a
stable attractor such that all states on it have the same population density.
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t = 1000

t = 1010

t = 1020
Figure 8.16.
Short interval snapshots of spatial
distributions of predators and prey
in the regime of self-organized
dynamic equilibrium. The initial
development of this system is
shown in Figure 8.13. Larger
clusters of prey survive for the
short time intervals. Small ones
vanish, together with the associated
predators. Clusters without
predators grow rapidly until they
touch an infected cluster.

Dynamic equilibrium by no means implies stationary distributions, even though u1 and u2
are approximately constant. Rather, clusters form and develop through (i) the reproduction
of those prey individuals that survived the passage of a predator front, (ii) the attack by
predators, sometimes only after merging with other clusters that already carry predators,
and (iii) the almost complete consumption with the associated collapse of both, local prey
and predator populations, with just some isolated survivors that give rise to the next cycle.
The size of structures that evolve in this way and their dynamics depends only on the
system’s parameters, not on the initial condition. They are thus a self-organized large-scale
manifestation of the underlying small-scale processes.

For a deeper appreciation of the spatial structure, and of the relation between spatial and
non-spatial models, we consider a simulation that starts from uniform random distributions
with densities given by (8.47). Obviously, in a non-spatial representation like the Lotka-
Volterra model shown in Figure 8.11, the state (u1, u2) would just remain at this fixpoint.
After all, this is the definition of a fixpoint. The situation is very di�erent for the distributed
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model as is indicated by the dashed curves in Figures 8.14–8.15. The mean (u1, u2) indeed
is not a state of the system but just a summary of the actual high-dimensional state, which
is the spatial distribution of the individuals, as illustrated in Figure 8.13. Hence, there is
no reason for (u1, u2) to remain fixed within the band of fluctuations that result from the
domain’s finite size. The excursion of (u1, u2) far away from (u1, u2) merely reflects the
spatial rearrangement of the two species as required by their local interactions. Apparently,
after this self-organization, the system’s state remains on the attractor and continues to
develop in the corresponding subspace.

Microscopic Parameters and Macroscopic Regimes The spatial organization of dynamic
equilibrium states as well as their macroscopic properties, e.g., the mean densities given by
(8.47), depend on the values of the pertinent microscopic parameters. In the following,
we look into the system’s functioning and the resulting phenomenology for some of the
parameters.

Reproduction Probabilities (Figure 8.17) We assumed the life-time to be performance-
limited, hence individuals live indefinitely as long as they find food. With prey as the
primary producer in this two-species system, its net growth rate determines the flow of
resources through the system. Since each living individual consumes one unit of resources
per unit of time, primary production eventually determines the density of both prey and
predators.

While the macroscopic perspective is simple and clear, its microscopic realization is more
complicated. For a start, the prey’s macroscopic net growth rate is di�erent from the
microscopic growth rate µprey. Indeed, prey cannot reproduce in the interior of a dense
cluster for lack of empty sites. Any isolated configuration of prey will thus rapidly develop
into a dense cluster, which subsequently only grows at its boundary and thereby expands
slowly. The boundary actually is where all the action takes place as also the predators must
be located there, lest they starve within a few time steps.

Having all the action at the boundary leads to some interesting e�ects. One is that
reproduction for predators is di�cult since placing the o�spring ahead, into the prey cluster,
the parent tends to be cut o� and starve while placing it behind, the o�spring has a high
probability for starvation. Given its food reserve, a predator of course can survive for some
time and may happen on some untouched prey cluster during the ensuing random walk. The
distances are very short for the o�spring, however, since they only have minimal reserves.
In contrast, predators that had been feeding continuously on a prey cluster that eventually
vanished, can survive for quite some time. In the simulations shown here, this is for up to
8 time steps (Table 8.3).

Locally at the boundary, the ratio µprey/µpred is of prime importance. For µprey > µpred,
the prey can feed the predator by placing their o�spring into its cell. In the converse case,
the predator will advance, for µprey π µpred in fact very rapidly including expanding also
along the boundary, such that the entire cluster gets engulfed by predators. With this, the
cluster will be consumed in a short time, with the predators subsequently finding themselves
in an empty environment, however, and vanish as well. For a large ratio and a small domain,
there is a significant probability for the predator to die out. This is prevented by reducing
the predators’ e�cacy by giving the prey a chance to flee. For Figure 8.17, it is set to
50%. Since the predator front is rather thin and the entire process is stochastic, some of the
prey is left behind as the front passes. They will start growing, slowly, until they touch an
“infected” cluster again, thereby facilitating the predators’ survival.
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µprey = 0.1 flpred = 0.02, flprey = 0.32

µprey = 0.5 flpred = 0.12, flprey = 0.26

µprey = 0.9 flpred = 0.21, flprey = 0.32

Figure 8.17.
Spatial distribution of prey (yellow),
predator (blue), and predator
together with prey (red) in an
asexual two-species population on
a 1024 ◊ 512 domain for di�erent
reproduction probabilities µprey
simulated with the base model of
Weber [2015]. The reproduction
probability of the predator is
constant at µpred = 0.5. All the
other parameters are as given
in Table 8.3 on page 303. The
distributions are shown for t = 2000,
in the asymptotic regime. The mean
densities fl are calculated for the
time interval [1000, 2000].

The self-organized distribution of predators and prey for µprey π µpred is shown in the
topmost frame of Figure 8.17. As expected, the predator density is very low, flpred = 0.02,
since it is determined by the net reproduction of the prey. Furthermore, the predators come
in quite localized groups with a large fraction of the prey cluster’s surface “clean”. These
parts grow unimpeded, but slowly, and they grow until the cluster gets consumed, typically
starting from some predator contact far away. Since there are few predator groups, the
prey clusters can grow to a significant size. Reducing µprey further will lead to yet fewer
predators, hence larger clusters.

For µprey = µpred, a much higher predator density is sustainable by the prey’s higher
growth rate. With this, the clusters can grow at a rate comparable to their consumption,
which leads to much smaller sizes and correspondingly longer boundaries, which in turn
facilitate the growth (middle frame of Figure 8.17).
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Figure 8.18.
Population distributions corre-
sponding to the middle frame of
Figure 8.17 with µpred = µprey = 0.5
but for di�erent probabilities for the
prey to flee from an assault. All the
other parameters are untouched.

pflee = 0.1 flpred = 0.04, flprey = 0.15

pflee = 0.9 flpred = 0.17, flprey = 0.40

With µprey > µpred, prey can outgrow the predators such that the size of clusters is larger
than with equal growth rates (bottom frame of Figure 8.17). The prey’s high growth rate
actually allows such high densities of the predators that they even occur in the interior of
prey clusters, engulfed by the prey, without being able to consume at a rate su�ciently high
to a�ect the cluster. Incidentally, increasing µprey, while keeping µpred constant, leads to
a monotonic increase of the predator density. In contrast, flprey remains roughly constant
with just a weak minimum for intermediate values.

Summarizing, the population’s spatial distribution organizes itself through the boundary
length of the prey clusters. It establishes such that the net macroscopic growth rates of prey
and predator become equal, irrespective of their microscopic values. The key mechanisms
are (i) the growth of prey clusters and the associated coarsening of their boundary if the
density of predators becomes too low and (ii) the vanishing of predators that are cut o�
their resource if the density becomes too high.

Probability for Prey to Flee Highly e�cient predators are detrimental to the prey,
obviously. Interestingly, however, they are even more detrimental to themselves.

With µprey = µpred = 0.5 and a low probability of 10% for the prey to flee leads to
time-averaged densities flpred = 0.04 and flprey = 0.15 and to a spatial organization that
consists of some large and isolated prey clusters with a spread of smaller patches (upper
frame of Figure 8.18). The large cluster posses quite smooth boundaries and most of them
are being consumed by a long, sharp, and dense predator front. The smooth shape of the
large clusters leads to a low ratio between boundary length and area, hence to a low net
growth rate for the prey and a correspondingly low predator density.

An interesting phase is the transition of predators from one cluster to another. With
µprey = µpred both fronts, that of the prey and that of the predator ,can move at the same
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pflee = 0.1 flpred = 0.01, flprey = 0.39

pflee = 0.9 flpred = 0.04, flprey = 0.46

Figure 8.19.
Analogous to Figure 8.18 but
corresponding to upper frame of
Figure 8.17 with µpred = 0.5 and
µprey = 0.1.

speed. Hence, a cluster that is consumed from one side grows outwards at the still clean
boundary. It will eventually encounter another expanding cluster, merge with it, and thus
infect it with predators, if it is not already. This is the main path through which predators
survive. A minor path arises with isolated clusters that are almost completely destroyed
by the predators and in the final phase enter a highly stochastic regime where some prey
manage to split o� without associated predators and to spawn new clusters, while other
small groups of prey help the survival of a very few predators.

The situation changes completely if the probability for fleeing increases to 90% (lower
frame of Figure 8.18). Prey now can easily escape predators and spawn new clusters behind
their front. They in turn need no longer form a sharp front as prey is found easily within
their reach. As a result, the mean densities of both increase, to flpred = 0.17 and flprey =
0.40. Recall that this happens for the same values of the microscopic reproduction rates,
hence, for a biological population, with the same physiologies, just with di�erent escape
rates. The latter may for instance be a results of some microscopic structuring of the
environment.

Finally consider the situations with µprey = 0.1 when all the other parameters as before
(Figure 8.19). As realized before, the lower reproduction rate of the prey leads to a lower
predator density. This produces much larger clusters that in turn balance the now higher
propagation speed of the predator front. Notice that with the required larger structures,
the probability for self-extinction of the predators increases. A higher probability for
fleeing again ameliorates the situation for the predators. In the example shown, their
density increases by a factor of 4 while that of the prey just increases by some 15%. More
importantly, however, the probability for extinction is practically negligible because the size
of the prey clusters now is much smaller than the extent of the entire domain.
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8.3.3
Three-Species System

We glimpse at some of the fundamental aspects of multi-species systems, a prey-resource
system and one with an added predator. The resource is assumed to be immobile and to
be regenerated out of nothing. This is the flow that keeps the system out of equilibrium
and allows it to self-organize. The other two species are assumed to be mobile and to be
essentially dependent on finding the resources required for their survival.

A Storyline We imagine a bush-land (resource) that grows slowly due to climatic limi-
tations and that is consumed by herbivores (prey), which thereby destroy it. They are in
turn consumed by occasional carnivores (predators) that roam the region. The parame-
ters (Table 8.4) are chosen such that they roughly conform to this image, given a poetic
license.

Predators in this model can have large food reserves and a large radius of action to find
food. Hence, they can cluster in close proximity of prey, but need not do so. Corresponding
to their large envisaged size, their reproduction rate is rather small. Their progeny receives
just two units of resources upon birth, which however, together with their large range, still
gives a decent chance for survival even at some distance from prey.

Prey in contrast reproduces quite rapidly but has a small radius of action for finding food
and also a small reserve. It thus depends on proximity to the resource and cannot cover
wide gaps. This is even more true for its progeny, which again receives two units of resources
upon birth but has a rather small radius of action.

Initialization Getting a spatially distributed multi-species system going can be a delicate
issue as we already found above. This is true even if the system is very robust in the
vicinity of its dynamic equilibrium. We start from a state that corresponds to a completely
vegetated domain with very low densities of both prey and predators. As expected, the
system undergoes violent initial transients during which prey and predators both come close
to extinction (Figure 8.20).

The first phase is associated with the massive growth of the prey and the concomitant
near-collapse of the resource. The data show that the prey passes its maximum at t = 47
with the resource continuing to decrease until t = 83. By that time, the prey density has

Table 8.4. Parameters for the prey-resource and the predator-prey-resource systems shown
in Figure 8.21. For the two-species system, the initial densities of prey and resource had to be
decreased by a factor of two each to have the prey survive the initial phase.

parameter predators prey resource
regeneration time – – 80
reproduction probability µ 0.08 0.2 –
movement range 40 4 –
probability for fleeing pflee – 0.2 –
gain from eating �e 3 3 –
max. food reserve efmax 50 8 –
min. food reserve (reproduction) efmin 4 4 –
number of o�spring 1 1 –
initial density ui0 0.001 0.002 1
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Figure 8.20.
Development of densities during initial transients
of predator-prey-resource system starting from
a uniform and low-density distribution of con-
sumers in a saturated resource. Both consumers
go through a critical phase where they are near
to extinction. Thin horizontal lines indicate
asymptotic values.

already decreased by almost an order of magnitude and continues to decline. Resource
consumption is thus very small and starts to be surpassed by the resources’ spontaneous
regeneration quickly once it sets in after lag time �t = 80. This regeneration happens
first far away from the prey, which continues to decline until, by t = 114, it is down to
346 individuals in a few small groups and near to extinction. Near some of these groups
the resource happens to grow su�ciently quickly such that some prey can colonize and from
there, now associated with the resources and its development, conquer the entire domain
again. This is the decisive stochastic phase for the entire system. If the resource started to
regenerate in just slightly di�erent places, the prey would go extinct and the resource would
regrow to maximal density with no further species surviving.

The predators’ development follows that of the prey in essentially the same manner as the
prey follows the resource, just with an additional delay and generally slower response because
the prey density is always much smaller than that of the resource. Specifically, the predators
first peak at t = 67, neglecting the minor initial peak at t = 2, and go through their critical
phase at the brink of extinction with less than 20 individuals, lows of 13, between t = 150
and 180. Numbers increase very slowly until t ¥ 500, by which time the predators could
disperse su�ciently into di�erent regions and there start to break up the distributions of the
resource and the prey into smaller pockets. This is illustrated in Figure 8.21 for t = 2000.

Notice that the numbers given above are specific to the chosen parameters, obviously, but
more importantly also to the domain size and to the particular realization. The decisive
phases are the stochastic regimes where any one of the consuming species can go extinct.
Depending on this, the system will then approach one of the several asymptotic regimes,
which often are quite robust in that neither their organization nor the corresponding densities
depend on the initial configuration and a wide range of disturbances is absorbed with no
structural impact.

Asymptotic Regime The predator-prey-resource system has three qualitatively di�erent
asymptotic regimes, high-dimensional, possibly strange attractors: (i) flres = 1 with prey
and predator both vanished, (ii) a two-species system with the predators vanished, and
(iii) a three-species system. The latter two are in dynamic equilibrium and maintain specific
patterns that are in constant motion (Figure 8.21).

Two-Species Attractor The resource’s regeneration time, �t = 80, together with the much
smaller characteristic time for the reproduction of the consumer, µ≠1

prey = 5, leads to the
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t = 2000 t = 20000 t = 200000

Figure 8.21. Spatial structures in prey-resource (upper) and predator-prey-resource system
(lower) in a uniform 10242 domain with period boundaries. The resource (green) regenerates with
a fixed time delay of �t = 80. Prey (yellow) consumes the resource and reproduces with rate
µprey = 0.2 (·prey = 5). The predators (red) consume the prey, are by a factor of 10 more mobile
than the prey, and reproduce with rate µpred = 0.08 (·pred = 12.5). Since there exist only a few
of them, typically between 150 and 250, they are marked with large red dots for better visibility.
Further parameters are given in Table 8.4.

formation of thin, sharply bounded, line-like structures. In the asymptotic regime, these
appear as waves that are radiated by a few active centers and that annihilate each other
upon contact.

The active centers are formed with the initial strong transients that lead to the association
of groups of prey with growing clusters of resources in such a way that the resource is
growing on one end at the speed at which it is consumed at the other. This is the key
self-organization process that is strongest during the initial phase described above. Notice
that through this association, the waves of resources propagate at a speed that is determined
by the characteristic time of the consumer, hence much faster than might be expected from
the regeneration time �t. We recognize that the fixed time �t actually just leads to an
approximate “replay” of the previous wave’s passage. That wave front was originally formed
– as the complement of the current wave front – when the primordial consumption front
after the first large extinction passed through the domain. The speed of that front indeed
was determined by the reproduction rate of the consumers. While the regeneration time
�t thus has no say in the propagation of the waves, it does determine their wavelength,
corroborating the notion of a “replay”.

As each wave consists of a “replaying” propagation front followed by an active consumer
front, two encountering fronts will annihilate each other with the merging and subsequent
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vanishing of their consumer fronts. Recalling that consumption is a stochastic processes,
in contrast to regeneration which here is deterministic, the waves’ generators are expected
to move slowly and randomly and thereby also slowly shift the radiated fields. While the
system is dynamic on di�erent time scales, its general structure, which is established by
t ¥ 2000, remains unchanged for very long times t > 200Õ000 (top row of Figure 8.21).
Correspondingly, the mean densities of resources and consumers remain quite constant in
this dynamic equilibrium. Analyzing the data for 2Õ000 < t < 200Õ000 yields

flres = 0.119± 0.006 and flprey = 0.0255± 0.0002 . (8.48)

Three-Species Attractor Introducing predators has a minor impact during the early phase,
say for t < 500, because their density is very low (Figure 8.20). During this phase, the main
wave-like structures of the resource-prey system form with the predators struggling to keep
associated with their prey which in turn goes through the brink of extinction and survives
at just a few places. However, with the resource-prey waves stabilizing so does the predator
population. By t = 2000, it forms localized packs of quite widely separated individuals at
very low densities (bottom row of Figure 8.21). While their number is small, the predators
still destroy the regular waves in their surroundings. This in turn leads to the formation of
many more radiating centers, the reach of which is much shorter, however.

Once formed, by t ¥ 20Õ000, the structures again remain stable for a very long time,
constantly forming and vanishing. The mean densities for the three species during this
phase are found as

flres = 0.123± 0.007 ,

flprey = 0.0255± 0.0003 ,

flpred = 0.00023± 0.00007 . (8.49)

Interestingly, despite the quite di�erent spatial organization, the densities of the resources
and of the prey are about the same as in the two-species situation.
Continuous Regeneration Instead of the resource regeneration after a fixed time �t, we
consider in the following a system where regeneration is a uniform random process such that
at an empty site, the resource appears with probability p. For comparability, we choose
p = [�t]≠1 = 0.0125 and keep all the other parameters as in Table 8.4. A real situation
would probably be somewhere between the extreme scenarios with fixed �t on the one end
and constant p on the other.

With continuous regeneration, an essential element of the system’s self-organization van-
ishes, namely the wide gap between subsequent generations of resources. As a result the
system operates quite di�erently and, for a start, reaches the asymptotic regime much
more quickly and with di�erent mean densities (Figure 8.22). Analyzing the data for
1000 < t < 5000 indeed yields

flres = 0.106± 0.001 and flprey = 0.0291± 0.0002 (8.50)

for the two-species system and

flres = 0.207± 0.005 ,

flprey = 0.0232± 0.0006 ,

flpred = 0.00157± 0.00005 (8.51)
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Figure 8.22.
Development of densities during initial transients
of predator-prey-resource system with continu-
ous regeneration of the resource. All the other
parameters are as for Figure 8.20. In contrast
to the situation with a fixed regeneration time,
none of the species comes anywhere near to
extinction.
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for the three-species system. Apparently, the impact of the predators is much higher now.
Their density is higher by a factor of about 7, even though it still is by a factor of about
15 smaller than that of the prey. Not astonishing then, the prey density is higher without
predators, just by some 25%, however. This in turn leads to a resource density that is almost
twice as high as without predators.

Exercises
8.1 Critical Fixpoint in Gause-Lotka-Volterra Model
The Gause-Lotka-Volterra model (8.23) for parameters “ = 1 and –12 = –21 = – yields a non-trivial
fixpoint with u1 = u2 that is attractive for – < 1 and repulsive for – > 1. Discuss the situation for
– = 1.

8.2 Principle of Competitive Exclusion
Discuss the possibilities of real systems to avoid the principle of competitive exclusion. The
mathematical answer to this has been given by Figure 8.6. Consider two perspectives: (i) Two
di�erent species that consume one and only one uniform resource that is equally available to both
of them. (ii) All of the model parameters are “e�ective” in the sense that they aggregate di�erent
real processes. For instance, the growth rate is the net of birth and death rate.
Hints: (i) There is nothing to calculate here, just thinking and outlining arguments. (ii) “E�ective”
means that a complicated, typically spatially or temporally variable situation is replaced with a
simpler one, often a uniform and constant one. This is exactly the case for the population model
(8.23), where all the system parameters are constants and represent processes that in reality are
very complicated. For illustration, imagine a real situation with grass, sheep, and cows.

8.3 Lotka-Volterra
Study the Lotka-Volterra model for a herbivore-omnivore system, e.g., the grass-dear-bear system,
where the interaction is competition for primary food, but where the second species also feeds on
the first one.

8.4 Climate variations and Dynamics of Pasture-Livestock Interactions
Do Brekke et al. [2007] analysis.

8.5 Stochastic Model for Non-Spatial Domain
Implement a numerical simulation of the stochastic model (8.2).
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t = 50 t = 500 t = 5000

Figure 8.23. Spatial structures in prey-resource (upper) and predator-prey-resource system
(lower) similar to Figure 8.21 with the di�erence that regeneration of the resource (green) now
is continuous, given by a random process with probability p = [�t]≠1 = 0.0125. All the other
parameters are identical and given in given in Table 8.4. Again, the predators are marked with
large red dots for better visibility even though there are many more of them, between 1150 at t =
50 and some 1600 at later times.

1. Explore the model’s phenomenology, in particular the role of the environment’s carrying
capacity N and of the ratio r/d between the probabilities for reproduction and demise, and
of the probability c for competition.

2. Choose values for N , r, c, and d and simulate an ensemble of M populations, i.e., run the
simulation M times with di�erent initial values of n, the number of B elements. Compare
the ensemble average with the development equation (8.2), where dtÈnÍ = ÈnÍi+1 ≠ ÈnÍi for
time steps i and i+ 1.

8.6 Reproduction Model for Small Single-Species Population
For the previous exercise asexual reproduction was assumed. Derive the equations, modify the code
from the previous exercise, and explore the phenomenology of assuming

1. sexual reproduction, i.e., two (conjugate) partners required,
2. sexual reproduction and one grandparent required for successful raising.

Sexual reproduction may be implemented as either

BBEp
rú
≠æ BBB

where the subscript p indicates all permutations, or, for more advanced systems,

FMEp
rú
F≠æ FMF and FMEp

rú
M≠æ FMM ,
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where F and M may indicate female and male or, more general, some other conjugates. Parentheti-
cally, there is the notion of “sexual reproduction of ideas”, e.g., http://www.ted.com/talks/matt_
ridley_when_ideas_have_sex.

Introducing grandparents G, the above rules would be modified to

FMùgEp

rú
F≠æ FgMgùgF and FMùgEp

rú
M≠æ FgMgùgM ,

where ùg is any of Fg or Mg and the understanding is that F on the left side can be either F or Fg

and similarly for M.

8.7 Initialize a Spatially Distributed Population
Consider the three-species system with parameters given in Table 8.2 and discuss approaches
for setting the initial state such that all three species survive (assuming that they can coexist).
Specifically, assume that uniform random distributions with densities flres = 1, flprey = 0.01, and
flpred = 0.01 lead to a collapse such that only the resource survives. What modification of the initial
state modify could help? Why?

http://www.ted.com/talks/matt_ridley_when_ideas_have_sex
http://www.ted.com/talks/matt_ridley_when_ideas_have_sex


Part IV

Appendix





A
Tools

This is a preliminary collection of useful tools.

A.1
Numerical Integration of ODEs
The evolution of low-dimensional dynamical systems is often described by a set of ordinary
di�erential equations (ODEs) of first order,

u̇ = f(u; p) , (A.1)

where f(u; p) is the flow of u. This is a vector field, a set of functions {fi}, that is typically
nonlinear in u and depends on parameters p. Due the nonlinearity analytical solutions are
only feasible for very rare cases. Hence, a wide spectrum of numerical methods have been
developed of which we just consider the two most prominent members, the explicit Euler
method and the Runge-Kutta methods. The Euler method has the advantage that it is very
simple to implement and su�ces for many su�ciently regular systems, despite its rather
low numerical performance, expressed as number of calculations required for performing a
prescribed integration with a prescribed accuracy. Runge-Kutta methods are more elaborate
and demand significantly more calculations per time step. This is typically o�set by allowing
much larger time steps as well as o�ering local and automatic accuracy control, at least an
approximation to it.

In the following, the two methods are presented explicitly for the case of a two-dimensional
system, which is readily expandable to d dimensions.

A.1.1
Explicit Euler Method
The first scheme for numerically integrating ODEs was introduced by Leonard Euler around
1770. It is obtained by rearranging the finite di�erences approximation of a derivative, which
is

u̇(t) = u(t+ �t)≠ u(t)
�t

+O(�t
2) .

Hence, for the two-dimensional system

ˆtu1 = f1(u1, u2; p)
ˆtu2 = f2(u1, u2; p) (A.2)

321
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we obtain the first order time-marching scheme

u1(ti+1) = u1(ti) + �tf1
!
u1(ti), u2(ti); p

"

u2(ti+1) = u2(ti) + �tf2
!
u1(ti), u2(ti); p

"
. (A.3)

In the most simple case, the time step �t is set constant, and N such steps are executed
to propagate the initial state {u1(t0), u2(t0)} to time t0 + N�t. This yields a discrete
approximation of the trajectory that starts at {u1(t0), u2(t0)}.

The choice of �t, which determines the computational e�ort, and the resulting accuracy
of the solution are the key issues here. A little inspired but still e�ective approach is to
compare two solutions – one calculate with �t, the other one with �t/2 – and to continue
decreasing the time step until the solution converges. Despite its roughness, performing at
least one such refining step is good practice to assess the accuracy of the solution.

More elaborate approaches employ a time step control, which is the local control of �t

depending on the change relative to that of the previous step.

A.1.2
Explicit Runge-Kutta Methods
The Euler method (A.3) uses the information at un to project it to the next step un+1. In
contrast, higher order methods like the Runge-Kutta methods also use information along the
way. For instance, a second order method would do an Euler step by �t/2 and would use
the flow for both states, f(un) and f(un+ 1

2
), to estimate the projection un+1. In analogy,

higher order methods take several virtual sub-steps to perform the one real step un ‘æ un+1.
Such a step is computationally much more expensive than a single Euler step because the
flow f must be evaluated several times, instead of just once. A higher order method is
thus advantageous if it allows a time step that is correspondingly larger. This is often the
case and the forth order Runge-Kutta method, for short referred to as RK4, evolved into a
workhorse for solving ODEs.

A general Runge-Kutta method of order s may be expressed by the time-marching
scheme

un+1 = un +
sÿ

i=1
biki , (A.4)

which is also called a propagator. Thereby the evaluation of the flow is hidden in the
factors

k1 = �t f(tn, un; p)
k2 = �t f(tn + c2�t, un + a21k1; p)
k3 = �t f(tn + c3�t, un + a31k1 + a32k2; p)

...
...

ks = �t f(tn + cs�t, un + as1k1 + as2k2 + · · ·+ as,s≠1ks≠1; p) . (A.5)

The parameters ci, aij , and bi are specific for a particular method and are typically reported
in the form of a Butcher tableau. The values for the classical RK4 are given in Table A.1.

For a d-dimensional system, (A.4)–(A.5) are used for each component ui with flow
fi(u1, . . . , ud; p), for i = 1, . . . , d. Hence, the factors k1, . . . , ks have to be calculated for
each component individually, while the coe�cients c, a, and b remain the same.
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Explicit Runge-Kutta Cash-Karp Method Higher order methods open the opportunity
to estimate the local error, for the step un ‘æ un+1, from the di�erence between un+1 for
order s and s ≠ 1. This is only e�cient, however, if the evaluations of the flow are at the
same points for both orders. Else the computational cost is too high. A common method
that achieves this is the Runge-Kutta-Fehlberg method, which computes orders 4 and 5. It
is often referred to as RK45. A generalization of this idea is the Runge-Kutta Cash-Karp
method which computes all orders 1,. . . , 5. Its Butcher tableau is given in Table A.2. For
a very moderate additional cost, this method allows more sophisticated analyses of the true
solution’s curvature between un and un+1, hence a more e�cient time-step control.

Table A.1. Generic Butcher tableau (upper) and explicit values for forth order Runge-Kutta
method RK4 (lower). Notice with (A.5) that coe�cients ci are only required for non-autonomous
systems.

c2 a21
c3 a31 a32
c4 a41 a42 a43
...

...
...

...
. . .

cs as1 as2 as3 . . . as,s≠1
b1 b2 b3 . . . bs

1
2

1
2

1
2 0 1

2

1 0 0 1
1
6

1
3

1
3

1
6

Table A.2. Butcher tableau for Runge-Kutta Cash-Karp method [Cash and Karp 1990].
1
5

1
5

3
10

3
40

9
40

3
5

3
10 ≠

9
10

6
5

1 ≠
11
54

5
2 ≠

70
27

35
27

7
8

1631
55296

175
512

575
13824

44275
110592

253
4096

order 5 37
378 0 250

621
125
594 0 512

1771

order 4 2825
27648 0 18575

48384
13525
55296

277
14336

1
4

order 3 19
54 0 ≠

10
27

55
54

order 2 ≠
3
2

5
2

order 1 1
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Index and Acronyms

ABM (agent-based model), 25
activation, 266
adaptation, 20
aggregation process, 219
alluvial fan, 165
AMOC, see Atlantic Meridional Overturning

Current
amplification matrix, 266
amplification relation, 265, 267
angle of repose, 163
asl, see above sea level
Atlantic Meridional Overturning Current, 20
attractor, 36, 52, 73, 112

ghost, 85
orbital, 46
two-dimensional discrete system, 98

autocovariance function, 195
autonomous system, 32

Bak-Tang-Wiesenfeld model, 210
basin of attraction, 47, 52
bi-harmonic operator, 254
bifurcation, 52

diagram, 54
homoclinic, 63
Hopf, 61
local vs global, 63–64
logistic map, 73
pitchfork, 56, 60
saddle node, 54, 59
transcritical, 55

Boussinesq approximation, 134
box-counting dimension, 184
BTW, see Bak-Tang-Wiesenfeld model
bullseye pattern, 236
Butcher tableau, 322
butterfly e�ect, 151

CA, see cellular automata
Cantor dust, 183

carbon cycle, 8
cascade, 34
Cash-Karp (Runge-Kutta), 323
cellular automata, 205

totalistic, 208
center manifold, 48
central limit theorem, 15
CEP, see competitive exclusion principle
chaos

definition, 90
not in fewer than 3 dimensions, 51

chaotic system, 22
chaotic transients, 85
characteristic polynomial, 42
clay mineral, 174
closed trajectory, 51
CLT, see central limit theorem
cluster, 218
cobweb, 70
community matrix, 266
competitive

exclusion principle, 291
niche shift, 292

complex
vs chaotic vs complicated, 26

conservative system, 35, 40
contact process, 216
contagious-disease model, 232
cooperation, 277
correlation length, 195
crises

symmetry, 155
crisis, 53, 84

boundary, 87
interior, 86
symmetry, 87

critical, 194
density, 219
exponent, 248

339



340 Index and Acronyms

fixpoint, 43, 54
slowdown, 49, 54, 62
state, 163

deterministic, 21
chaos, 22
time horizon, 19, 43, 117

discrete vs continuous, 24–25
discretization, 27
dispersion relation

reaction-di�usion, 265
dissipative system, 35, 40
distance function, 117–118
Drossel-Schwabl forest-fire model, 223

ecological niche, 292
e�ective, 316
e�ciency, 278
eigen decomposition, 42
elementary automata, 208
emergence, 20
emergent property, 163
equilibrium

point, 36
static vs dynamic, 14

ergodicity, 22, 96–97, 121
erosion, 169
essential parameters (renormalization), 203
Euler forward scheme, 39
evolution, 20
evolution processes, 189
existence, 37, 50

fern, 180, 186
FFM, see forest-fire model
fixpoint, 35, 41
flash-flood, 166
floodplain, 170
flow, 34, 39, 321
forcing

first kind, state, additive, 105
second kind, parameter, multiplicative, 108

forest-fire model, 222
self-organization, 231

Gause-Lotka-Volterra model, 287–288
generator

of dynamical system, 70
ghost of an attractor, 85, 86
glycolysis model, 41, 45
GOY (Grebogi, Ott, Yorke) system, 96
Gray-Scott

reaction, 267

reaction-di�usion, 271
Gutenberg-Richter law, 192

Hartman-Grobman theorem, 43
hierarchy, 23
homoclinic bifurcation, 63
homoclinic orbit, 65

L63 system, 141
Hopf bifurcation, 61
horseshoe map, 89
hydrologic cycle, 8
hyperbolic point, 43
hyperbolic saddle point, 47
hypercycles, 208

IBM (individual-based model), 25
individual, 275
inhibition, 266
invariant manifold, 47
Ising model, 198–203

Jacobian matrix, 42
L63, 139

Koch curve, 181–182
Kolmogorov model, 293

L63 system, 137
physical meaning, 138–139
sensitive region, 142

limit
–, Ê, 113

limit cycle, 46, 113
linearization theorem, 43
Lipschitz continuous, 37
logistic

di�erence equation, 72
equation, 38
growth model, 284
map, 72

lognormal distribution, 191
Lorenz map, 146
Lotka-Volterra model, 293–295
Lyapunov exponent, 43

magnitude, earthquake, 192
manifold, 29

invariant, 47
of fixpoint, 47–50
slow, 49

map, 34
Marangoni convection, 133
Markov



Index and Acronyms 341

process, 281
mass action law, 268
master equation, 22, 281–284
mean field equation, 284
Menger sponge, 183
Milankovitch cycles, 10
model

correct–right–true, 19
mono-fractal, 181
mountain slopes, 167
multiplicative processes, 190–191
mutualism, 277

Navier-Stokes equation, 13, 15, 73
non-autonomous system, 32
non-essential parameters (renormalization), 203
nonlinearity

origin of, 14
normal form, 46
nullcline, 41

Occam’s razor, 19
ODE, see ordinary di�erential equation
ordinary di�erential equation, 26
organization

forest-fire model, 227

p-process, 277
parameters

vs state variables, 34–35
Pareto distribution, 187
partition function, 199
patterns, 172
PBM (population- or patch-based model), 25
percolation, 221–222

cluster, 221
period-doubling, 77
periodic orbit, 113
periodic point, 71
permafrost soil, 176
phase space, 31, 109
playa, 174–176
Poincaré

periodicity from section, 127
section and map, 113

Poincaré-Bendixon theorem, 51
population, 275
potential

one-dimensional, 37
power-law autocovariance

scale-free, 195
Prandtl

number, 135
predation pressure, 296

quadratic map, 72

Rayleigh
number, 135

Rayleigh-Bénard circulation, 14
Rayleigh-Bénard convection, 133
Rayleigh-Taylor instability, 133
reaction-di�usion

Gray-Scott, 271
recurrence map, 120
renormalization operator, 77
repellor, 36, 52
representation, 16, 18
reptation, 172
resilience, 278
resonance curve, 106
Reynolds decomposition, 134
river, 170
RK4, RK45, 322–323
rockslide, 167
Runge-Kutta methods, 322–323

s-process, 278
saddle point, 43
saline pan cycle, 177
saltation, 172
sand

aeolian ripples, 172
dune, 163
heap, 163

sandpile model, 210
self-organized criticality, 20, 163, 214

forest-fire model, 228, 231
separation, 18
sequence, 70
shadowing, 73, 79
Sharkovskii theorem, 87
shear velocity, 173
slaving principle, 48
slowly-driven interaction-dominated threshold

systems, 215
SOC, see self-organized criticality
species, 279
stability, 35

global, 47
local, 42

star point, 83
stochastic system, 22
strange attractor, 52
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horseshoe map, 89
logistic map, 80
pendulum, 114

stroboscope, 112–113, 127
supercycles, 78, 83
supertrack functions, 82–83
Swift-Hohenberg equation, 254
symbiosis, 291
system Earth, 6

theorems
center manifold, 49
central limit, 15
existence and uniqueness, 37
Hartman-Grobman, 43
linearization, 43
Poincaré-Bendixon, 51
Sharkovskii, 87

tipping point, 33
tools

distance function, 117–118
Lorenz map, 146

phase diagram, 109–110
Poincaré section and map, 113
recurrence map, 120
stroboscope, 112–113

topological limitation, 52
totalistic automata, 208
trajectory, 29, 30, 39

discrete, 70
tree of life, 189
trophic level, 278

U-sequence, 78
uniqueness, 37, 50
universality class, 79, 214
unstable periodic orbit, 151
UPO, see unstable periodic orbit
urn model, 280

verification, 27

Yule process, 189, 219

Zipf’s law, 187
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